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Preface

This is Volume 3 of the Proceedings of the Interna

tional Summer School on

"Modular functions of one variable and

arithmetical applications"

which took place at RUCA, Antwerp University, from

July 17 to August 3, 1972.

It contains papers by P.Cartier-¥.Roy, B.Dwork, N.Katz,

J-P.Serre and H.P.F.Swinnerton-Dyer on congruence proper

ties of modular forms, l-adic representations, p-adic

modular forms and p-adic zeta functions.

W.Kuyk J-P.Serre
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ON l-ADIC REPRESENTATIONS AND CONGRUENCES
FOR COEFFICIENTS OF MODULAR FORMS •

1. Introduction.

The work I shall describe in these lectures has two themes, a classical

one going back to Ramanujan (8J and a modern one initiated by Serre (9)

and Deligne [3]. To describe the classical theme, let the unique cusp

form of weight 12 for the full modular group be written

(1)

and note that the associated Dirichlet series has an Euler product

so that all the T(n) are known as soon as the T(p) are.

Write also oven) for the sum of the vth powers of the positive divisors

of n; thus in particular 0v(p) = 1 + pV. Rarnant:jan was the first to

observe that, modulo certain powers of certain small primes, there are

congruences which connect ten) with some of the oven). A good deal of

work has gone into proving such congruences; the strongest results known

to me which have been obtained by classical methods are as follows :

• Many of the results described in these lectures were first obtained

in correspondence between Serre and me during the last five years;

the disentanglement of our respective contributions is left to the

reader, as an exercise in stylistic analysis. The dedication is from

both of us.
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T(n) == a 11 (n) mod 211 if n - 1 mod 8,

T(n) - 1217 a 11 (n) mod 213 if n == 3 mod 8 ,

T(n) == 1537 a 11 (n) mod 212 if n == 5 mod 8 ,

T(n) - 705 a 11 (n) mod 214 if n - 7 mod 8,

(2)

-610 {mOd 36 if n - 1 mod
3 '}T(n) - n a 1231 (n)

37 (3)
mod if n == 2 mod 3 ;

T(n) -30 mod 53 if n is prime t~ 5; (4)- n a71 (n)

{mOd 7 if n == 0,1,2 or 4 mod 7]
T(n) - na 9(n)

72 if n ==
(5)

mod 3,5 or 6 mod 7 ;

T(p) - o mod 23 if P is a quadratic non-residue

"'of 23,

T(p) == 2 mod 23 if p = u 2 + 23v 2 for integers (6)

u ¢ 0, v,

T (p) == -1 mod 23 for other p ¢ 23;

(7)

Of these, (2) is due to Kolberg [6], (3) to Ashworth [1], (4) to Lahivi

(see [7]), (5) to Lehmer [7], (6) to Wilton [13] and (7) to Ramanuj an [8] ;

the present formulations of (3) and (4) are not those of the original au

thors but those that appear least unnatural in the light of the multipli-

cativity of T(n) and Theorem 1 below. The proofs, whether laborious as

with (2) to (4) or elegant as with (6) and (7), do little to explain why

such congruences occur, though they shed some light on the reasons why

these particular primes occur; for example 23 = (2k - 1) where k = 12 is
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the weight of ~, and 691 divides the numerator of the Bernoulli number

The existence of such congruences raises two obvious questions. First,

are there congruences for ten) modulo primes other than 2,3,5,7,23 and

691; and second, are the congruences (2) to (7) best possible or could

one with greater labour prove congruences modulo even higher powers of

the primes cited? These questions are the subject matter of these lec

tures. It will be shown that there are no congruences for ten) modulo

any other primes. Again, it will be shown that in a we,ll-defined sense

the last three congruences (2) are best possible; but it will also be

shown how they can be improved by making use of additional information

about n. Similar arguments can probably be applied to the other congru

ences (3) to (7), some of which are certainly not best possible.

To attack these questions we need some limitation on the types of con-

gruence that can occur; and this is provided by our second theme. In

1968 Serre [9] put forward a conjecture relating I-adic representations

and coefficients of modular forms; and he showed that the existence of

congruences such as (2) to (7) fitted well with the conjecture. Serre's

conjecture was proved by Deligne; see [3] and also the lecture of Lang-

lands at this conference. We state here only a special case, which will

be sufficient for our purpose; there is no reason to suppose that a si-

milar study of more general modular forms will yield any essentially new

phenomena.

The following notation will be used throughout these lectures. Let I be

a prime number; denote by KI the maximal algebraic extension of ~ rami

fied only at I, and by K~b the maximal subfield of KI abelian over ~.

For any prime p ~ I denote by Frob(p) the conjugacy class of Frobenius

elements of p in Gal(KIIQ); by abuse of language we shall sometimes speak
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of Frob(p) as if it were simply an element of the Galois group. By class

field theory there is a canonical isomorphism Gal(K1b/~) ~~; , the group

of l-adic units; and this induces a canonical character

with the property that

xI(Frob(p» = p for all p * i.

THEOREM 1. (Serre-Deligne). Let f = ranqn be a cusp form of weight k

for the full modular group, and suppose that a 1 = 1, that every an is in

Zl , and that the associated Dirichlet series has an Euler product

(8)

Then there is a continuous homomorphism

depending on f, such that Pl(Frob(p» has characteristic polynomial

for each p ::1= l.

The conditions on f are certainly satisfied by the unique cusp forms of

weights 12,16,18,20,22 and 26, though very possibly by no other form;

of these, ~ is the most glamorous though in the end the form of weight 16

will prove even more interesting. Note that the Theorem in particular im-

plies

k-1det 0 Pl = xl (9)

Now if the image of Pi is small enough, a knowledge of the determinant of

an element of the image will imply some l-adic information about the trace

of that element; and so in particular a knowledge of p (or even an appro-
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ximate I-adic knowledge of p) will imply some t-adic information about

ape This is just the meaning of the congruences (2) to (7), with cer

tain reservations in the case of (6) and with their arguments restric

ted to primes. Conversely the existence of such congruences implies a

restriction on the image of Pt' since the set of Frobenius elements is

dense in the full Galois group and therefore any congruence relation be

tween a and pk-1 is also a valid congruence relation between the trace
p

and determinant of every element of the image of Pt.

In what follows we shall use a tilde consistently to denote reduction

mod t; thus for example ;t is the induced map

By (9) the image of det 0 PI is just the (k-1)th powers in~~; so to find

the image of Pt a major step will be to find its intersection with SL2(Zt).

In particular, if this intersection is the whole of SL2(Zl) then the im

age of Pi will be the entire inverse image of (Z~)k-1 in GL 2QZt). In

view of the following lemma, it is enough to look at the image of Pt.

LEMMA 1. Suppose that t > 3 and that G is a subgroup of GL 2(Zt) which is

closed in the l-adic -topology. If the image of G under reduction mod t

contains SL2 (Ft ' ~ G contains SL2(Zt).

PROOF. For each n > 0, denote by Gn the image of G in GL2(Zllnz). Since

G is closed, to prove the lemma it is enough to prove that Gn ~ SL 2(Zltnz)

for each n > o. This holds by hypothesis for n = 1, and it will follow

by induction on n once we have proved for each n > 1 that G contains then
kernel of
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Call this kernel Hn • We start with the case n = 2; now H2 is genera-
_ 0 1 0 0 1 -1

ted by the three matrices I + lu, where u - (0 0)'(1 0) or (1 -1)' so

it is enough to prove that G2 contains the images of these three matri

ces. In each case u 2 = 0 and I + u is in SL2(Z), whence there is an

element a in G such that a =I + u mod l, that is

a = I + u + lv

for some matrix v with elements in Zl. Now

a l = I + leu + lv) +••• + (u + lv)l - I + lu mod l2

since all the other terms which occur when the powers of (u + lv) are

written out in full either contain a factor l2 or a factor u 2 which va-

nishes. (For l = 3 the argument breaks down at this point, because of

the presence of a term 3 u v u .) This proves that G2 :::> H2• To prove that

Gn ::> Hn for n > 2 we use induction on n, so we assume that Gn-l ::> Hn-l·
Let I n-l where v nas elements in ill' be a representative of+ l v, an as-

signed element of Hn • The image of I + In-2v mod In-l is in Hn- 1 and

therefore in Gn- 1 ; so there is an element a of G such that

mod In-l.

By an argument similar to the one above, it follows that

which proves that Gn ::> Hn • This completes the proof of the lemma.

There are analogous results for l = 2 and l = 3, in which Fl is replaced

by71/(S) or il/(9) respectively; and the examples given by Serre ([10],

p. IV - 28) show that the condition l > 3 in the lemma cannot be dropped

without some modification. The proofs of these analogous results are es-

sentially contained in the proof of the lemma.
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Indeed for l = 3 we now have G2 ~ H2 by hypothesis, and the inductive

proof that Gn ~ Hn for each n > 2 works as before; for l = 2 we have

G2 ~ H2 and G3 ~ H3 by hypothesis, and the induction works provided n > 3.

In the application of lemma 1 G will be the imag~ of Pt and will certain

ly be closed since Galois groups are compact. It will be convenient to

say that l is an exceptional prime for the cusp form f if the image of Pl

does nOL contain SL 2(Zl); with this definition lemma 1 can be rewritten

as follows.

COROLLARY. Suppose that l > 3; then l is exceptional for f if and only if

the image of Pl does not contain SL2(Ft ). For l = 2 or 3 this is still

a sufficient condition for l to be exceptional for f.

We need not be more precise for t = 2 or 3, since for each of the six cusp

forms which we shall particularly consider, the sufficient condition is

then satisfied. Indeed Serre has conjectured that for l < 11 there is no

continuous homomorphism Gal(Kt/~) ~ GL 2(F t ) whose determinant is an odd

power of Xl and whose image contains SL2(~t). He further conjectures that

for any l such a homomorphism is always connected in an obvious sense with

a modular form mod l which is an eigenfunction of all Tp with p * t.

It is now advantageous to replace our original search for congruences for

ap by the apparently more general search for primes exceptional for f.

In this search the first step will be to classify those subgroups of

GL 2 (IFl) which do not contain SL 2 (Fl ). It turns out that each such sub-

group is small enough for there to be a non-trivial algebraic relation

which is satisfied by the trace and determinant of any of its elements.

Hence we obtain a finite list of possible types of congruence relation

mod l between p and ap ; and for each exceptional prime lone of these
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congruence relations must hold. To test the validity of the possible re

lations, we develop a structure theorem for the ring of modular forms

mod l; this gives us (with one exception) a decision process for the pos

sible relations and thence (up to finitely many undecided cases) a list

of the exceptional primes for any f. All this occupies §§2-4.

For congruences modulo higher powers of l the position is less satisfac-

tory, primarily because at present we lack a structure theorem for modu

lar forms mod tV. We confine ourselves in §S and the Appendix to two

particular topics which illustrate again the benefits that come from com

bining the congruence and the representation-theory- approaches. It is

shown in §4 that the congruences (6) are equivalent to the fact that the

image of P23 is isomorphic to S3' the symmetric group on three elements.

In §S we deduce from this last statement that the second congruence (6)

can be improved to T(p) =1 + pll mod 23 2 • Again, the congruences (2)

turn out to be sufficient to determine the image of P2' a result whose

proof has been put in the appendix because of the heavy algebra involved;

and a number of further results flow from this.

Much of the material of these lectures can be found, more succ~nctly pre-

sented, in a recent Bourbaki seminar of Serre [11] •

2. The possible images of Pt.

In this section we classify the subgroups of GL 2(Ft ) and determine which

of them are candidates to be the image of Pt; and to each such candi

date which does not contain SL2 (Ft ) we determine at least some of the as

sociated congruence relations mod t between p and ape All the group

theory involved is at least fifty years old, except for the terminology;

but I know of no convenient and easily accessible account of it.
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We first define certain standard types of subgroup of GL 2 (Fl ), which

for this purpose will be considered as acting on V, a vector space of

dimension 2 over ~l. A Borel subgroup is any subgroup conjugate to the

group of non-singular upper triangular matrices; thus there is a one-

one correspondence between the Borel subgroups and the one-dimensional

subspaces W of V, the subgroup corresponding to W consisting of those

transformations which have W as an eigenspace.

A Cartan subgroup is a maximal semi-simple commutative subgroup; there

are two kinds of Cartan subgroups, the split and the non-split. (When

l = 2, the group which fits the construction of a split Cartan subgroup

consists only of the identity and is therefore not maximal; it turns out

most convenient to say that split Cartan subgroups only happen for

l > 2.) A split Cartan subgroup is any subgroup conjugate to the group

of non-singular diagonal matrices; thus there is a one-one correspondence

between split Cartan subgroups and unordered pairs of distinct one-dimen-

sional subspaces W1 and W2 of V, the subgroup corresponding to W1 and W2
consisting of those transformations which have W1 and W2 as eigenspaces.

A split Cartan subgroup is the direct product of two cyclic groups of or-

der (! - 1).

To define a non-split Cartan subgroup requires more notation. Let V(2)

be the vector space obtained from V by quadratic extension of the under

lying field F t ; let W' be anyone-dimensional subspace of V(Z) which is

not induced by a subspace of V, and let W" be the conjugate of W' over

Fie The non-split Cartan subgroup corresponding to W' or W" consists of

those elements of GL 2(Fl ) which have W' and W" as eigenspacese An ele

ment of the subgroup is uniquely determined by its eigenvalue with res

pect to W'; so a non-split Cartan subgroup is isomorphic to the multipli

cative gro~p of the field of £2 elements, and is therefore cyclic of or

der (l2 - 1).
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An element of the normalizer of a Cartan subgroup (of either kind) must

either fix or interchange the two eigenspaces associated with the Cartan

subgroup; if it fixes them, it already lies in the Cartan subgroup. It

follows that any ~artan subgroup is of index two in its own normalizer.

LEMMA 2. Let G be a subgroup of GL 2(Ft ). If the order of G is divisible

~ t, then either G is contained in a Borel subgroup of GL 2(Ft ) ££ G~

tains SL 2(Ft ). If the order of G is prime to t, let H be the image of

G in PGL 2(F l ); then

(i) H is cyclic and G is contained in a Cartan subgroup, ££

(ii) H is dihedral and G is contained in the normalizer of a Cartan sub-

group but not in the Cartan subgroup itself, ££

(iii) H is isomorphic to A4 , 8 4 2£ AS' where S denotes the symmetric and

and A the alternating group.

In case (ii) t must be odd; in case (iii) l must be prime to 6,6 or 30

respectively.

PROOF. Suppose first. that the order of G is divisible by l, and choose °
in G of order exactly l; then there is a unique one-dimensional subspace

Wof V which is an eigenspace of o. If every element of G has Was an

eigenspace, then G is contained in the Borel subgroup associated with W.

If not, let-0 1 be an element of G which maps W to some other one-dimen

sional space W'; then 01oo~1 is an element of G of order exactly l with

W' as its only eigenspace. Take Wand W' as coordinate axes in V; then

for some non-zero b,c we have

o =

But it is easy to see that these two matrices generate SL2(Ft ), which

must therefore be contained in G; this proves the lemma in this case.

Henceforth we can assume that the order of H is prime to t. The analo-
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gous result for finite subgroups of GL2 (C) is well known; all we have

to do is choose a not too geometric proof of that result and mimic it.

As is only proper, we follow Klein [5]. Since the order of H is prime

to l, every element of H is semi-simple and every element other than the

identity has just two eigenvectors over the algebraic closure of Fl.

Note first that if two elements of H have one eigenvector in common they

have both eigenvectors in common. For if not, suppose that 01 and 02

have just one eigenvector in. common; then by a change of axes we can

write them in the form

where every letter is non-zero. The commutator

a~la;lala2 =(~ a-
1
e<i-a -

1d
:)

is not the identity because a ; d; so it is an element of H which has or-

der l, contrary to hypothesis.

The set of eigenvectors of non-trivial elements of H is finite and inva

riant under H; let t 1 , .•. ,t v be representatives of the orbits under Hand

for each t · let ~i > 1 be the number of elements of H which fix t· · If
~ ~

h is the order of H then the orbit of t· contains h/~i elements; so by
1

counting the number of pairs (non-trivial element of H and an eigenvector

of it) in two different ways we obtain the identity

which can be rewritten as

An easy calculation shows that the solutions of this,with each ~i di

viding h, fall into the following five classes:
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(i) v = 2 , 111 = 112 = h.

(ii) v = a, h even, 111 = 112 = z, 1J 3 ~h.

(iii) v = 3, h = 12, lJ1 = 2 , 112 = lla = 3.

(iv) v = 3, h = 24, 111 = 2, lJ2 = 3, 113 = 4.

(v) v = a, h = 60, 111 = 2, 112 = 3, lJ a = 5.

It only remains to identify the corresponding groups.

For (i), all elements of H have the same eigenvectors, so they must form

a cyclic group; and all elements of G have the same eigenvectors, so

they lie in the associated Cartan subgroup. For (ii), assume for conve

nience h > 4. Then the orbit of ;a consists of two elements, each fixed

by half the members of H; so H has a cyclic subgroup Ho of index 2,

which must be normal in H. The inverse image of Ho in G must be in a

Cartan subgroup of GL 2 , and the remaining elements of G interchange the

two eigenspaces associated with this Cartan subgroup; so G lies in the

normalizer of a Cartan subgroup but not in the Cartan subgroup itself.

A similar argument works when h = 4.

In the remaining cases we need only identify H with A4 , S4 or AS respec

tively. For (iii), the orbit of t a has four elements and these are per

muted by H. The induced representation of H is faithful because no non

trivial element of H has more than two eigenvectors; so H is isomorphic

to a subgroup of S4 of order 12, which must be A4 . Similarly in (iv) the

orbit of ;2 contains eight vectors; but these are the only vectors which

are eigenvectors of elements of H of order a, so they can naturally be

regarded as four pairs. If there were a non-trivial element of H which

fixed each of these pairs, it would be of order 2 and would therefore

have to interchange the elements of each pair. This property would define

it uniquely, so it would be in the centre of Hand H would have elements

of order 6, which it does not. So the homomorphism of H into the permu

tation group of these four pairs has trivial kernel and thus H is isomor

phic to 54-
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In case (v) a direct representation of H as a group of permutations of

five elements involves some rather artificial manoeuvres and it is bet-

ter to proceed as follows. Since every ~i is prime, every element of H

has prime order; and since any two eigenvectors associated with elements

of the same order are equivalent under H, any two cyclic subgroups of the

same order are conjugate. So any normal subgroup of H contains all or

none of the elements of any given order. But H has 15 elements of order

2, 20 elements of order 3, and 24 elements of order 5; so H can have no

non-trivial normal subgroup. Since the only simple group of order SO is

AS' H must be isomorphic to AS. This completes the proof of the lemma.

COROLLARY 1. Let Pt be any continuous homorphism Gal(Kt/~) ~ GL 2(Zt)
k-1such that det 0 Pt = Xt for some even integer k. Let G C GL 2 (Ft ) be

the image of Pt and let H be the image of G in PGL 2(Ft ). Suppose that

G does not contain SL2(Ft ). Then

(i) G is contained in a Borel subgroup of GL 2(Ft ); 2£

(ii) G is contained in the normalizerof a Cartan subgroup, but not in

the Cartan subgroup itself; or

(iii) H is isomorphic to S4~

PROOF. Any subgroup of a split Cartan subgroup is contained in a Borel

subgroup - for example the one corresponding to one of the two eigenspa

ces of the .Oartan subgroup. So we have only to show that the cases of G

contained in a non-split Cartan subgroup, or of H isomorphic to A4 or AS'

can be neglected. For the first of these, let C be a non-split Cartan

subgroup, so that C is cyclic of order <t 2 - 1); then the homomorphism

must factor through Gal(K~b/fJ.) • C is commutative. Since the-- tlt because

image • has order prime to t, its divide (t - 1) ;of 'llt order must so the

image lies in the set of matrices aI with a ~ 0, and thus is in a Borel

subgroup. An alternative argument is to consider an element (J of
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Gal(Kl/~) which corresponds to complex conjugation under some complex em

bedding of Kt . Now 0 2 = 1 and Xl(o) = -1; so Pl(o) has eigenvalues 1 and

-1, and therefore cannot be in a non-split Cartan subgroup. However this

argument breaks down when l = 2.

In proving that H cannot be A4 or AS' we can assume that l > 2. Consider

the commutative diagram :

det ..
Gal(Kl/~) -+ G -+ lF1

1 1
H -+ IF l .. IFl .. 2 ,.", {± 1 }

By hypothesis the image of Gin F; consists of all ek - l)th powers and

k is even; so the lower line is onto, which means that H must have a sub-

group of index 2. Neither A 4 nor AS has such a subgroup.

COROLLARY 2. Let f = Ianqn be a cusp form of weight k for the full modu

lar group, such that a 1 = 1, every an is in~, and the associated Dirich

let series has an Euler product; and let

be the continuous homomorphism given by Theorem 1. Suppose that the .image

2f ;t does not contain SL 2(Ft ), so that l is an exceptional prime for f.

Then the three cases listed in Corollary 1 imply respectively the follo

wins congruences for the coefficients of f

Ci) There is an integer m such that an - nm 0k-1-2m(n) mod l for all n

prime to l.

(ii) an ~ 0 mod t whenever n is. a quadratic non-residue mod l.

(J..~J..) 1-k 2 ~ 0 2 d l f 11' + 04 P ap ~1, or 4 mo or a prJ.mes p r ~.

PROOF. In case (i) we may without loss of generality suppose that the Bo-
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reI subgroup involved consists of the upper triangular matrices; thus

for any a in Gal(Kl/~) we can write

Plea) - (a(a) sea»)
- 0 o(a) •

Now a thus defined is a continuous homomorphism Gal(Kl/~) ~ F~, and must

- m - k-ltherefore be equal to Xt for some integer m. Moreover ao = Xt by

Theorem 1, so that 0 = Xtk - 1- m Taking a = Frob(p) we obtain

(10)

for p ~ l, and the congruence for an follows from this and (8).

For case (ii), note first that we can assume t > 2; for every proper sub-

group of GL 2 (F 2) is contained in either a Cartan or a Borel subgroup.

Let C be the Cartan subgroup and N its normalizer, and consider the homo

morphism

By hypothesis this is onto; and since the image is commutative the homo

morphism factors through Gal(K~b/~) -~~. The onl:: continuous homomor

phism of this last group onto {±1} is the one whose kernel is the squares;

and it follows that pt(FrOb(p» is in C if and only if p is a quadratic

residue mod t. Now let a be an element of N not in C; after a field ex-

tension if necessary, a interchanges two one-dimensional subspaces of the

space on which it operates, and can therefore be put in the form (~ ~).

So a has zero trace. Hence ap = 0 mod t whenever p is a quadratic non-re

sidue mod i, by Theorem 1; and the same conclusion follows for an by (8).

For (iii), note that every element of H has order 1,2,3 or 4; so every

element of G has characteristic roots of the form A~,A~-l where one of
246 8

~ '~ '~ or ~ is equal to 1. Enumeration of cases now proves the Corol-

lary.
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We may distinguish (iii) from (ii) as follows. By an argument similar

to that used for case (ii), the image of Frob(p) in H lies in A4 if and

only if p is a quadratic residue mod l. Since Frobenius elements are

dense in any Galois group, there are an infinity of p such that the image

of Frob(p) in H has order 4; such p are quadratic non-residues mod l

and satisfy

l-k 2P a p -

3. Modular forms mod l.

For any integer v > a we write

2 mod l.

2v-l n
= ~~(1 - 2v) + L n g

1 1 _ qn

where b 2v is the (2v)th Bernoulli number; and

For v > 1 these are different normalizations of the Eisenstein series of

weight 2v. This G2 is essentially the n2 of the classical theory; it is

not a modular form but satisfies a similar functional equation. Follow

ing Ramanujan [8] we write

Any modular form of weight k can be expressed as an isobaric polynomial

in Q and R (which have weights 4 and 6 respectively). More specifically,

1728~ (11)
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and if f is a modular' form and A the additive group generated by the

coefficients of the q-series expansion of f, then f has a unique ex-

pression as an isobaric element of A[Q,~] ~ RA[Q,6]. To find an expli-

cit expression for f we have in general to compare q-series expansions;

but for Eisenstein series we can use the recurrence relation

valid for any even n greater than 2, in which we have simplified the al-

gebra by writing

This may be proved by substituting the standard expansion

= z-2 + 2L (_l)m (~n2)2m z2m-2 F2m
m=2

for the Weierstrass r-function into the differential equation

The first few cases give

values up to E32 inclusive will be found in Ramanujan [8] , Table I.

Henceforth, following Ramanujan, we write

de = q dq

the essential property of this operator in the present context is as fol-

lows.

LEMMA 3. Let f be a modular form of weight k; then (12ef - kPf) is a

modular form of weight (k + 2).
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The proof of lemma 3 is by direct calculation of the effect of modular

transformations on (12ef - kPf); it can be found in Ogg's lectures at

this conference. A similar calculation shows that (12ep - p 2) is a

modular form of weight 4. Examination of the constant terms in the q-

series expansions now gives

3eQ - PQ = -R, 2eR - PR = _Q2,
(14)

12ep - p 2 = -Q, e6 - P6 = 0

We can reformulate lemma 3 .in terms of the operator a defined by

a = 12 e - kP on modular forms of weight k. (15)

COROLLARY. a is the derivation on the graded algebra of modular forms

such that aQ = -4R and aR = _6Q 2.

We can now define modular forms mod i. ~~note by ~ the local ring of ~

at i-that is, the ring of rational numbers with denominator prime to

i. Let Mk be the tf -module of those modular forms of weight k whose q

series expansions have all their coefficients in~; and let Mk C Fl [[q]]
'" n nbe the FD-vector space whose elements consist of the La q as f = Ia q

-t... n • n
runs through the elements of Mk . (Here, as always, the tilde denotes re-

duction mod ~.) Then the Fl-algebra of modular forms mod l is just the

sum of the Mk . We have now to determine the structure of this algebra,

which we shall write M; and since the argument involves certain Eisen-

stein series we shall need some standard results on the l-adic nature of

Bernouilli numbers.

LEMMA 4. (von Staudt-Kummer).

(i) If (l - 1)12v then lb == -1 mod i.2v
(ii) If (l 1)\2v then b 2v /2v is i-integral and its residue class mod l

only depends on 2v model -1).
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For a proof see [2] , pp.384-6.

It is convenient to adopt the following notations, even though they in

volve a slight abuse of language. Let f be a function which has a q-se

ries expansion La qn such that every a is intY; then f will denote then n
- nformal power series Lanq. Again, let ~(X,Y) be a polynomial in ~X,Yl;

then ;(X,Y) will denote the polynomial in Ft[X,Y] obtained from ~ by re

duction of the coefficients mod t. However, the natural arguments for

~ will be Q and R; and since Q and R are algebraically independent even

over ~ we shall allow ourselves to regard them as independent transcen

dentals and therefore as acceptable formal arguments for~. Thus ~(Q,R)

is a polynomial in two variables with coefficients in F t , whereas ~(Q,R)

is the element of Ft[[q]] obtained from this polynomial by substitu~ion.

In particular if f is in Mk then there is a unique polynomial ~ such that

~(Q,R) = f; for l > 3 the coefficients of ~ are in ~ and ~(Q,R) = f.
Note that the derivation a on ~[Q,R] induces a derivation, also written

0, on Ft[Q,R], and that e analogously extends to Ft[[q]l.

From now until the end of the proof of lemma 5, we assume that l > 3.

The cases l = 2 and l = 3 are anomalous because an element of Mk cannot

necessarily be written as an isobaric polynomial of~[Q,R]; see (11).

Fortunately they are also trivial, and the analogues of Theorem 2 for

them will be stated and proved as Theorem 3. For l > 3 there is a ring

homomorphism

which extends a ~ F l and is onto; to determine the structure of M we have

only to find the kernel of the right hand arrow. Denote by A and B the

two isobaric polynomials such that
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By lemma 4(i), El - 1 is in Ml - 1: and since by lemma 4(ii)

(16)

El +1 is in Ml +1 . So A and B have coefficients in or.

THEOREM 2, Suppose that l > 3, Then

(i) A(Q,R) = 1 and B(Q,P) = P;

(ii) 3A(Q,R) = B(Q,R) and 3B(Q,R) = - QA(Q,R);

(iii) A(Q,R) has no repeated factor and is prime to B(Q,R);

(iv) Mis naturally isomorphic to F t [Q,Rl!(A-1) and has a natural grading

with values .in ~!(l-l),

PROOF, The first part of (i) follows from lemma 4(ii). Moreover

d - dl mod t

for any integer d, whence 0l(n) =olen); and the second part of (i) now

follows from (16), Thus 8A(Q,R) = 0 whence

This means that 3A-B has a q-series every coefficient of which is divisi-

ble by t; since it is a modular form of weight l+l, it must lie in l~Q,R]

and thus aX = a. Again

aB(Q,R) = (126 - P)B(Q,R) = (126 - P)P = -Q

by (14), and a similar argument shows that aB = -QA. This proves (ii),

Now suppose that A is exactly divisible by (Q3 - ~R2)n where n > 0 and

~ t 0 is in the algebraic closure of F t , Since A(Q,R) has non-zero con
-3 -2stant term whereas Q - R has zero constant term, we cannot have c = 1;

so
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is prime to (Q3 ~R2). Moreover by consideration of degree n < t. It

follows from aA = B that B is exactly divisible by (Q3 - ~R2)n-l; and if

n > 1 it follows from aB - -= -QA that A is exactly divisible by

(Q3 _ ;R 2)n-2, contrary to hypothesis. A similar .argument works for po

wers of Q or R. Thus A has no repeated factors and its simple factors do

not divide B. This proves (iii).

Denote by a the kernel of the map F't1Q,R] ~Ft((q]) obtained by substitu

ting Qand R for Q and R; clearly a contains A - 1, and a is prime be-

- -cause the image is an integral domain. If a were maximal then Q and R

would be algebraic over Ft , which is absurd because the coefficient of q

in at least one of them is non-zero. Since ~t[Q,R] has dimension 2, in

order to prove that a = (A - 1) it is now enough to prove that A - 1 is

an irreducible polynomial. If not, let

~(Q,R) = ~n(Q,R) + ~n-l(Q,R) + ••• + 1

be an irreducible proper factor of A - 1, where ~v is isobaric of weight

d 1 b . .. (0 1)th f·· r h··v, an et c e a pr~m~t~ve ~ - root 0 un~ty ~n ~t; t en wr~t~ng

~2Q, ~3R for Q,R does not alter A - 1, so that ~(~2Q,~3R) is also a fac-

tor of A - 1. But this is not equal to ~(Q,R) and hence is coprime to it;

-2 -3 divides A- 1. By considering of highest weightso ~(Q,R)~(c Q,c R) terms

we see that (~n(Q,R»2 divides A, which is absurd because Ahas no repea-

ted factors. This completes the proof of Theorem 2.

Note that a is an operator of weight 2 on M; and the same is true of e

since P is a modular form mod t of weight 2. It is this last property

which makes the theory of modular forms mod t so much tidier than the clas-

sical theory.

It follows from Theorem 2 that A(Q,R) is the Hasse invariant of the asso-

ciated elliptic curve. This may be proved in one of two ways. On the one

hand Deligne has shown that the q-series expansion of the Hasse invariant
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reduces to 1; and Theorem 2 shows that this property characterizes A

among polynomials of weight l - 1. On the other hand the differential

equation derived from (ii) is just that which the Hasse invariant is

known to satisfy - see Igusa (4). Indeed the present proof of (iii) is

essentially the same as Igusa's proof that the Hasse invariant has no

repeated roots. One may also derive explicit formulae for A and Bfrom

(ii), as an alternative to the use of the recursion formula (12). We

list the first few cases below

l = 5.

l = 7.

Now E4 = Q;

Now E6 = R;

l = 11. Now E10 = QR, so that QR = 1; thus M is isomorphic to

l = 13. Now E12 is given by (13) and the fundamental relation is

For use in the next section we introduce a filtration on M. Let 1 be a

graded element of M, that is to say a sum of elements of various Mk for

which all the relevant k are congruent model - 1). By multiplying the

summands by suitable powers of A we can make them all belong to the same

Mk , so that f itself belongs to an Mk . Define w(f), the filtration of 1,

to be the least k such that f belongs to Mk . Thus for example only the

constants have filtration 0 and there are no elements of filtration 2;

there are elements of filt~ation 4 if and only if l > 5, and in that case

they are just the non-zero multiples of Q.

LEMMA 5. (i) Let f be a modular form of weight k such that f = ~(Q,R)

for some ~ in ~[Q,R), and suppose that f +O. Then w(f) < k if and only

if Adivides ~.
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(ii) Let f be a graded element of M; then w(6f) ~ w(f) + l + 1, (17)

with equality if and only if wet) 1 0 mod l.

PROOF. (i) is obvious from Theorem 2(iv) since we are still assuming

l > 3. To prove (ii), let k = w(f) and let f = ~(Q,R) be a modular form

of weight k whose reduction mod l is f. The inequality (17) follows from

so that 120f is the image in Mof (Aa~ + kB~). Moreover we know by (i)

that ~ is not a multiple of A(except in the trivial case f = 0), and by

Theorem 2(iii) that B is prime to A; so (Aa~ +kB~) is a multiple of Aif

and only if k is a multiple of l. Thus the second part of the lemma fol

lows from the first.

In the next section we shall need a technique for deciding with as little

effort as possible whether two modular forms mod l are equal. It is often

convenient to use

LEMMA 6. Suppose that 11 and 1 2 are both in Mk ; then they are equal if

and only if for each n < k/12 the coefficients of q.l in £1 and £2 ~

equal.

PROOF. The condition is obviously necessary. Suppose it holds, and let

f 1 and f 2 be modular forms of weight k whose reductions mod tare f 1 and

£2. The standard algorithm for expressing (f 1 - f 2 ) as a polynomial of

weight k in Q,R and 6 only makes use of the coefficients of qn for

n < k/12 in (f 1 - f 2 ), and all these are divisible by l; so (f1 - f 2 ) is

in l~Q,R,6]. This proves the lemma.

We now return to the trivial cases l 2 and l = 3.

THEOREM 3. If l = 2 or l = 3 then P = Q ~ R = 1 and M
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no grading and a annihilates M.

This follows trivially from the remarks at the beginning of this sec

tion, together with the facts that the coefficient of q in ~ is 1 and

that a~ = o.

There is as yet no satisfactory structure theory of modular forms mod

in where n > 1. At first sight it would seem natural to conjecture that

for i > 3 the ideal of those elements of ~[Q,R] whose q-series expansion

has all its coefficients divisible by in is (I,A - l)n. It is not dif-

ficult to prove this conjecture for n ~ l; but it is certainly false for

n > l.

4. The exceptional primes.

In this section we show that for any f satisfying the conditions of Theo-

rem 1 the set of exceptional primes is finite and can be explicitly boun

ded; and for the six forms ~,Q~,R~,Q2~,QR~ and Q2R~ which are known to

satisfy the conditions of Theorem 1 we find (with one case left undeci-.
ded) the complete list of exceptional primes. This also solves our ori-

ginal problem of finding those I for which there exist congruences for

ten) or an mod I. For we have seen in §2 that to each exceptional prime

l there correspond congruences for a mod l; and the lemma that follows
p

shows that there can be no congruences for a non-exceptional prime.

LEMMA 7. Suppose that f = Ianqn satisfies the conditions of Theorem 1;

that is, it is a cusp form with a 1 = 1, an in ~ and its Dirichlet series

has an Euler product. Let l be a prime which is not exceptional for f,

d - .•. 1 Th han let N,N be non-empty open sets 1n ~I and ~ l respect1ve y. en t e

set of primes p for which p is in N- and a p is in N has positive density.
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PROOF. The first step is to show that the image of the map

(18 )

contains SL 2 (llt) x 1. By hypothesis, the projection of the image onto

the first factor contains SL 2 (Z.e.) ; so the image of the commutator sub-

group contains Corom( SL 2 C7l l » x 1. If l > 3 this commutator subgroup is

the whole of SL 2 (Zl)' by lemma 1 and the simplicity of SL 2 (Fl ). If

l = 2 or 3 and a in Gal(Kl/~) is such that Plea) is in SL2(~l) then

k-l
Xl (a) = 1

where k is the weight of f; thus Xl(a) = 1 because ~l contains no non

trivial roots of unity of odd order.

It follows that the image of (18) consistsof au a x S with det a = Sk-l;

and since we can find an element of GL2(~l) with any assigned trace in

. .• f 1 (tr -1) h
~l and determ~nant ~n ~l - or examp e det a - t ~e map

is onto. The lemma now follows from the facts that this map induces

Frob(p) ~ a x p and that Frobenius elements are uniformly distributedp

in the Galois group.

To find the exceptional primes, at least for the first two cases in the

Corollaries to lemma 2, we replace the hypothetical congruences of Corol-

lary 2 by equivalent hypothetical identities between modular forms mod l;

and we use the results of §3 to provide decision processes for these

hypothetical identities. The first step is the following lemma, which

for fixed f leaves us only finitely many possibilities to consider.

LEMMA 8. Suppose that f,l and Pl are as in Corollary 2 to lemma 2. Then

~ (i) of that Corollary can only happen if either 2m < .e. < k or m = a

and l divides the numerator of b k ; and case (ii) can only happefi-if

l < 2k.
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PROOF. We may suppose that l > 3. Now case (i) is equivalent to (10),

and in that congruence the exponents are only significant model - 1).

Reducing them into the interval [0, i - 2] and interchanging them if ne

cessary, we can replace (10) by

a - pm + pm' mod l
p

(19)

where 0 ~ m < m' < l - 1 and m + m' =k - 1 model -1); here m and m' can-

not be equal because their sum is odd. From this we obtain

an =n
ID am'_m(n) mod l if n is prime to i.

In general this can be written in the form

8f = em+1 Gm, - m+l (20)

where the extra 8 on each side has been put in to annihilate the coeffi

cient of qn when n is divisible by l. This is illegitimate only when

m = 0, m' = l - 2 in which case the constant term in Gm, _ m + 1 is not

in ~; in that case we have instead pap = 1 + P mod l whence nan = 0l(n)

mod l for n prime to l and finally

l-l ,..,= e Gl +1 . (21)

By lemma S(ii) we have w(st)' <; k + l + 1. But obviously w(G2~) = 2v

whenever 2 < 2v < l - 1; and in applying lemma S(ii) iteratively to find

the filtration of the right hand side of (20) we are always in the case

of equality. So provided ,that m' -m > 1 the filtration of the right hand

side of (20) is exactly (m' -m + 1) + (m + l)(l + 1). Comparing these

two results we obtain

m' + ml + 1 ~ k if 1 < m' -m < l - 2. (22)

If l > k then m + m' ~ k - 1 by the condition below (19); and that is

only compatible with (22) if m = 0, m' = k -1 and wet) = k. But then (20)

becomes a(f - Gk ) = 0; and since (f - Gk ) must either vanish or have fil

tration k, we deduce from lemma S(ii) that it must vanish. Examination
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of the constant term now shows that! must divide the numerator of bk •

A similar argument works for (21) and for the case mt -m = 1 in (20).

Now w(G 2 ) = ! + 1 because of B(Q,R) = P together with the non-existence

of modular forms of weight 2. Once again, in applying lemma 5(ii) re

peatedly we are always in the case of equality; so the filtration of the

right hand side of (20) is (m + 2)(! + 1) and that of the right hand

side of (21) is !(! + 1). Comparing as before with the filtration of the

left hand side we obtain

(m + l)(l + 1) < k

if m

These certainly imply l < k.

Similarly case (ii) is equivalent to

if m
t

-m = 1,]
= 0, mt = ! - 2.

(23)

(24)

and if l > 2k and consequently wet) = k, then the filtration of the left

hand side is k + ! + 1 whereas that of the right hand side is

k + }{(l + 1)2. This contradiction completes the proof of the lemma;

for since! is odd and k is even, neither l = k nor l = 2k is possible.

With a little more trouble we can improve the result in case (ii). For

suppose that k < ! < 2k; then w(evf) = k + vel + 1) provided v < l - k,

and therefore

w(e l - k +11) = !(!+l-k) t--l tA - n(,e -A)

for some integer n > O. It may be verified that in the further applica-

tions of lemma 5(ii) needed to obtain
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no further case of inequality occurs; and since we know that that filtra

tion is equal ~o w(81) < 2(! + 1), there can be at most one more applica

tion of 8. It follows that l = 2k - 1 or l = 2k - 3. A similar idea can

be applied when l < k, but this is less useful since nearly all such l

are already exceptional primes for case (i).

We have still to consider case (iii) of Corollary 2 to lemma 2. Here the

situation is much less satisfactory, in that we no longer have a decision

process; the best we can do is to generate a finite list of primes which

certainly contains all exceptional primes of this kind. For choose

p + 2 such that a +0; then if l is an exceptional prime of this type
p

either l = p or l divides one of

k-14p

Since all these are non-zero (k being even), this gives a finite list of

possible l. There are some further conditions on l in this case, which

reduce the calculations involved. It was shown at the end of §2 that

there are primes p which are quadratic non-residues mod l and for which

2 k-1 °l divides ap - 2p ; Slnce k is even, it follows that 2 is a quadratic

non-residue mod l. Thus

l == ±3 mod 8;

moreover taking p = 2 in the earlier condition we can now reject the se-

cond and fourth possibilities, so that

l d o °d (a
2

± 2k / 2 ).l.Vl. es a 2 or

Again, since the image of ;l is isomorphic to S4 there is composite epi

morphism

and hence there is a field K which is normal over ~ with Galois group 83
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and which is unramified except at l. The subfield of K fixed under A3

must be ~(~), where the sign is plus if t = 5 mod 8 and minus if l =3

mod 8; and K must be unramified over this field. Classfield theory now

shows that

~(~l) has class number divisible by 3.

We can sum up our results as follows

THEOREM 4. Given a modular form f satisfying the conditions of Theorem

1, there are only finitely many primes exceptional for f. Those of ty

~ (i) and (ii) can be explicitly determined; and there is an expli

citly determinable finite set which contains those of type (iii).

We now apply these methods to the six known modular forms which satisfy

the conditions of Theorem 1. For this purpose it is convenient to have

a formula for the action of a power of e on a modular form. Let f be a

modular form of weight k, and write

where we have identified f with its expression as a polynomial in Q and

R. Then for any n > 0 we have

n! (k+n-1)In
= L

v=O v! (n-v)! (k+v-1)I
(25)

The proof is by induction on n, using (15) and the third equation (14).

COROLLARY. (i) for the six known modular forms which satisfy the condi-

tions of Theorem 1, the exceptional primes of type (i) and the associated

values of m are given by the following table.
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Form k 2 3 5 7 11 13 17 19 23 Other l

8 12 0 0 1 1 No 691

Q8 16 0 0 1 1 1 No 3617

R8 18 0 0 2 1 1 1 No 43867

Q28 20 0 0 1 2 1 1 No No 283,617

QR8 22 0 0 2 1 No 1 1 No 131,593

Q2R8 26 0 0 2 2 1 No 1 1 No 657931

Here the first two columns give the form and its weight, the last column

gives the exceptional l > k (for which necessarily m = 0), and the other

columns give for each l < k the value of m if l is exceptional, or the

word 'No' if l is not exceptional.

(ii) For these six forms, the only exceptional primes of type, (ii) are

l = 23 for 8 and l = 31 for Q8.

(iii) With the possible exception of l = 59 for Q6, there are no excep

tional primes of type (iii) for any of these six forms.

PROOF. The results for l = 2 and l = 3 (for which the general machinery

is not applicable) follow from Theorem 3 and the congruences

T(p) - 0 mod 2, T(p) = p + p2 mod 3

which are weaker versions of (2) and (3) respectively. In the remaining

possible cases of (i) with l < k, the only possible value of m can most

easily be determined from (19) when p = 2 or 3, together with (22) and

(23); and indeed in the case when l is not exceptional this method proves

that there is no possible value of m. So it is only necessary to check

(20) for the positive cases in the table. This can be done either by

calculations with polynomials in Q and R or by means of lemma 6.

For (ii) it is only necessary to consider l = 2k-l, l = 2k-3 and those

l < k which are not exceptional of type (i). For those cases which have
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to be rejected, the simplest method is to find a prime p which is a

quadratic non-residue mod l and to verify that a is not divisible byp
l; for the cases with l < k we can also argue as in the paragraph fol-

lowing equation (24). In the two remaining cases l = 2k-l and it fol

lows from (25) that the right hand side of (24) is in Mk +I +1 • Since

this is also true for the left hand side, we have only to check that

the coefficients of q, q2, q3 and q4 agree - this last only for k = 16;

and this can be done without even calculating them in the case of ~,

since 2 and 3 are quadratic residues mod 23. It is however necessary to

check that for Q~ the coefficient a 3 = -3348 is divisible by 31.

For (iii) we have already outlined the method of calculation together

with some convenient short-cuts; these enable us to reject without dif-

ficulty all values of l except the one given in the Corollary. This con-

eludes the proof of the Corollary.

For exceptional primes of type (i), nothing more needs to be done in res

pect of the homomorphism ;l and the associated congruence mod l; con

gruences modulo higher powers of l, and the information about Pi that

can be derived from them, will be discussed in §5. For exceptional pri-

mes of types (ii) and (iii) however, there still remain interesting ques-

tions. For example, we have now proved the first line of (6) but we have

not proved the second or third; nor have we in this case determined

either the kernel or the image of P~3. It is however clear that the

kernel of the homomorphism

where C is a Cartan subgroup and N its normalizer, consists of those

elements of the Galois group which are trivial on ~(ver); and hence for

each of our two examples of case (ii) the image of;l is canonically

isomorphic to Gal(K/~) where K is some unramified abelian extension of

~(vC11. In the case k = 12, l = 23 it is clear from (6) that K is the
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absolute class field of ~(~); for the three lines of (6) correspond

respectively to (p) remaining prime, splitting as a product of princi

pal ideals, and splitting as a product of non-principal ideals, in

~(~). From this point of view the natural way to prove (6) is by

proving

( 26)

The case k = 16, l = 31 is extremely similar, the analogue of (6) hol

ding with the obvious modifications; the class number of ~(~), like

that of ~(~), is 3. The analogue of (26) for this case is

2 2
~~q2m + mn + 4n mod 31. ( 27)

Wilton [13] proved (6) by means of (26); but this very simple proof of

(26) depends on the product formula (1) and there seems little prospect

of a similar proof of (27). However, we can argue as follows. The right

hand side of (26) or (27) is a modular form of weight 1 for fo(l) for a

certain quadratic character; so its square is a modular form of weight 2

for fo(l). By a theorem of Serre, proved in his lecture at this confe

rence, any modular form of weight 2 for fo(l) whose q-series has integral

coefficients is congruent mod l to a modular form of weight (1 + 1) for

the full mopular group whose q-series ha.s integral coefficients, and

vice versa. So the square of each side of (26) or (27) , reduced mod l,

lies in Ml +1 . By lemma 6, to prove (26) or (27) it is now enough to

check it for the coefficients o 1 2 and this isof q ,q and q ; easy.

There remains the case i = 59 for Q~. With the help of a computer I ha-

"f" d -15 2ve ver~ ~e that p a p - 0,1,2 or 4 mod 59 for all p < 500; so there

can be no reasonable doubt that 59 is an exceptional prime of type (iii)

for Q~. There remains the problem of proving it. Let K be the fixed

field of the kernel of the homomorphism



35
SwD-35

then K/~ is ramified only at 59 and is a normal extension with Galuis

group isomorphic to 8 4 . These specifications are enough to determine

K. Indeed corresponding to the sequence of subgroups each normal in

its predecessor

(where V is non-cyclic of order 4), we have the tower of fixed fields

~ c ~(vC59) C L C K.

Here L must be the absolute class-field of Q(vC59) , which is the split

ting field of x 3 + 2x - 1 = O. By a detailed study of the field L it

can be shown that there is just one possible K and that it is the split-

ting field of

Lifting the image of the Galois group back from PGL 2 (F 59 ) to GL 2 (F S9 ) is

easy; but it is not very useful because the result is too large. It is

7 7 29better to study not p but peX because det 0 (p@X ) = X ; and reduced

mod 59 and applied to Frob(p) this gives the quadratic residue symbol
~

<!9). Thus the image of p~x7 in GL 2 (F 59 ) is a group 84of order 48, and

its associated field K' is a quadratic extension of K. Now lift 84back

to characteristic zero, as a subgroup of GL 2 az[yC2]); since there is a

natural isomorphism Gal<K'/~) ~ S4 this induces an Artin L-series asso

ciated with K'. According to the Artin conjecture, this series and all

those obtained from it by twisting with a congruence character can be

analytically continued to holomorphic functions on the whole s-plane,

satisfying functional equations of standard type. Suppose this is so;

then by a theorem of Weil [12] the Mellin transform of the Artin L-se-
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ries will be a cusp form of weight 1 for r o (59 2), for a certain quadra

tic character. By construction this cusp form will have coefficients in

~[~] and will be congruent mod 59 (or more precisely modulo one of the

prime factors of 59 in~(~]) to e7 (Q6).

To determine whether such a cusp form exists is a strictly finite cal-

culation, which does not depend on the various hypotheses which I have

used to render its existence plausible. Unfortunately, in the present

unsatisfactory state of our knOWledge about modular forms of weight 1 it

is not an attractive calculation. Suppose however that such a form was

shown to exist, and let its q-series expansion be Ib qn, wheren

The Ramanujan-Petersson conjecture implies

bp = 0, ± 1, ± ~ or ± 2 (28)

for all p, and even a statistical version of the conjecture (which should

be provable by classical methods without too much trouble in this case)

would prove (28) for all p outside a set of density zero. It would fol

low that for the coefficients of Q6

-15 2P a p ::: 0 , 1 ,2 or 4 mod 59

either for all p or for all p outside a set of density zero. By lemma 7

this would be enough to prove that 59 is an exceptional prime of type

(iii) for Q~.

5. Congruences modulo powers of l.

In this case the theory is much less complete, and to the extent that

it exists it is much more dependent on heavy algebraic manipUlations.

We therefore confine ourselves to certain selected topics and do not

treat even those completely.
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If a congruence such as (2) or (3) is true, then it can be proved by

brute force. We illustrate this by considering (2). For any integer

is a modular form of weight 12 for r o (64), and by combining these forms

we find that for any v so is

ET(n)qn where the sum is over all n - v mod 8.

nA similar argument works for Eo 11 (n)q ; so each of the four congruences

(2) asserts the congruence of two modular forms of weight 12 for ro (64).

Such modular forms are algebraic and integral over~[Q,R,6], so such a

congruence is equivalent to a certain isobaric congruence between modu-

lar forms for the full modular group. In view of the remark following

(11), to prove this last congruence one writes the difference of the two

sides as a polynomial in P,Q and R which is linear in R, and verifies

that each coefficient of the polynomial is individually divisible by the

relevant power of 2. Of course a process as crude as this would be in-

tolerably tedious to carry through; but it is one in which there is con-

siderable scope for replacing hard work by ingenuity.

There is another reasonable method, though the proofs which it would pro-

vide would be even less illuminating than the existing ones. As was

shown above, anyone of the congruences (2) is equivalent to a congruen-

ce between two modular forms of weight 12 for ro (64); and just as in

lemma 6, to prove this congruence it is enough to verify it for a limi-

ted number of coefficients - a task which is straightforward on a com-

puter. Methods analogous to this have been used by Atkin and his pupils;

see for example [lJ.

Similar remarks apply to (3), though here there is the additional com-

plication that the congruence to be proved will involve 8. However, 8

can be expressed in terms of 0, which is an operator which takes modular
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forms to modular forms, and P which is congruent modulo any assigned

prime power to a modular form, as is proved in Serre's lectures at

this conference. However, it would seem that we do not yet have the

right point of view for attacking these problems.

We now show that by means of Theorem 1 the middle equation (6) can be

painlessly improved to

(29)

For if p is such a prime P23(Frob(p» is the identity, and hence the

image of Frob(p) in GL 2GZ/(23 2»has trace = 1 + det as elements of

~/(23)2. This is just (29). By a refinement of this argument we can
_ "'-i

determine the image of P23' which we shall denote by G. Let G and G

be the images of G in GL2~/(232» and GL 2 (F 23 ) respectively. We have

already shown that G is isomorphic to S3' so without loss of generality

we can assume that G consists of the six matrices

(
1 0) (-1 -1) (0 1) (0 1) (1 0) (-1 -1)
o 1 ,\1 0, -1 -1 ,1 0, -1 -1 '\ 0 1

Let V be the kernel of the homomorphism

(30)

and let H be the intersection of G- and V. There is a natural action of

GL2 (F 23 ) on V given by a : v ~ s v s-1 where v is in V and s is any pull

back of a for the map (30); this induces an action of Gboth on V and on

H. Moreover the map

(1 + 23a 23bJ~ (a,b,c,d)
\ 23c 1 + 23;

identifies V with a vector space of dimension 4 over F23 • The irreduci

ble components of V under the action of G are as follows :
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Vi' the multiples of (1,0,0,1);

v2 ' the multiples of (1,2,-2,-1);

V3 defined by a + d = a - b + c = 0.
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Since G acts on H, H must be a sum of Vi. If H did not contain Vi' det

would be constant on H and so p11 = lmod 23 2 for all p of the form u 2 +

23v 2, which is absurd. Similarly if H did not contain V2 we would have

a - d = 2(b - c) on H, and this would imply that (det + 2 tr) would be

constant on the inverse image of

(
-1 -1) and (0 1)

1 ° -1-1

in G-. Translated into terms of T(p}, this -would mean that pll + 2t(p)

would be congruent to some constant mod 23 2 for all p of the form

- the case in the last line of (6); this can be seen to be false by con-

sidering the case p = 2 and p = 3. Finally, if H did not contain V3 a

similar argument would show that T(p) was congruent to some constant

mod 23 2 for all p which are quadratic non-residues mod 23; and this

again is false. So H = V. Now an argument like those in the proof of

lemma 1 or the last part of the proof of Theorem 6 shows that G is the

entire inverse image of Gunder the homomorphism GL 2 az 23 ) ~ GL 2 (F 23 ).

This result is of course independent of the particular representation of

G chosen above.

We can also make some further additions to (2), though of a rather dif-

ferent kind. It turns out that the congruences (2) are enough to de

termine the image not merely of P2 but of P2 essentially uniquely. The

exact statement and proof of this fact are extremely tedious and are
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therefore relegated to the Appendix. However, certain consequences of

independent interest can be easily stated. For example, the last three

congruences (2) are best possible in the following sense.

• f - .THEOREM 5. Let N,N be non-empty open subsets 0 ~2'~2 respectlvely

such that no element of N- is congruent to 1 mod 8 and any a in Nand 8

in N- satisfy the appropriate one of

a == 1217(1 + ail) mod 213 if a - 3 mod 8,

a == 1537(1 + 8 11 ) mod 212 if a - 5 mod 8 ,

a == 705(1 + all) mod 214 if a - 7 mod 8.

Then there are an infinity of primes p with p in N- and t(p) in N.

PROOF. Denote by G the image of P2' which is described in detail in the

Appendix. By a straightforward but tedious calculation one verifies

that to every a and 8 satisfying the congruence conditions above, there

exist elements of G with trace a and determinant S11. The theorem now

follows because Frobenius elements are dense in Gal(K2/Q) and therefore

their images are dense in G. The corresponding statement for the first

congruence (2) would be false. Indeed, for any given B == 1 mod 8 in ~~

let S = Sea) denote the set of a in~2 such that there is an element of

G with trace a and determinant all. It may be shown that Sea) is a union

of complete residue classes mod 217 and that it only depends on a mod 217.

By (2), sea) lies entirely within the residue class of (1 + all) mod 211 ;

but it is never the whole of this class, a~d it never lies wholly within

one of the two residue classes mod 212 contained in this class. Thus

the first congruence (2) is best possible in the sense that it cannot be

improved to a congruence for t(p) mod 212 , no matter how good a 2-adic

approximation to p we have; but unlike the other three congruences (2)

it is not best possible in the sense of Theorem 5.
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COROLLARY. The conjecture that 2n II (p + 1) implies 2n II T(p) is false

for each n > 13.

This conjecture is of some interest since if it were true for all n it

would follow that T(p) is never zero.

Despite this theorem, one can obtain congruences modulo higher powers

of 2 provided that one supplies more information about p; and the sim-

plest way to obtain and prove such congruences is by considering G. Sup-

pose for example that we confine ourselves to the case p = 1 mod 4, so

that p = u 2 + v 2 in essentially just one way; then we can ask for con-

gruences which express T(p) in terms of p, u and v. As in the Appendix,

denote by G15 the subgroup of G consisting of those matrices whose dete~

minant is congruent to 1 mod 4; let K = ~(i) and let Kab be the maxi

mal abelian extension of K inside K2 . Then K is the fixed field of p;l
G15 and 2-adic knowledge of u, v and p is essentially the same as know

ing the Frobenius element of (u + iv) in the extension Kab/K. Indeed

there is a composite homomorphism

where the square brackets on the right denote the commutator subgroup.

Unfortunately, though the left hand isomorphism is canonical thereis no

direct method of specifying the right hand homomorphism; all we know is

that det 0 ~ is induced by

Since the natural map G15/[Gl~G15J ~ G/[G,G] has finite kernel, this

leaves only finitely many possibilities for~. If ~ is known, then for

. 2 2 k h £'[G G .. .any g1ven p = u + v we now t e coset 0 15' 15] 1n WhlCh the lmage

of Frob(u + iv) lies; and so we know the set of traces of elements of

this coset. Since this set of traces contains T(p), this specifies in

terms of p,u and v an open subset of ~2 in which T(p) lies; and since
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[Gls,G1S] is strictly smaller than [G,G], we can reasonably hope that

this open subset is smaller than that given by (2).

So to each of the finitely many possibilities for ~ there corresponds a

set of hypothetical congruences for T(p). All but one of these hypothe-

tical sets can be shown to be false by examining small values of p; the

remaining one must correspond to the true ~ and is thereby proved. The

details of this calculation are quite unsuitable for pUblication; the

results are four congruences of which a typical one is

where p = u 2 + 4b 2• However, to show that this extra information does

not always lead to an ugly result, we conclude by stating what appears

to be the analogous result for l = 3. Write for p == 1 mod 3

4p = L2 + 27M2 where M - 0 or 1 mod 3.

Then

-108 to mod 3
8

if M E 0 mod 3,T(p) _ p119 P =
- - 3 6 (M + 7) mod 38 if M == 1 mod 3.,

However, thjs is based only on numerical evidence and has not yet been

proved. The first congruence (3), when n is prime, is just the state

ment that the left hand side is divisible by 36 .
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We shall consistently use the following notation.

An element a of GL 2 (Z2) will be written as

SwD-43

here A,B,CtD are not necessarily integral, though they will be for those

a which primarily interest us. Moreover

S = a + d, ~ = ad - bc

will denote the trace and determinant of a; in particular it follows that

and therefore that

(31)

(32)

whenever A,B and C are integral. Finally e,~,~ will be the characters

of ~ mod 8 whose values are given by the following table :

I ~ mod 8 1 3 5 7

e 1 1 -1 -1

~ 1 -1 1 -1

~ 1 -1 -1 1

If we have to consider several a simultaneously, we shall distinguish

them by subscripts and we shall attach the corresponding sUbscripts to

the associated letters a,b,c,d,A,B,C,D,S,~,e,~,~.

Let Go be the set of elements a of GL 2 GZ 2) which satisfy the conditions
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Band C are both even if ~ =± 1 mod 8 and both odd if

~ = ± 3 mod 8,

A - 1/1 (~ + 2e - 3 4» (3~ + 106 - 3 4> ) + ~ (1 - 1/1)

(3 3)

2C 2 mod 64. (34)

(Here and throughout this appendix, all products will be integer-valued

even when they appear to con~ain a power of ~.) It may be verified by

direct calculation, and will be implicit in the proof of the theorem that

follows, that Go is actually a group; and for a similar choice of rea

sons each element of Go satisfies the appropriate one of the following

congruences :

s - (1 + ~) mod 211 if ~ =1 mod 8,

S - 1217(1 + ~) mod 213 if ~ =3 mod 8 ,

S - 1537(1 + ~) mod 212 if ~ - 5 mod 8,

S - 705(1 + ~) mod 214 if ~ - 7 mod 8.

(35)

These correspond to the congruences (2) of Kolberg for T(p).

THEOREM 6. Let G be a closed subgroup of GL2(~2) such that

(i) the homomorphism det : G ~~~ is onto, and

(ii) every element a of G satisfies the appropriate congruence condi-

tion (35).

Then G can be transformed into Go by conjugation by an element of GL2(~2).

That we must allow conjugation by an element of GL2(~2)' and not merely

by an element of GL 2QZ2)' corresponds to the fact that in Deligne's proof

of Theorem 1 the space on which the representation acts i.s canonically

defined, but the integral lattice in it is not canonical.
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The proof will consist of a number of steps, gradually refining G until

it is contained in Go; finally we show that a closed proper subgroup of

Go cannot satisfy condition (i) of the Theorem. We begin with a partial

normalization of G.

LEMMA 9. By suitable conjugation we can assume that G contains an ele

~ 00 such that

(36)

~ = -1.o

Moreover with this normalization A,B,C,D are integers for every ° in G;

and A is even if 6 = ± 1 mod 8 and odd if 6 = ± 3 mod 8.

PROOF. The congruences (35), taken mod 29 , reduce to

=_ [2
8

mod 929 if 6 =3 mod 8,
(a - 1)(d - 1) - bc

o mod 2 otherwise.

(37)

In particular a + d is always even, so the image of G in GL 2(F 2) con

sists of matrices of zero trace; hence this image must be the identity

or one of the three conjugate subgroups of order 2. So after conjuga-

tion we may assume that a,d are odd and c even for each ° in G; and it

now follows from (37) that 41bc always. Let 2S,2 Y be the greatest po-

wers of 2 which divide all b,c respectively, where ° runs through the

elements of G. If 01' 02 are such that 2S IIb 1 and 2YJlc 2 then for one

of 01' 02 and 01 02 we have both 28 11b and 2Yllc; and now 41bc gives

8 + Y > 2. By multiplying every b and dividing every c by a fixed po-

wer of 2, which is an allowed transformation of G, we can certainly en-

sure that 8 > 1 and Y > 1.

Now choose an element 00 of G with 6
0

= -1; by (35) it has 214 18 ando



46
SwD-4-6

hence its characteristic roots are in~2 and are congruent to ± 1 mod

213 • By conjugation we can make 00 diagonal, which proves (36); and

since the conjugation is by a matrix with integer elements and deter-

minant a unit or twice a unit, and band c are even before the conju-

gation, the q in G are still integral after the transformation. How-

ever we have temporarily lost all information about Band y.

Applying (37) to 00
0

, which mod 213 only differs from 0 in the signs of

band d, we have

[

28 mod 29 if ~ == 5 mod 8,
(a - 1)(-d - 1) + bc == 9

o mod 2 otherwise.

Adding this to (37) we obtain 28 j<a - 1) if ~ == ± 1 mod 8 and 27
11 (a - 1)

if ~ - ± 3 mod 8, which

that 2 7 JbC, whence ad 

ditional help, (37) now

proves the assertions about A. It follows also

bc = ~ shows that d == 6 mod 27 • With this ad-

gives 29 1bc. With the same definition of B,y

as above, the argument we have already used now shows that B + Y > 9;

and after the allowable transfer of a power of 2 between band c for

each a in G, we may suppose that B > 4- and y > 5. Hence Band C are in

tegers, and we have already seen that D is an integer. This completes

the proof of the "Lemma.

Using (32), the congruences (35) can be rewritten in the form

(38)

mod 1+ if A - 1 modBe

2BC 1/2A(t.-l) - II.. ( 19 ( 1+A) ) mod 32 if t. - 3 mod

Be II.. A(t.-l) - 3(1+t.) mod 8 if A - 5 mod

2BC - 1/~A (t.-1) - II.. ( 11 ( 1+t. ) ) mod 64 if t. -

Note that D and t. are linked by the congruence

D - 1/2 (t. - 1) mod 64
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which is a weak form of (31). It is also convenient at this point to

record some formulae for the product of two matrices in A,B,C,D form;

all mod 27 •

LEMMA 10. Each a in G satisfies B + C~ == 0 mod 8 and the congruence con

ditions stated in the following table :

6 mod 8 ± 1 ± 3

A mod 16 Y. (a6 - 1) - 2C 2 1/. ( 3 a6 + 19)

B and C even odd

PROOF. As in the proof of the previous lemma we consider also 00
0

where

0
0

satisfies (36). Applying (38) to 000 and confining ourselves to the

case 6 == ±3 mod 8 we obtain

Y.A(6 + 1) - BC == 3(1 - 6) mod 8 if 6 =3 mod 8,

~A(6 + 1) - 2BC == 1~ (19(1 - 6» mod 32 if 6 = 5 mod 8.

Combining one of these equations with the corresponding equation (38),

and using the character a to unite the two cases, we obtain first

A - Y. (- 5 a6 + 43) == ~ (3 a6 + 19) mod 16 if 6 - ± 3 mod 8

and then on substituting this back,

BC E ~ A(6 + a) + 3(A - a) == ...1. (36 a + 7) (6 + 21 e) + 5 a mod 8.16

But the first term on the right vanishes mod 8 because each factor is di-

visible by 8 and one of them by 16; so this congruence reduces to

BC == 5a mod 8, which is equivalent to Band C odd, B + C6 == 0 mod 8.
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This proves the last column of the table.

Any ° in G with 6 - 1 mod 8 can be written as

It follows immediately from the multiplication formulae (39) that Band

C are even and B + C - 0 mod 8; moreover mod 16 we have

This proves the statements in the table for 6 = 1 mod 8, and those for

6 =-1 mod 8 follow on mUltiplication by 00. This completes the proof

of the lemma.

We now complete the normalization of G. Fix an element 03 with ~3 - 3

mod 8; then by lemma 10 we have

A3 - y, (6 3 + 5) (3 6 3 + 13) + 3 - 2C~ mod .16,

for the last term is just -2 mod 16 since C3 is odd. We can therefore

find a 2-adic unit A such that multiplying the last term on th~ right

by A2 replaces the congruence by an equality. Now for every cr in G mul

tiply c by A and divide b by A; this is an allowed transformation and

does not affect the representation of 00 given by (36). So henceforth

we can assume that there is a 03 with

A3 = ~ (6 3 + 5) (36 3 + 13 ) + 3 - 2C~, 6 3 - 3 mod 8.

COROLLARY. With the further normalization above,

A = 1/, (6 - e) (36 + 7e) - 2C 2 mod 32 if 6 - ± 1 mod 8,

A _. I~ (6 + 5e) (36 +13 e) + 3 - 2C 2 mod 32 if 6 - ± 3 mod 8.

(40)
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PROOF. Suppose first that ~ =-1 mod 8; then the last congruence (38)

together with the facts already proved that C is even and B =C mod 8

give

2C 2 - ~A(~ - 1) = 1/4 (11(1 + ~» mod 32,

and elementary manipulation transforms this into the statement in the

Corollary. Next, if ~ = 1 mod 8 apply the result just obtained to 000'

where 00 satisfies (36). Finally suppose that ~ = ± 3 mod 8 and write

0 1 = 00;1 where 03 satisfies (40); thus 6 = 61 and 0 has the property

stated in the Corollary since ~1 - ± 1 mod 8. Also (39) implies

Hence, working mod 32,

A - Ya (~ + 56) (3~ + 136) - 3 + 2C 2

by (40) and the Corollary for 01. This last expression vanishes mod 32,

and this completes the proof of the Corollary.

LEMMA 11. G is contained in G .o

•. ,.-:.
PROOF. Suppose first that ~ = 3 mod 8; sUbstituting the value for A mod

32 given by the last Corollary into the second congruence (38) we obtain

2BC + C2(~ - 1) =~ + 9 mod 32.

Since C is odd, for given C and ~ this congruence determines B mod 16;

and as one can easily check that it is satisfied by
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B = }1(~2 + 7) - C~ mod 16, this is the unique solution. Thus the con

dition (33) certainly holds for elements of G with ~ = 3 mod 8. It al-

so holds when ~ = 5 mod 8, because in this case we can apply the result

just proved to 000 where 00 satisfies (36). Now suppose that

~ = !1 mod 8, so that we can write a = 0103 where ~1 = !3 mod 8. Using

(39) and the result already established, we have mod 16,

and this completes the proof of (33).

To prove (34) we suppose first that ~ = 7 mod 8 and substitute the value

of B mod 16 given by (33) into the last congruence (38). This gives

which for given values of C and ~ determines A mod 64; as one can easily

check that it is satisfied by

A == ~ (~ + 1) (3~ - 7) - 2C2 mod 64

this must be the unique solution. This proves (34) for ~ == 7 ~od 8,

and it follows at once for ~ == 1 mod 8 by applying the result just ob-

tained to ocro. Now suppose that ~ =± 3 mod 8 and write 0 =0 10 3 where

03 satisfies (40) and therefore ~1 =± 1 mod 8. Using (39) and substi

tuting for B1 from (33) we have C =C1 + ~lC3 mod 32 and

Using (34) for A1 , a case in which it is already proved, and (40) for A3

we obtain, all mod 64,

A - X (~ + 5e) (3~ + 13 e) - 3 + 2C2
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and this last expression vanishes mod 64. This completes the proof of

the lemma.

To prove the Theorem it only remains to show that G cannot be strictly

smaller than Go. We show first that for any fixed A all eight pairs of

congruence classes for Band C mod 16 allowed by (33) and the parity

condition just before it, actually occur. It is enough to prove this

in the special case A = 1, since the ° in G with A equal to some fixed

Ai are obtained from one of them by mUltiplication by the elements of G
-1with A = 1. Choose 01 in G with Ai = 3; then 02 = 00 0100 will certain-

-1ly have A2 = 3 and B2 = -B1 mod 4. Thus ° = 0102 will have A = 1 and

B = B2 - B1 = 2 mod 4; and 1,0,02 , •.. ,07 will lie one in each of the

eight allowed classes.

Now for n = 0,1,2, ... let H denote the set of ° with A = 1 andn

clearly each Hn is a group and Go J Ho J H1 J •••• The result we have

just proved states that G meets every coset of Ho in Go; so to prove

G = Go it is enough to prove that G J Ho . Since G is closed and the Hn

form a base for the neighbourhoods of the identity in Ho ' it is enough

to prove for n = 0,1,2, ..• that G meets each of the eight cosets of

Hn + 1 in Hn . We begin with the case n = O. For 01 and 02 in G and

-1 -1 h- h - h f l-t f 11 f° = 010201 02 ' w lC we use ln t e orm 0102 = 00201' 0 ows rom

(39) that
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A - 4(B1C2 - B2C1 - B(C
2 + A2C

i
» mod 27 ,

BA1A2 - B1 (A 2 - 1) - B2 (A 1 1) mod 2 7 ,

C - C2 (A1 - 1) - C1 (A 2 - 1) mod 2 7 •

(41)

Moreover A = 1. Suppose first that Ai = -1, B1 = C1 = 0 mod 16 and that

A2 = 9 so that B2 + 9C 2 = 8 mod 16. If B2 - 0 mod 16 then we obtain

whereas if B2 - 8 mod 16 we obtain

A _ 0 mod 27 , B - 16 mod 25 , C _ 0 mod 25 .

Again take A1 = 1, A2 = 9 and B1 - B2 - 2, C1 - -2, C2 - 6 all mod 16;

then we obtain

A _ 64 mod 2 7 , B _ 16 mod 25 , C _ 16 mod 25 .

The three elements 0 thus obtained generate Ho /H1 ; so G meets each co

set of H1 in Ho .

We now proceed by induction. There is a natural isomorphism

Hn- 1 /Hn ~ Hn /Hn +1 obtained by doubling A,B and C; and for any 0 in Hn - 1

the map tha~ sends 0 to 0
2 induces this isomorphism. So if G meets

every coset of Hn in Hn - 1 , it meets every coset of Hn +1 in Hne This

completes the proof of the Theorem.

As was explained in §5, for certain purposes it is useful to know the

commutator subgroups of G and of some of its subgroups. It is easy to

check from (41) and the argument following it that [G,G] = G n SL2 az 2 ).

Indeed this is predicted by the general theory, for the composite map
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of which the components are induced respectively by P2 and det, is X~l

which is an isomorphism by class field theory; and since the left hand

map is onto, the right hand one must be an isomorphism.

Now for v = 3,5 or 7 denote by G1v the subgroup of G consisting of those

a for which f1 - 1 or v mod 8, and denote by G1 the subgroup of G for

which t::. - 1 mod 8. The argument that proved G :J H only used the com-o

mutators of elements of G17 ; so it certainly proves [G17 ,G17] :J Ho ' and

it now follows easily from (41) that (G17 ,G17] consists of those ele

ments of [G,G] for which Band C are divisible by 4.

It is convenient next to consider the commutator subgroup of G1 • It is

easily verified that if a
1

and a
2

are in G1 then the congruences (41)

hold mod 28 • Now f1 1 = t::. 2 = 1, B1 = 16, C1 = 0, 82 = -2, C2 = 2 gives

27 11A, 2
8 1B, 2S

JC; and t::. 1 = 1, t::. 2 = 9, B1 = 16, -B 2 = 8 , C1 = C2 = °
gives 2

8 1A, 2 7
11 B, 2

8 1c; and t::. 1 = 9, t::. 2 = 1, B1 = 0, B2 = -2, C1 = 8,

C2 = 2 gives A - 192, B - 144, C - 16 all mod 28 • It follows by an ar-

gument similar to the one used to prove G :J Ho that [G1 ,G1] contains

all a with f1 = 1, 161c, 27 I(B-C) and 27 '(A-4C). Conversely one shows

that these conditions are implied by (41), so that they specify [G1 ,G1]

precisely. In particular [G1 ,G1] contains all a with ~ = 1 and A,B,C

all divisible by 27 ; so to find [G13 ,G13] and [G15 ,G15 ] we need only

find which cosets are allowed by (41). On the one hand we find that

t::. 1 = t::. 2 = 5 mod 8 gives all the residue classes with sic, B = 5C mod 64,

and t::.
1

= 1, t::.
2

= 5 mod 8 gives nothing more; so these congruences speci

fy [G15 ,G15]. On the other hand f1 1 = ~3 = 3 mod S gives all the residue

classes with 41C, B = 3C mod 32, and ~1 = 1, f1 2 = 3 mod 8 gives nothing

more; so these congruences specify [G13 ,G13]. We sum up these results

as
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THEOREM 7: The commutator subgroup of G is G n SL2 OZ 2). The commutator

subgroups of G1 , G13 , G1S ' and G17 consist of the a satisfying addition

al conditions as follows.

G1 2
4 1c, 2 7

1(B-C> , 27 j(A-4C>.

G13 41c, 2 5 !(B-3C).

G15 2 3 1c, 2 6 1(B-SC> •

G17 41B •



ss

REFERENCES

SwD-55

[1] M.H. ASHWORTH: Congruence and identical properties of modular

forms. (D.Phil.Thesis, Oxford, 1968)

[2] Z.I. BOREVIC and I.R. SAFAREVIC: Number theory. (English

translation, New York, 1966)

[3] P. DELIGNE: Formes modulaires et representations t-adiques.

<Seminaire Bourbaki, 355, February 1969)

[4] J. IGUSA: Class number of a definite quaternion algebra with

prime discriminant, Proc.Nat.Acad.Sci. USA 44 (1958), 312-314.
o

(5] F. KLEIN: Vorlesungen fiber das Ikosaeder und die Auflosung

der Gleichungen vom funften Grade. (Leipzig, 18,84)

(6) O. KOLBERG: Congruences for Ramanujan's function T(n), Arbok

Univ. Bergen (Mat.-Naturv.Serie) 1962, No.12.

(7) D.H. LEHMER: Notes on some arithmetical properties of ellip-

tic modular functions. (Duplicated notes, Univ. of California

at Berkeley, not dated)

(8) S. RAMANUJAN: On certain arithmetical functions, Trans. Carob.

Phil.Soc. 22 (1916), 159-184.

{9] J.-P. SERRE: Une interpretation des congruences relatives a
la fonction T de Ramanujan. (Seminaire Delange-Pisot-~oitou,

1967-68, ~xpose 14)

(10] J.-P. SERRE: Abelian l-adic representations and elliptic

curves. (New York, 1968)

(11) J.-P. SERRE: Congruences et formes modulaires. (Seminaire

Bourbaki, 416, June 1972)
..

[12] A. WElL: Uber die Bestimmung Dirichletscher Reihen durch

Funktionalgleichungen, Math.Ann. 168 (1967), 1~9-156.

[13] J.R. WILTON: Congruence properties of Ramanujan's function

T(n), Proc.Lond.Math.Soc. 31 (1930), 1-10.



The Up operator of Atkin on modular functions

of level 2 with growth conditions

B. Dwork

International Summer School on Modular Forms

ANTWERP 1972



Dw-2 58

The U operator of Atkin on modular fUnctions
p

of level 2 with growth conditions

B. Dwork

Let p be an odd prime, p 1= 3 , and let g be the polynomial.

defined by

(1) (-1) (p-l)/2 g(A.)
(p-1)/2 .

L «~) ./j!)2 A.J
j=o J

so that g(A.) is the standard formula for the Hasse invariant of the elliptic

curve

(2) ?- =X(X-l) (X. A.) •

We shall follow in general. the notation of our article [3]. In terms of

q-expansions, Atkin [1] has defined the transformation

but without the imposition of growth conditions one m~ construct eigenvectors

with quite arbitrary eigenValues; indeed formally, for any field element r ,

is trivially eigenvector for eigenvaJ.ue r. Thus to obtain an interesting

theory we impose the restriction that U be applied to functions satis-p

~ing certain growth conditions. To explain these conditions for each pair

of positive reaJ. numbers b l ,b2 , let L(bl ,b2) be the space of all functions

holomorphic and bounded on the set 1\ b consisting of aJ.l A. such that
l' 2

bl > ord g(A.)

b2 > Max{ord A. , ord(l-~), ord A.-I} •
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Let cp be the Tate-Deligne lifting of Frobenius. We give two descriptions.

Let F (X,Y) be the modular equation satisfied by (;...( -r), ;...(p-r». Forp

ord g{;...) = 0, cp(;...) is uniquely characterized by the properties

(4)
F (;..., cp{;"'» = 0p

'cp(;"') - ;...PI < 1 ·

The function ;...~ cp(;...) is extended (by p-adic anaJ..ytic continuation) to

an element of L{b
1

,b2) for b
1

= p/{p+l) and all b2 > o. A purely

anaJ..ytic description of cp mS\V also be given (independent of the modular

equation). Let F denote the hypergeometric functions F(~,~, 1, ;...) ,let FCP

denote the compesition of F with cp. Let f be the function (-1) {p-l)/2 F/FCP •

If cp is chosen so that cp-;...p is holamo:rr.gh1c and bound~Q. by pe on the He-sse

aul\ain (;...11 g(;...) J = I, for· some rational e > 1/(p-.l)1 then f has an anaJ..ytic

continuation to that set. The Deligne-Tate mapping is characterized by the

further condition that f have anaJ..ytic continuation in an annulus of at

least one of the (p-:O/2 disjoint disks whose- images in the residue class

field are zeros of the Hasse invariant, g. For g E: L(bl/p, b 2/p) ,

bl ~ p/(p+l) , we define '" g , an element of L(bl ,b2),J by the formula

(~g) (;...) = L S(x)/cp' (x) ,

the sum being over the p solutions of the equation

(6) cp(x) =;... •

We now fix bl = p/(p+l) and note that Up coincides on L(b1 ,b2) with

~ 0 (cp'/p) '. the composition of '" with the operation of multiplication by

-1p cp'. In the following we interpret U to mean just this mapping, it notp

being necessary to speci~ b2 ". The eigenvectors are independent of the

choice of b2 since Up maps L(b1 ,b2 ) into L{b1 , pb2) • We know that
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U is completely continuous, that the Fredholm determinant, det (I-t U) is
p p

entire and that the constant function 1 is eigenvector with eigenvalue 1.

Discarding this root as trivial, we assert:

Lemma 1. The number of non-trivial unit roots of the Fredholm determinant

of U is at most (p-1)/2.
P

Proof. We examine the infinite matrix representing U relative to an
p

orthonormaJ. basis. For 1 ~ i ~ (p-l)/2 let ai be an unramified representa-

tive of each of the distinct residue classes satisfying Ig(A.) I < 1. For

n > ° let

1 n 1= 0, -1

(7) t =
-l/(p+l) if n == ° mod p+ln p

-2/ (p+1) n ==-1P

For n > 0, 1 ~ i ~ (p-1)/2 let

(8)

e = (A. _ a.)-n
i,n ~

nb l
ei,n =p ei,n

e(i) = e. t
n 1,n n

For reasons indicated above we may disregard basis elements of L(b1 ,b2)

corresponding to the singularities at 0, 1, 00. Since (e. } is an ortho-1.,n I

normal basis, a matrix suitable for our computations may be found by writing

U e.p 1.,n

(p-l)/2 00

~ S~=l B(i,n),(j,s) ej,s
j=l

Since p U may be viewed as a map of norm not greater than 1 fran
p nb /p

L(bl/p, b2/p) into L(bl ,b2 ) and since (ei,n p 1 J is an orthonormal basis

( -1 /nb1 1-p) nb1 p
of L(bl/p, b2/p), we conclude, using ei,n = p ei,n p , that
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- (-1):E.:!ord B( . ) (0 ) 2: nb1 1 - P - 1 = n +1 - 1 •1,n , J,s p
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However U is de:fined over Q. and hence relative to the basis (e. },
p ~ 1,n

the matrix coe:f:ficients are unrami:fied over '\> and hence have ordinals which

lie in Z.

(11)

It :follows that

- _ s-n
ord B(i,n),(j,s) = p+l mod Z ·

We m8\Y use the basis (e (i)} :for our canputation. An easy argument givesn

(12)

where

(p-l)/2 00

~ ~ B e(j)
LJ LJ (. ) (0 )j=l s=l 1,n, J,s s

B( ) ( ) =i( ) ( ) t It .i,n , j,s i,n , j,s n s

An e1ement~ computation shows that this matrix has integral coe:f:ficients

and that its image in the residue class :field has rank o:f at most (p-1)/2.

Indeed :for n.2: 3 , by equations (10), (13), (7) we have

lclord B(e ) (j ).2: 3 +1 - 1 + ord t - ord t1,n"s p n s

For n = 2 , we see that n 1= 0, -1 mod p+1 and hence ord t = 0 •n Thus

lclord B(i,2),(j,S) .2: 2 p+1 -1 > 0 •

For n =1 , we have by equations (13), (11), (10),

ord B(i,l),(j,S) = ord B(i,l),(j,S) - ord t s

ord B(i,l),(j,S) =;:i mod Z

ord B(i,l),(j,S) ~ - P~l
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It follows that ord B(i,l) ,(j ,s) is non-negative unless s == 0, -1 mod p+l •

It follows that the matrix B has integral coefficients and units can occur

only in the (p-l)/2 rows indexed by (i,l) ,IS i :s (p-l)/2. This com-

pletes the proof of the lemma.

It mB\Y be of interest to estimate the Newton polygon of the Fredholm

determinant of U by this method.
p

We now compute the number of tmit eigenvalues 'by means of the trace

formulae of Reich and Monsky (cf. 13, equation 16]). Thus

(16) ~Tr U = ~ '1 '1> q> -

the sum being over all ~ 1= 0, 1, co, 1g(A) I = 1 ) such that q>(~) = ~ •

Since q>' /p = (w/w~/ (f(~»2 ,where w is the wronskian l/~(l-~) and

since we are summing over fixed points of cp, we see tha.t

More generally for s 2: 1 ,

(18)
s-l -1

Trif=L(pS_~(l~+••• +cp » ~
p

the sum being over all fixed points of cps and excluding points lying near

0, 1, 00 and excluding representatives of supersingular moduli.

Thus modulo p , we have, since f == g mod p ,

the sum being over all ~ e: :IF s such that
p

We now use an observation of N. Katz; for ~ e: IF S' g(~) 1= °, we see that
s-l * P

g(~)g(~p) ••• g(~P ) lies in:IF and hence the reciprocal of its squarep

coincides with its (p-3) power. Thus
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the sum now being over aJ.l elements of :IF s other than 0, 1 since the
p

supersingular moduli now contribute nothing to the sum. Since gel) = 1 , we

have

(21)

*the sum being over all "- € :IF s. We now use the symbol 'if to denote the
p

endomorphism

(22)

of elements of s a:;r :IF [,,-]. We know [2, §3]
p

is an endomorphism of F [,,-] with trace given' by the formula
p

(24) (p-l)Tr 'if0gp-3 = E g(,,-)p-3 ,

*the sum being over F • More generallyp

*the sum now being over :IF s. Thus
p

(26) Tr ~ =1 + Tr(,ogp-3)s •
p

We now compute the Fredholm determinant of U but since we need the expo
p

nential of terms with denominators, we obtain results only modulo p and t P , i. e.

using det(I-t U ) to denote the reduction mCDd p of the Fredholm determinant of U ,
P P

det(I-t U ) =(l-t)det(I-t 'if0gP-3) mod(p,tP) •
p

By Lemma 1, the left side is a polynomial of' degree not greater than 1 + ¥ .
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It is well known [2, §3] that in computing the characteristic polynomial. of

t ogP-3 we mS\V restrict the operator to polynomials of degree not greater than

(p_l)-l deg gP-3 = (p-3)/2. Thus vogP-3 operates on a space of dimension

(p-l)/2 and hence both sides of equation (27) have degree bounded by (p+l)/2

and so

(28) (det(I-t U ))/(l-t) =det(I-t t ogp-3) mod p •
p

Theorem. The degree of each side of equation (28) is (p-l)/2.

Proof. It is enough to show that vogP-3 is invertible as endomorphism of

the space of polynomials of degree not greater than (p-3)/2 in JF [A] .
P

Thus let ~ be an element :IF [A] of degree not greater than (p-3)/2 such
p .

that

(29)

We assert that ~ =o. If ~ were of degree (p-3)/2 then the degree of

~gP-3 would be ¥ + (p-3) ¥ = ¥ and hence the left hand side of

equation (29) would have degree (p-3)/2 contrary to hypothesis. Thus we

have shown that

(30) deg ~ ~ (p-5)/2 •

We may extend V from :IF [A.J to :IF (A) and conclude from (29)
p p

Let a be a zero of g , since the zeros of g are simple, we see that the

principal part of ~/g3 at a is of the form

(32)
0:

1v =a A-a

0:
2

0:
3+ --- +---

(A-a) 2 (A-a) 3

and since the degree of ~ is strictly bounded by that of g3 , we conclude

that ~/g3 is indeed equal to the smn of (p-l)/2 such partial fractions.
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By an elementary canputation for p.?= c , we have if a 1= 0

",_1_
(A.-a) c

and thus

(34) a
P(°1 °2 (3 )",(v ) = - -P - + --2 + --3 ·

a A.-a -a (-a) (-a)

From this computation we deduce the partial fraction decomposition of *(~/g3)

and thus by (31),

We now compute aI' a2 , 03 explicitly. Let t = A.-a, put

(36)

where

Putting

(38)

where ~, ~ I, ~ If refer to the value at a, we obtain (as relation between triples)

Equation (35) now assumES the form,

2 ~If _2
(40) 0 = ~ - a(~1 -3X~) + a (2- - 3X~' + ~(6A - 3Y» •

We now compute X, Y by means of the 2nd order linear differential operator

(41) /, = D
2 + pD + (J

which annihilates g. (Here (J = -1/4A.(1-A.), p = (l-2A.)/A.(l-A.)). We obtain
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(42)

1X=-2"P
2

Y = P _ ~f

66

- C1

both to be evaluated at a, the zero of g under consideration. We m8\V now

deduce from (40) that if H denotes the linear differential operator

then

for each zero, a ,of g. This- means that

For C1 and p as indicated, H.e assumes the form AlI where

H = 4A(A-l)~n + 4(A-l) (4A-l)n + (9A-5) .

Using equation (30),

deg H( £) ~ deg £+ 1 ~ (p-3)/2

and hence equation (44) implies (since A does not divide g)

(46) H(£) =0.

The indicia! polynomial at infinity of H shows that

deg £ = - 3/2 mod p

but degree s < p , hence

degree £ = (p-3)/2 ,

contradicting equation (30). This completes the proof of the theorem.
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Note. 1. The relations between £ and H£ as given by equation (43) may

be restated. Let W£/A. be the wronskian of £ , then

Thus aside from the factor "A.
2 , H is simply a twisted form of £ •

2. The computation of the number of unit roots of U in the cas e
p

of level 1 is sometimes referred to as "the" Atkin's conjecture.

We apologize to the reader for forgetting to correct an error in

exposition pointed out some time ago by J. -P. Serre. Equations (9) and (10)

are correct as stated but (ei,n) is not an ortho-normal basis of' L(bl , b2)

which is of type b(r) in the notation of Serre, IHES No. 12, §2. However

U is a completely continuous endomorphism and its Fredholm determinant mayp

be calculated by means of the matrix (B( . ) ( . ) ) which indeed m8¥ bel.,n, J,s

identified with the matrix of the endomorphism, U, of the corresponding c(r)

space chosen such that U is the dual. of U.
P

Alternately we m8¥ avoid dual spaces, replace the strict inequalities

of equation (3) by non-strict inequalities so that L(bl , b2) becomes a c(r)

type space. But with this choice we must take bl stric~l.y less than pi (p+l)

and make corresponding changes in the definition of t n (equation (7» for

n == 0, -1 and let bl be sufficiently close to pi(p+1) •
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(In 1)

Introduc-tion

This expose represents an attempt to understand some of the recent work

of Atkin) Swinnerton-Dyer, and Serre on the congruence properties of the

q-expansion coefficients of modular forms f'rom the point of view of the theory

of moduli of elliptic curves, as developed abstractly by Igusa and recently

reconsidered by Deligne. In this optic, 8 modular form of weight k and level

@k
n becomes a section of a certain line bundle ~ on the modular variety Mn

which "classifies" elliptic curves wi-th level n structure (the level n structure

is introduced for purely technical reasons). The modular variety Mn is a

smooth curve ·over Z[l/n], whose "physical appearance" is the same whether we

view it over c: (Where it becomes cp(n) copies of the quo-tient of the upper half

plane by the principal congruence subgroup ren) of SL(2,Z» or over the algebraic

closure of Z /IIL, (by "reduction modulo p") for primes p not dividing n.

This very fact rules out the possibility of obtaining p-adic properties of

modular forms simply by studying the geometry of M ~ 'lJ/pz and its line bundles
--- n

®k
~ ; we can only obtain the reductions modulo p of identical relations which

hold over e .

The key is instead to isolate the finite set of poin~s of M @ r1J/pZn

corresponding to supersingular ellip-tic curves in characteristic p, those whose

Hasse invarian-t vanishes. One then considers various "rigid-analytic" open

subsets of M ~ ~ defined by removing p-adic discs of various radii around
n p

the supersingular points in characteristic p. This makes sense because the

Hasse invariant is the reduction modulo p of a true modular form (namely E 1)p-

over Z , so we can define a rigid analytic open subset of M ® Z by taking-p n p

only those p-adic elliptic curves on which E 1 has p-adic absolute valuep-

greater than some € > O. We may then define various sorts of truly p-adic

modular forms as functions of elliptic curves on which IEp _1 1 > €, or equivalent

~kly as sections of the line bundles ~ restricted to the above-constructed
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(In 2)

rigid analytic open sets of M ~ Z . [The role of the choice of e is ton p

specify the rate of growth of the coefficients of the Laurent series

development around the "missing" supersingular points].

The most important tool in the study of these p-adic modular forms is

the endomorphism they undergo by a "canonical lifting of the Frobenius

endomorphism" from characteristic p. This endomorphism comes about as follows.

Any elliptic curve on which ~ Ep _l ' > e for suitable e carries a II canonical

subgroup" of order p, whose reduction modulo p is the Kernel of Frobenius.

The "canonical lifting" above is the endomorphism obtain~ by dividing the

universal elliptic curve by its canonical subgroup (over the rigid open set

of M ~~ where it exists).
n p

This endomorphism is related closely to Atkin f s work. His operator U

is simply (! times) the trace of the canonical lifting of Frobenius, and
p --

certain of his results on the q-expansion of the function J may be interpreted

as statements about the spectral theory of the operator U.

The relation to the work of Swinnerton-Dyer and Serre is more subtle,

and depends on the fact that the data of the action of the "canonical lifting

of Frobenius" on ~-l over the rigid open set IEp_ll ::: 1 is equivalent to the

knowledge of the representation of the fundamental group of the open se~ of

M @ zfpz where the Hasse invariant is invertible on the p-adic Tate module
n

T (which for a non-supersingular curve ,in characteristic p is a free
p

Z -module of rank one). Thanks to Igusa, we know that this representation is
p

~s non-trivial 8S possible) Rnd this fact, interpreted in terms of the action

®Itof the canonical Froben1us on the ~ , leads to certain of the congruences

of Swinnerton-Dyer and Serre.

In the first chapter, we review without proof certain aspects of the

moduli of elliptic curves, and deduce various forms of the "q-expansion

principle." This chapter owes much (probably its very existence) to discussions

with Del1gne. It 1s not "p-adic", and may be read more or less independently
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of the rest of the paper.

The gecond chapter develops at length various "p-adien notions ·of modular

form, in the spirit described above. A large part of it (r ~ 1 ) was included

with an eye to Dwork-style applications to Atkin's work, and may be omitted by

the reader interested only in Swinnerton-Dyer and Serre style congruences.

The idea of working at such "p-adic modular forms" is due entirely to Serre i

who in his 1972 College de France course stressed their importance.

The third chapter develops the theory of the "canonical subgroup."

This theory is due entirely to Lubin, who has unfortunately not published

it except for a tiny hint [33]. The second half of the chapter interprets

certAin congruences of Atkin in terms of p-adic Banach spaces, the spectrum

of the operator U, etc. The possibility of this interpretation is due to

Dwork, through his realization that not only is p U integral, but U itself is

t1essentielly" integral (cf[14]).

The fourth chapter explains the relation between the canonical Frobe~i~

and certain congruences of Swinnerton-Dyer and Serre. It begins by recalling

a "coherent sheafl1 description of p-adic representations of the fundamental

group of certain schemes on which p is nilpotent. This description is certainly

well-known, and basically due to Hasse and Witt, but does not seem to be re-

corded elsewhere in the form we require. Using it, we show that the representa-

tion corresponding to ~ with its ~anonical Frobenuis is that afforded by

the (rank-one) p-adic Tate module T of non-supersingular elliptic curves.
p

We then prove the extreme non-triviality of this representation in "canonicel

subgroup" style. This non-triviality is due to Igusa I whose proof is finally

not so different from the one given. We then apply this result of non-

triviality to deduce certain of the congruences of Swinnerton-Dyer and Serre.

In the first appendix, which is a sort of "chapter zero", we explain the

relation between the classical approach to elliptic curves vie their period
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lattices and the "modern" one, the relation of DeRham cohomology of elliptic

curves to modular forms, and the relation between the Gauss-Manin connectionj

Ramanujan's function p(q), and Serre's a-operator on modular forms. The results

are due to Weierstrass and Deligne. It is concluded by a "table" of formulas.

The second appendix explains the relation between the canonical Frobeni~s.

on p-adic modular forms and the Frobenuis endomorphism of the DeRham cohomology

of elliptic curves. It may also be read 8S an appendix to [25].

The third appendix relates Hecke polynomials mod p to L-series, coherent

cohomology and the Fredholm determinant of U.

As should by now be obvious, this expose owes its very existence to Lubin,

Serre, Deligne, Atkin, and Dwork. It is a pleasure to acknowledge my debt

to them, and to thank M. Rapoport for many helpful discussions.
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In this chapter, we will recall sane of the definitions and main results

of the theory of moduli of elliptic curves, and deduce from them various forms

of the "q-expansion principle" for modular f'onns.

1. O. By an elliptic curve over a scheme S , we mean a proper smooth morphism

p: E~ S , whose geometric fibres are connected curves of genus one, together

with a section e: S ~ E •

We denote by f4;/s the invertible sheaf p*(ni/s) on S , whilth is canonically

dual (Serre duality) to the invertible sheaf Rl~(C'E) on S .

1.1 Modular forms of' level 1

A modular form of weight k e Z and level one is a rule f' which

assigns to any elliptic curve ,E over any scheme S a section f{E/S) of

(f4;/sfk over S such that the f'ollowing two conditions are satisf'ied.

1. feEls) depends only on the S-isomorphism class of the elliptic

curve E/S.

2. The formation of f{E/S) commutes with arbitrary change of base

g: S' ~ S (meaning that f{ES'/S') = g*f{E/S».

We denote by M{Z;l,k) the Z-module of such forms.

Equivalently, a modular fonD. of weight k and level 1 is a rule f which

assigns to every pair (E/R,w) consisting of an elliptic curve over (the spec

trum of) a ring R together with a basis w of f::1E/R (i. e., a nowhere vanish

ing section of' ni/R on E), an element f'(E/R,w) e R , such that the f'ollow

ing three conditions are satisfied.
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1. f(E/R,w) depends only on the R-isomorphism class of the pair

(E/R,w) .'

2. f is homogeneous of degree -k in the Itsecond variable"; for

any ").. E RX (the multiplicative group of R ),

feE ,Aw) = A-kf(E, w) •

3. The formation of f(E/R,w) camnutes with arbitrary extension

of scalars g: R~ R' (meaning f(ER,/R',wa,) =g(f(E/R,w»).

(The correspondence between the two notions is given by the formula

f(E/Spec(R» = f(E/R,w). w®k

valid whenever S = Spec(R) and ~/R is a free R-module, with basis w.)

If, in the preceding definitions we consider~ schemes S (or

rings R) lying over a fixed ground-ring Ro ' and only changes of base by

Ro-morphisms, we obtain the notion of a modular form of' weight k and level one

defined over R , the R -module of' which is noted M(R ,l,k).
000

A modular form of of weight k and level one defined over Ro can be

evaluated on the pair (Tate(q), w ) consisting of the Tate curve and its
can Ro

canonical differential, viewed as elliptic curve with differential. over

z«q»~ Ro
(and not just over R «q»).

o

The q-expansion of a modular form f is by definition the finite-tailed

Laurent series

f«Tate(q), w ) ) E Z«q»~ R .
can Ro -Z 0

The modular form f is called holomorphic at 00 if its q-expansion lies in the

subring Z[ [q] ]~ .. R ; the module of all such is noted S(R ;1,k). Notice
-Z 0 0

that the q-expansion lies in Z«q»~ R C R «q» , i.e., it is finite
-Zo 0 ---

R -linear combination of elements of Z( (q». This implies, for example,
o

that if Ro is the field of fractions of a discrete valuation ring, then the

q-expansion coefficients of any modular form of weight k and level one over Ro
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For each integer n 2:: 1 , we denote by nE the kernel of "multiplication

2by nil on E/S ; it is a finite flat commutative group-scheme of rank n over

S , which is etale over S if and only if the integer n is invertible in

r (S, ~S) i. e., if' and only if S is a scheme over Z[~]. A level n struc

ture on E/S is an isomorphism

It cannot exist unless n is invertible on S , and in that case there aJ.w8\YS

exists one on SEe finite etale covering S I of S. If a level n structure

on E/S exists, and if S is connected,the set of' all such is principal

2
homogeneous under GL(2, Z/nZ) = Aut ( (~nZ)s) •

A modular form of weight k and level n is rule which assigns to each

only on the isomorphism class of

structure a section f(E/S, a )n

pair (E/S, a )n consisting of an elliptic curve together with a level n

~k
of (~/sJ over S , in a wB¥ which depends

(E/S, a ) , and which commutes with arbitraryn

base-change g: S' ~ S. Equiva1.~ntly, it is a rule which assigns to all

triples (E/R,w,a ) , consisting of an elliptic curve over a ring R togethern

with a base w of !:!E/R and a level n structure an ' an element

f(E/R,w,a ) E R which depends only on the isomorphism class of (E/R,w,a) ,
n n

which commutes with arbitrary change of base, and which is homogeneous of

degree -k in the 11 second variable", meaning that for any A E ~ , we have

f(E/R, A.W, a ) = r..-kf(E/R,w,a ). Exactly as for level one, we define then n

notion of a modular form of weight k and level n defined over a ring Ro

The R -module of all such is noted M(R ,n,k) .
o 0

A modular form of' weight k and level n defined oyer a ring Ro which

contains lin and a primitive n'th root of unity S m8¥ be evaluated on-- n
the triples (Tate(qn), w ,a) consisting of the Tate curve Tate (qn)

can n Ro



Ka-12 80

with its canonical differential, viewed as defined over X( (q)) ~ Ro ' together

with aIrY of its level n structures (all points of nE are rational over

x( (q)) ~ R ; in fact, being the canonical images of the points ~ iqj ,
;Z 0 n

O:S i, j :s n-l from "Gm
ff

, they all have coordinates in Z[[qJ] ®Z Z(~, ~n] ,

and the non-constant q-coefficients of their (x,y) coordinates even lie in

Z[~n] (cf. [38]), as one sees using the explicit formulas of Jacobi-Tate.

The q-expansions of the modular form f are the finitely many

finite-tailed Laurent series

1.2.1 f«Tate(qn), w ,a) ) € z«q)) ~ R
can n% ;Z 0

obtained by varying an over all the level n structures.

(NB Though it makes sense to speak of a modular form of weight k and level n

defined over~ ring Ro ' we can speak of its q-expansions over Ro ~

when R contains lin and a primitive n'th root ~ of 1 .)o n

A modular form defined over any ring Ro is said to be holomorphic

at 00 if its inverse image on R (lin, ~] has all its q-expansions ino n

z[ [q]] ®Z Ro[l/n, ~n]· (If the ring Ro itself contains l/n and ~n '

this is equivalent to asking that all the q-expansions lie in Z[[q]] ®Z Ro • )

The module of such is denoted S (R ;n,k) •
o

A modular form (resp: holo. at 00) of weight k and level n defined over

a ring Ro ' which does not depend on the "last variable" an is a modulltr

a modular form (resp: holo. at 00) of weight k and level one defined over

R [lIn] •
o

1.3. Modular forms on r 0 (p)

Analogously, for an integer n.2: 1 and a prime number p rn , a modular

form of weight k and level n on r 0 (p) is a rule f which assigns to each triple

(E/s, a ,H) consisting of an elliptic curve, a level n structure, and a finiten

flat subgroup-scheme H C E of rank p , a section f(E/S, an' H) of (~/Sfk
over S , which depends only on the isomorphism class of (E/s, an' H) , and
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Equivalently,

it is a rule which assigns to each quadruple (E/R, w, a ,H) an elementn

f(E/R, w, a , H) € R , which depends' only on the isomorphism class of the quadn

ruple, whose formation camnutes with arbitrary change of base, and which is

homogeneous of degree -k in the second variable. As before, we define the

notion of a modular form of weight k and level n on ro(p) being defined over

a ring R
o

A modular form of weight k and level n on ro(p) , defined over a ring

Ro which contains lin and ~n m8\Y be evaluated on each of the quadruples

(Tate (qn) , wean' an' Il-Ip)Bo. We will eall the values of' f' on these quad

ruples the q-expansions of f at the unramified cusps, and s8\Y that f is

holamorphic at the unramified cusps if its q-expansions there all lie in

z[[q]] ~ Ro • We can also evaluate f on each of quadruples

(Tate (qnp ) ,w ,a, (qn)) ,where (qn) denotes the flat rank-p subgroup
can n

scheme generated by (the image of) qn Its values there are called its

q-expansions at the ramified cusps. We s8\Y that f is holomorphic at 00 if

all of its q-expansions, at the ramified and unramified cusps, actuaJJ.y lie in

z[[q]] ~ Ro •

Remark. The distinction between ramified and unramified cusps on ro(p) is

quite a natural one - in the work of Atkin, one deals with modular :functions

(weight 0) of level one on ro(p) which are holomorphic at the unramified

cusp J but not at the ramified one.

1.4. The modular schemes Mn and Mn

For each integer n 2: 3 , the f'unctor "isomorphism classes of elliptic

curves with level n structure" is representable, by a scheme Mn which is an

affine smooth curve over z[*] , finite and fiat of degree =#(GL2 (zjnZ)12: 1)

over the affine j-line Z[~, j] , and ~tale over the open set of the af'fine

j -line where j and j -1728 are invertible. The norma1ization of the projective
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in Mn is a proper and smooth curve Mover Z[l/n] ,
n

the global sections of whose structural sheaf are Z[l/n'~n]. The curve

Mn ~[l/n]Z[l/n'~n] (resp. Mn ®Z[l/n]Z[l/n'~n]) is a disjoint union of ~(n)

affine (resp. proper) smooth geometrically connected curves over Z[l/n, ~ ] ,
n

the partitioning into components given by the ~(n) primitive nlth roots of

one occurring as values of the e.m. pairing on the basis of nE specified by

the level n structure. The scheme M - Mover Z[I/n] is finite and etale,n n

and over Z[l/n'~n] , it is a disjoint union of sections, called the cusps of

M ,which in a natural w~ are the set of isomorphism classes of level n
n -

structures on the Tate curve Tate (qn) viewed over Z( (q)) ®Z Z[l/n'Sn] •

The completion of M ®Z[I/n,~] along any of the cusps is isomorphic ton n

Z[1/n,1; nJ [ [q] J. The completion of' the projective j -line IPi[l/n,1; ] along 00

n

is itself isomorphic to Z[l/n,~ ][[q]] , via the formula
n

j(Tate(q) = l/q + 744 + .•. , and the endomorphism of Z[l/n,s ][[q]] arisingn

from the projection M ~]p1 is just given by q ~ qn. In fact, forn

each cusp, the inverse image of the universal elliptic curve with level n

stru.cture (E/M, ex) over (the spectrum of) Z[l/n,~ J«q) (viewed as an n n

punctured disc around the cusp) is isomorphic to the inverse image over

Z[l/n,s ]«q» of the Tate curve Tate(qn) with the level n structure corren

spondil1g to that cusp.

1.5. The invertible sheaf ~ on Mn , and modular forms holomorphic at 00

There is a unique invertible sheaf ~ on Mn whose restriction to M
n

is ~/M «E/Mn,exn ) the universal elliptic curve with level n structure),
n

and whose sections over the completion Z[l/n,~ ][[q]] at each cusp are pren

cisely the Z[l/n,~ ][[q]] multiples of the canonical differential of then

Irate curve. The Kodaira-Spencer style isomorphism (cf. Al.3.l7 and [7])

( )
®2 r-." 1

~/~ - ~/Z[l/n]
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and, in fact, over Z[l/n,s ][[q]] J the "square" of the canonicaJ. differential.
n

corresponds to n· ~.
q

It follows ttL-at a modular form of' level n and weight k holomorphic at

00 defined over any ring Ro ~ lin is just a section of (JE)®k on

Mn ®Z[l/n]Ro ' or equivalently a section of the quasi-coherent sheaf

®k -
(~) ®Z[l/n]Ro on Mn •

1.6. The q-expansion principle

For~ Z[l/n]-module K, we define a modular form of level n and

weight k, holomorphic at 00 , with coefficients in K, to be an element of

0- (®k )H (Mn '!!2) ~[l/nJK. At each cusp, such a modular form has a q-expansion in

K ~[l/n]Z[l/n,sn] ~ Z[[q]] ·

Theorem 1.6.1. Let n 2: 3 , K a Z[l/n]-module, and f a modular form of

level n and weight k, holomorphic at 00 , with coefficients in K. Suppose

that on each of the cp(n) connected components of Mn ~[l/n]Z[l/n,sn] ,

there is at least~ cusp at which the q-expansion of f vanishes identically.

Then f = 0 •

Before proving it, we give the main corollary.

Corollary 1.6.2. (The q-expansion principle). Let n 2: 3, K a Z[l/n]-modrue,

L C K a Z[l/n]-submodule. Let f be a modular form of weight k, level n,

holomorphic at 00 , with coefficients in K. Suppose that on each of the cp(n)

connected components of Mn ®~l/n]1lIl/n,sn] , there is at least one cusp at

which all the q-coefficients of f lie in L ~[l/nJZ[l/n,snJ. Then f is

a modular form with coefficients in L.
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Proof of corollary.
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The exact sequence 0 ~ L~ K~ K/L ~ 0 of

Z[l/n]-modules gives an exact sequence of sheaves on M ,
n

1.6.2.1

hence a cohomology exact sequence

1.6.2.2

The theorem (1.6.1) now applies to the image of f in HO(Mn,(K/L)®~®k) ,

0- ®kshowing that image to be zero, whence f E H (M ,L® (w) ) by the cohomologyn -

exact sequence. QED

We now turn to the proof of the theorem. By considering the~ of

dual numbers on K, D(K) = z[l/n] e K, [multiplication

(a ,k) (a' ,k') (aa' ,ak' + a'k)] we are reduced to the case where K is a ring

over Z[l/n]. Because the formation of the cohomology of quasi-coherent

sheaves on quasi-compact schemes commutes with inductive limits, we are first

reduced to the case where K is a finitely generated ring over Z[l/n] ,

then to the case when K is a noetherian local ring. By faithf'ul flatness

of the completion, we further reduce to the case when K is a complete

Noetherian local ring, then by Grothendieck' s comparison theorem

to the case when K is an artin local ring. By Krull's intersection theorem,

f induces the zero-section of (~)®k over an open neighborhood of at l'east

one cusp on each connected component of Mn ®K®Z[l/n'~n] , hence on an open

dense set in M ® K. IT f is not zero, there exists a non-void closedn

subset Z of M®K , containing no maximal point of M®K , on which f
n n

is supported. Over the local ring in M ® K of any maximal point z of Z ,
n

f becomes non-canonically a section of tJz ,Mn ®K which is supported at the

closed point, i. e. for any element g E ')')L (the maximal ideal of (J M- 10\ K ) ,z z, n~
there exists a power gn of g such that gnf = o. Thus every element of

is a zero-divisor, i.e. the point z e if ®K has depth zero.
n

As if ®K
n



85 Ka-17

is smooth over an artin local ring K, it is Cohen-Macaulay, and hence only

its maximal points have depth zero. Thus z must be a maxilnal point of

M ® K , a contradiction. Hence f must be zero.
n

1.7. Base-change of modular forms of level n > 3

QED

Theorem 1.7.1. Let n 2 3 , and suppose either that k 2 2 £!: that k = 1

and n < 11. Then for any Z[l/n]-module K, the canonicaJ. map

is an isomorphism.

Proof. By standard base-charging theorems , it suffices to show that

-~(- ®k ( \®2 "-" 1 «-
li Mn'~ ) = o. The isomorphism ~) -- 'M /Z[l/n] log Mn - Mn)) ,

n

together with the fact that each connected component of M®Z[l/n, s] con-n n
• ..p (~)®kta1ns at least one cusp, shows that ~or k 2 2 , the restriction of

to each connected component of M®Z[l/n, S ] has degree strictly greatern n

than 2g-2, g the (common) genus of any of these components, and hence

It-(Mn , (~)®k) = 0 by Rieman-Roch. For 3 ~ n ~ 11 , explicit calculation shows

that ~ restricted to each connected component of M®Z[l/n, S ]n n has degree

strictly greater than 2g-2 , and we conclude as before. QED

Remark. When n > 12 ~ has degree ~ 2g-2 on each connected component

of Mn® Z[l/n, sn] , and equality holds only for n = 12. The author does

not know whether or not the formation of modular forms of wei.ght ~ and

level n > 12 cOIImlutes with base change.

1.8. Base change of modular forms of levelland 2

Theorem 1.8.1. Let Ro be any ring in which 2 is invertible. For every

integer k 2 1 , the canonical map S(Z,2,k) ~ R ~ S(R ,2,k) is an iso-
-~ 0 0

morphism.
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Proof. First we should remark that there are no non-zero modular forms of

level two and odd weight k over Ro ' because the automorphism It_I" of an

elliptic curve transforms (E,w,0:2) into (E,-w,-a2) , hence

f(E,(ll,0:2) = f(E,-w,-a2) , but 0:2 = -a2 ,hence f(E,-w,-a2) = f(E,-w,a2)

(-1) -k f(E,w,0:2) , hence 2f(E,w,a2) = 0 for k odd.

tn any case, modular forms of level two and weight k, ho1omorphic at

infinity, over arry ring R :9 1/2 , are precisely those modular forms of level
o

four and weight k holomorphic at 00 , defined over Ro ' which are invariant

under the action of the subgroup of GL2(zj4 Z) consisting of the matrices

== I mod 2. As this group has order 16, a power of two, we ma;y simply a.pply

the proj ector hi g=.LE(2) g to the base-changing isomorphism (1. 7.1 ) in

level four to produce the desired isomorphism in level two.

Theorem. 1.8.2. Let Ro be any ring in which 2 and 3 a.:re invertible. For every

integer k 2 1 , the canonical map

S(Z,l,k) 6<L R ~ S(R ,l,k)
-Z 0 0

is an isomorphism.

Proof. The proof is similar to the previous one. We view a modular form of

level one over a ring R :9 1/6 as a modular form of level four (resp. three)
o

invariant under GL(2,zj4 Z) (resp.. GL(2,Z/3 Z) , defined over R. As,
o

GL(2,z(4 Z) has order 96 = 32 X 3 (resp. GL(2,Z/3 Z) has order 48 =16 x 3) ,

the projection technique (1.8.1 ) shows that the canonical map

is an isomorphism. Thus it remains only to hancUe the passage from Z[l/6] •

But for ~ ring R, S(R,l,k) is the fibre product of' the diagram:
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0(- ( ,®k 0(- (®kH M12®R'!!lJ )~ H M4®R,!!l) )
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(i. e. a modular form of level one over R is a modular from f'3 of level three

over R[1/3] together with a modular form f'4 of level four over R[1/2] ,

such that f
3

and f 4 induce the~ modular form of level 12 over R[l/12]).

As the formation of the diagram (1.8.2.1) and of its fibre product camnutes

with any flat extension of scalars R~ R' , taking R =Z, R' = Z(1/6]

gives the desired result.

Remark 1.8.2.2. The above theorem becomes false when we do not exclude the

primes 2 and 3. For over the finite field Fp ' the Hasse invariant A is a

modular fom of level one and weight p-l, holanorphic at 00. But over Z

there are !!Q. non-zero modular fonns over Z of level one, holomorphic at 00,

of' weight either one or two. Similarly, A·l::1 is a cusp form of level one

and weight 13 (resp. 14) over ]F2 (resp. F
3

), which cannot be the reduction

mod p of' a modular f'orm over Z. See (9] for the full determination of

modular forms over Z.

1.9. Modular forms of levelland 2: q-expansion principle

For n = 1, 2, and any Z[l/n]-module K, we define a modular form of'

level n and weight k , holomorphic at -00 , with coefficients in K to be

for n = 1: an element of the fibre-product of the diagram

HO(~,(!!2)®k ®Z[l/3] (K ®Z :&[1/3]»

(1.9.0.0) j
0- ®k I ..0- ®k

H (l\2,(!!l) ®Z[l/12J(K ®Z(l/12]Z[l 12])~ ti (M4'(~) ®Z(1/4](K®Z(1/~.]»
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•..0 - ®k
for n =2: an element of tl (M4 , (~) ~[1/4 ]K) invariant by

the subgroup of GL
2

(Z/4 Z) consisting of matrices

=Imod2.

The module of all such is noted S(K,n,k) •

(In the case K is a ring, this notion coincides with that aJ.ready

introduced.) An exact sequence 0 ~ L~ K~ K/L ~ 0 gives an exact

sequence (without the final °) of modules of modular forms, analogous to

(1.6.2.2).

As a corollary of (1.6.1), we have

Corollary 1.9.1. (q-expansion principle~ Let n=l or 2, K a Z[l/n]-module,

and L C K a Z[l/n] submodule. Let f be a modular form of weight k ,

level n , ho1omorphic at 00 , with coefficients in K. Suppose that at one

of the cusps (for n = 1 , there is only one, j = 00 , while for n =2 there

are three, A. = 0,1,00 ), the q-coefficients of f all lie in L. Then f

is a modular form with coefficients in L.

1.10. Modular schemes of levelland 2

They don I t exist, in the sense that the corresponding f'unctors are

not representable. However, for each n ~ 3 we can form the quotients

Mn!GL2 (Z/n Z) = the affine j -line J.Ai[l/nJ

Mn!GL2(%/n Z) = the projective j-line IPi[l/nJ

which fit together for variable n to form the affine and projective j-1ines

over Z. We define M1 =tAi ' the a.f:fine j -line, and ~ = ]Pi. The

invertible sheaf w on M , n > 3 , does not udescendu to an invertible- n - --
sheaf on ~ , but its 12th power ~®12 does descend, to C' (1) , the inverse

of the ideal sheaf of 00.
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In particular, modular forms over any ring R of level one and weight

12·k holomorphic at 00 , are just the elements of HO(JP~, O(k)) , and their

fonnation does camnute with arbitraXy change of base.

AnaJ..ogously for n = 2 , we define

M2 =M4/the subgroup of GL2 (Z'/4 Z) of matrices == I mod 2

M2 = M4/the subgroup of GL2(Z/4 Z) of matrices == I mod 2 •

The scheme M2 is Spec Z[A][l/2A(1-A)]) , and M2 is the projective A-line

lPi[l/2]. The invertible sheaf .!!! does not descend to M2 ' but its square

does descend, to () (1) = the inverse of the ideaJ.. sheaf of the cusp A = 00 •

In particular, modular fonns of level two over any ring R 3 1/2 , of (neces

sarily!)~ weight 2k and holamorphic at all three cusps, are just the

elements of :Ef(:IP~, C'(k)) ; hence their fonnation commutes with arbitrary

change of base.

1.11. Hecke operators

Let i be a prime number, R a ring in which i is invertible, and

n an integer prime to £. For any elliptic curve E/R, the group-scheme

iE of points of order £ is finite etaJ..e over R , and on a finite etaJ..e

over-ring R' it becomes non-canonically isomorphic to ~Z/iZ)~, e Thus

over R' , the elliptic curve ~,/R' has precisely £+1 finite flat sub

groups- (schemes) of rank i. For any such subgroup H, we denote by

1f: ER,~ ER,/H the projection onto the quotient and by;: ER,/H~ ER,

the duaJ.. map, which is aJ..so finite etale of degree £ e The composition 7fe7f

v

is multiplication by £ on ER,/H , and the composition 7f 0 1f is multipli-

cation by i on ER, e

If w is a nowhere vanishing differentiaJ.. on E/R, then

"*1f (~,) = trace1f(~') is a nowhere vanishing differential on ~,/H e If

ex: E~ (Z/n Z)R2 is a level n structure on E/R, there is unique level nn n
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structure

(l.il.O.O)

1r(a )n

90

on ER,/H such that the diagram

is commutative. (N.B. There is another "natural" choice of level n structure

on ER,/H, namely a 0;;' = '£·1f(a ) , which we will not use.)n n

Given a modular form over R of level n and weight k, for each triple

(E/R,w,a) we mB¥ f'orm the sum over the .£+1 subgroups H of' order .£+1n

(1.11.0.1) 2: f'(ER,/H,;* (w) ,1r(a »
H n

which, while apparently an element of' R' , is in fact an element of' R, and

does not depend on the auxiliary choice of R'. NormaJ.izing this sum by the

k-1factor.£ , we define the Heeke operator T.£ on modular forms of level n

and weight k by the formula

(1.11.0.2)

the sum extended to the .£+1 subgroups of order .£ •

We now consider the effect on the q-expansions. The .£-division points

of the Tate curve Tate (qn) over z( (q» ~ Z[1/n.£] all become rationaJ.

over z«q~/£» ~ Z[l/n£'~.eJ , and the £+1 subgroups of order £ are the

following:

IIl.£ ' generated by ~ .£

(~ ~ ql/.£)nHi ' generated by ~ k for i=O,l, •.• ,.£-l.

For the subgroup fll .£ ' the quotient Tate(qn)~J.l£ is Tate (qn£) (the projection

induced by the l'th power map on Gm) and the dual. isogeny consists of' dividing
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Tate (qnJ,) by the subgroup generated by qn. For the subgroups Hi' the

quotient Tate (qn)/Hi is Tate((~; q1/£)n) , and the dual isogeny consists

iI/I, n '
of dividing (Tate( (~J, q )) by its subgroup IJl1, •

v* n£Thus for the subgroup IJl n , we have 7r (w ) = w on Tate (q ) ,
ZJ can can

v* i 1/£ nwhile for the subgroups Hi' 71" (wcan) = £. (wcan) on Tate( (~.e q ))

(because in the 1at ter case ;;.. is induced by the 1, r th power mapping on G
m

,

on which w is dt/t) •can

The quotient Tate(qn)/fJlJ,!::::::::... Tate(qn.e) may be viewed as obtained

from Tate (qn) by the extension of scalars cp1,: z( (q» ~ z( (q) ) sending

q ~ qJ,. We denote by a~ the unique level n structure on Tate(qn)

*such that cp.t(a~) = 71"J,(an ) , 71"1, (an) denoting the image of an by the pro-

jection of .Tate(qn) onto Tate(qn)/IJlJ, ~ Tate(qn.t) .

The quotients Tate(qn)/Hi '£::::::'" Tate(qn/£ ~~i) , i =0, ••• ,£-1 over

Z[l/n£ '~n£]((q1/£)) , may each be viewed as obtained from

Tate(qn)/H ~ ~ate(qn/1,) by the extension of scalars
o

Cfli: Z[l/n£, ~n£]((q1/.t))~ Z[l/n£, ~n£]((q1/£)) which sends l/£~ ~~q1/.t.

Under this identification, we have (noting 71".: Tate(qn)~ Tate(qn)/H. ,
~ ~

i = 0, ••. ,1,-1 the proj ections) the relation 7r. (a ) = cp~ (7r (a ) , as an. ~ n ~ 0 n

immediate explicit' calculation shows. We denote by a" the level n structure
ni:(71" (a » on Tate(~) obtained from 7r (a) on Tate (qn/.t) by the exten-

ZJ 0 non

sion of scalars it: Z[1/n£'~n.t]((q1/£))~ Z[l/n£, ~n£]((q)) sending

1/1,q to q.

Thus we have .

(1.11.0.3)

nJ, *f(Tate(q },w ,cpfj(a'»can ZJ n
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(1.11.0.4)

n v* i 1/.£ n *
f(Tate(q )/H.,rr.(w ),7T.(a)) = f(Tate«s q ) ),.£·w ,cp.(rr (a )))]. ]. can ]. n can ]. 0 n

=cp.(f(Tate(qn/.£),.£·w ,rr (a))
]. can 0 n

= cpo 0 (i 0) -l(f(Tate(qn) ,.£. w ,a"))
]. k can n

= .£-l.cp.o(i o)-l(f(Tate(qn),w ,a")).
]. k can n

Combining these, we have the following formula for T.£.

Formula 1.11.1. Let f be a modular form of level n and weight k over a

ring R, and suppose ,e is a prime number not dividing n which is invertible

in R. Let f be a modular form of level n and weight k, with q-expansions

(1.11.1.0) f(Tate( qn) ,w ,a)
can n

I a.(a ).qi .
i>-oo ]. n

Then

(1.11.1.1) (T.f)(Tate(qn),w p.) = I b.(a )qi ,
k can n i > -00 ]. n .

where the coefficients b. (a) are given by the formula]. n

(1.11.1.2) b.(a) = .£k-1a ./ o (a ' ) + ao.(a")
1. n ]. k n k]. n

(with the convention that ai /.£ = 0 unless .£fi).

Corollary 1.11.2. If f is ho1amorphic at 00 , so is T.£ (f). If f is a

cusp-form (meaning that its q-expansions all start in degree 2: 1), theIt so is

T.£ (f). If all the q-expansions of f are poJ;vnomiaJ.s in q, the same is

true of T.£ (f) •

Proof. These follow directly fran the explicit formulae - we note that if f

has poJ.3n,omial. q-expansions of deg:S n , then T.£(f) has expansions of

degree ~ n.£ •

Proposition 1.11.3. Let n 2: 2 and k 2: 2 ,.2!. 3 ~ n :s 11 and k 2: 1 •

For any prime .£ not dividing n, and~ Z[l/n]-module K, there is a

necessarily unique endomorphism of the space of modular forms of weight k and
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level n, holomorphic at 00 , with coefficients in K, whose effect on

q-expansions is that given by the formulas (1.11.1.0-2).
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Proof. By the base-changing theorem, we are reduced to the case K = Z[l/n] •

For a modular form f over ~l/n] , T£ exists a. priori over Z[l/n£] , but

its q-expansions all have coefficients in Z[l/n,~ ] , so by (1.6.2) and (1.9.1),n

T.e(f) is in fact a modular form over Z[l/n] • QED

CorollarY 1.11.4. Let k > 2. For 81JY prime .e, and any Z-module K, there

is a necessarily unique endomorphism of the space of modular forms of weight k

and level one, ho1omorphic at 00 , whose effect on the q-expansion is that

given by the formulas (1.11.1.0-2).

Proof. Choos e relatively prime integers n ,m ~ 3 , both prime to .e, and view

the module of level one modular forms as the fibre-product of the diagrmm

0-.11.4.1)

The desired T£ is the fibre product of the T£ constructed above on this

diagram. QED

1.12. Applications to polynomial q-expansions; the strong q-expansion principle

In this section we will admit the following result, a special case

of Swinnerton-Dyer's structure theorem (cf. [41], [43]), which will be proven

later (cf. 4.4.1).

Result 1.12.0. Let n 2: 1 be an integer, K a field of characteristic p ~ n ,

and f a modular form over K of level n and weight k.2: 1 , ho10m0rphic at

infinity. Suppose p-1 l k. Then if aJ.l the q-expansions of f at the cusps
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of' M @K(s) are constants, f':::;: 0 .n n

Using this result, we will now prove

Theorem 1.12.1. Let n, k 2: 1 be integers, and suppose that f' is a modular

form of' level n and weight k, ho1omorphic a.t 00 , with coefficients in a

Z[l/n]-module K. Suppose that for every prime p such that p-1fk, the

endomorphism "multiplication by pn is injective on K. Then if aJ.l the

q-expansions of f are pO~ilomials in q, f' = 0 •

Proof. We begin by reducing to the case n 2: 3 , using the diagram (1.9.0.0)

to handle the case n=l, and the interpretation (1.9.1.1) for n=2. We

then reduce to the case in which n is divisible by a = II p; by hypothesis
p-Ilk

K C K[l/a] , so we m8¥ replace K by K(l/a] (using the cohomology sequence

(1.6.2.2)), then view f as a modular form of level a·n with coefficients

in K[l/a]. Next we reduce to the case in which K is an arlin 10caJ. ring

over Z[l/n] , as explained in the proof of (1. 6.1) . We will proceed by

induction on the least integer b 2: 1 such that ntb = 0 , In., denoting the

maximaJ. ideaJ.. Thus we begin with the case in which K is a field.

Consider the finite-dimensionaJ. K-space V of such modular forms, and

_(~i'l(an))
A. - •

1. 8.. (ex)
1.,n n

N

F(Tate(qn),w ,a) = L. A. (0 )qi ,
can n . 1. n

J.=O

choose a basis £1' ••• ,fr of V. Let N be the maximum of the degrees of'

the q-expansions of the f
i

at any of the cusps. At each cusp, record the

q-expmwion of F =([:) :

Let J, be 8. prime number such that J, ~ n, l > N. Because V is stable

under the Heeke operator Tt (cf.1.11), we have -a matrix equation (C denoting

an r X r matrix with coe:fficients in K),
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Passing to q-expansions gives the equation

L (Ali(a~) + ;r-lAi / l(a~»qi = C· L Ai (an)qi
i i

i.ewhence, comparing coefficients of q ,we find the relation

A 2 (an) + lk-IA• (a l ) = C·AiD(a ) •
.ei n ]. n ~ n
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(by definition of N).

level n structure a n

As .e is invertible, we have A. (a I) = 0 for each]. n

Hence each q-expansion of each f i is a constant,

hence by (1.12.0) each f. = o. This concludes the proof in case K is a
1

field, and implies the case in which K is a vector space over a field,

as vector spaces have bases.

Now consider the case of an Artin local ring K whose maximal ideal rn,
satisfies m.,b+l = o. By induction, f becomes 0 in K/mb , hence by

the exact cohomology sequence (1.6.2.2) associated to the exact sequence of Z[l/nJ

modules 0~ mb~ K --7 K/mb~ 0, f comes from a form with

coefficients in mb. But as mb+l = 0 , ntb is a (finite-dimensional!)

vector space over the residue field KjrYU , and the previous case of a field

applies. QED

Corollary 1.12.2. (Strong q-expansion principle) Let n, k 2: 1 , and let

a = II p. Let K be a Z[l/an]-module of which L C K is a Z[l/an]-sub-
p-llk

module, and f a modular form of level n and weight k, holomorphic at 00 ,

such that at each cusp, all but finitely many of its q-expansion coefficients

lie in L ®Z[1/n]~1/n, Sn]. Then f is a modular form with coefficients

in L.

Proof. Apply the theorem to the image of f as modular form with coefficients

in K/L. QED
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1.13.
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Review of the modular scheme associated to ra(p)

For each integer n 2: 3 prime to p , the f'lmctor "isomorphism classes

of elliptic curves with level n structure and a finite flat subgroup (scheme)

of rank p It is representable, by a scheme M , which is an affine curven,p

over Z[l/n] it is a regular scheme, but it fails to be smooth over Z[l/n]

precisely at the finitely closed points on M corresponding to super-n,p

singular elliptic curves in characteristic p . The projection "forget the

subgroup of rank pit makes M finite and flat over Mn of degree p+l.n,p

We define M to be the normalization of M in M ; it is an,p n n,p

regular scheme, proper and flat over Z[l/n]. The difference M - Mn,p n,p

is finite and etale over Z[l/n] , and over Z[l/n, ~] it is a disjoint unionn

of sections, called the cusps of M , two of which lie over each cusp ofn,p

M , and exactly one of which is etale over Mn n

The completion of M ,. ®Z[l/n, ~] along any of the cusps is iso-n,p n

morphic to Z[l/n, ~ ][[q]]. The universal elliptic curve with level n
n

structure and subgroup of order p over Z[ l/n, ~ ] ( (q)) , viewed as a puncn

tured disc around an unramified cusp , is the Tate curve Tate (qn) with the

level n structure corresponding to the underlying cusp of M ,and the sub-
n

group lJ..Lp . Over one of the ramified cusps, the inverse image is the Tate

curve (qnp) , with the induced (q~ qP) level n structure from the cusp

of M below, and with the subgroup generated by qnn

The automorphism of M given by (Ep ,H) ~ (E/H;lr(a ), E/H)n,p n n p

(7r: E~ E/H denoting the projection, and 7r(an ) the level n structure

explained in (1.11.0.0)) extends to an automorphism of M which intern,p

changes the two sorts of cusps.
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This chapter is devoted to the study of various properly p-adic general-

izations of the notion of modular form, as tlfunctions tl of p-adic elliptic curves

whose Hasse invariant is not too near zero.

2.0 The Hasse invariant A as a modular form; its q-expansion

Let R be any ring in which p = 0 (i. e., R is an F - algebra) andp

consider an· elliptic curve E/R. The pIth power mapping Fabs is an additive

p-linear endomorphism of (J E ' hence induces a p-linear endomorphism of the

R-module I2-(E, ~E). If w is a base of ~/R' it determines the dual base

II of I2-(E, () E) , and we define A(E,w) E: R by setting F:bS(ll) = A(E,w)·ll •

Replacing W by ~w, ~ e Ir has the effect of replacing II by ~-Ill , and

F*'l-. (~-lll) = ~-p F*'l-. (ll) = ~-P.A(E,w)·ll = ~1-PA(E,w)·~-Ill ,whence A(E,~w)
aus aus

~1-P.A(E,w) ,which shows that A(E,w) is a modular form of level one and

*weight p-l defined over:IF More intrinsically, we may interpret F 'l-. asp aus

an R-linear homomorphism F:bS : F:bS(r(E, "E)) = (I2-(E, OE))®P~ I2-(E, t)E) ,

so as a section of (~/R)®P-l. In terms of the base w of ~, this section

is A(E,w)· wQ9p-I. To see that A is holomorphic at 00, we simply note that

the Tate curve over :IF p ( (q) ) is the restriction of a plane curve Cover

:IF p [ [q] ] , and that it canonical differential wcan is the restriction of a

base over of the dualizing sheaf of c. Thus determines the

dual base llcan of

*is just the matrix of Fabs

as :IF p[ [q]] -module, and A(Tate (q), wcan)

on I2-(C, () C) with respect to the base llcan.

In particular, A(Tate (q), w E::IF [[q]] .can p

An alternative method of establishing holomorphy is to use the fact that

for any elliptic curve E/R over a.ny base ring R, I2-(E, tJ E) is the tangent

space of E/R at the origin, which is to sB'3 the R-module of all translation

invariant derivations of E/R, and that when R is an JF -algebra, the actionp

of F:bS on :ffl(E, 6 E) consists of taking the pIth iterate of an invariant
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derivation.
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Now we use the fact that there is a local parameter t on the com-

pletion of the Tate curve along its identity section in terms of which wcan =
dt/l+t. Let D be the invariant derivation dual to wcan • Then

hence D(l+t) = l+t ,hence Dn(l+t} = l+t for all n > 1. Over

is an invariant derivation, and it agrees with D on wcan ' hence

*hence F h (~ ) = ~ ,and A(Tate (q), W ) = 1 .a s can can can

2.1 Deligne's congruence A =E 1 mod p
p-

D(t) = l+t

F nIlp

nP = D ,

For any even integer k > 4 , the Eisenstein series ~ is the modular

form over C of level one and weight k whose q-expansion is

~ - 2k ( ) n
b

k
L: O'k_l n q , O'k_l(n) = E

dJn
d>l

k-ld •

As its q-expansion coefficients all lie in Q, ~ is defined over a». (by

) -2(p-l)1.9.1. For k = p-l, P 2: 5 , the p-adic ordinal of b is 1 , hence
p-l

E 1 has q-expansion coefficients in Q n Z • Thus it makes sense to reduce
p- . p

Ep _1 "modulo P , obtaining a modular form over :IF p , whose q-expansion is the

constant 1. Hence A = E 1 mod p , because both are modular forms of thep-

same weight with the same q-expansions.

For p = 2 and 3, it is not possible to lift A to a modular form of

level one, holomorphic at 00, over Q n Z • However, for p = 2 and,
p

3 ~ n :s 11, 2 ~ n we mB\V lift A to a modular fom of level n and weight 1,

holomorphic at 00 ,over Z[l/n] (by 1.7.1). For p = 3 and any n 2: 3 ,

3 {n we mB\Y lift A to a modular form of level n and weight 2, holomorphic

at 00 ,over Z[I/n] (by 1.7.1).

For p = 2 and 3:S n :s 11, n odd (resp. for p = 3 and n > 2

3..r n), we choose a modular form Ep _l of weight p-l and level n, holo

morphic at 00, defined over Z[l/n] , which lifts A.



99 Ka-31

Remark. For p = 2 , there exists a lifting of A to a modular form of level n

over Z[l/n] for n = 3, 5, 1, 9, ll, and hence for any n divisible by one

of 3, 5, 7, 11. But the author does not know whether A lifts to a form of

level n for other n (even for n = 13! ) • An aJ.ternative approach to the

difficulties caused by p = 2 and 3 might be based on the observation that

the Eisenstein series E4 = 1 + 240 I: 0'3 (n)qn provides a level 1 lifting to Z

of A4 if' p = 2 (resp. of A2 if' p= 3).

2. 2 p-adic modular forms with growth conditions

choose an element r e Ro • For ~~ integer n ~ 1 ,

2.2.0 Let R be a p-adicaJ.ly complete ring (i. e.
o

R ::' lim R /pNR ) , and
o ~ 0 0

prime to p, (resp.

3 ~ n ~ 11 for p =2, and n ~ 2 for p =2) we define the module M(R ,r,n,k)
o

of p-adic modular forms over . Ro of growth r, level n and weight k: An element

f E: M(Ro,r,n,k)

ing of:

is a rule which assigns to any triple (E/s, a , Y)n consist-

(2.2.1)

(2.2.2)

an elliptic curve E/S, where S is a Ro-scheme on which p is nil

potent (i.e. pN=O for N»O)

a level n structure an

a section Y of ~®(l-P) satisfying Yo Ep_
1

=r

a section f{E/S, a , Y)
n

of ~k
(~/s) over S , which depends o~ on the

isomorphism class of the triple, and whose fo:rmation commutes with arbitrary

change of base of Ro-schemes S I ~ S .

EquivaJ.ently, we may interpret f as a rule which attaches to each

quadruple (E/R, w, a , Y)
n

consisting of:

(2.2.4)

(2.2.6)

an elliptic curve E/R, R an Ro-aJ.gebra in which p is nilpotent;

a base w of ~/R;

a level n-structure;
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an element Y E R satisfying Y·E l(E,w) = r ,
p-

an element f(E/R, w, a ,Y) in R, which depends only on isomorphism class
n

of the quadruple, whose formation commutes with extension of scalars of

V-algebras, and which satisfies the functionaJ. equation:

(2.2.8)

By passage to the limit, we can allow R to be a p-adically complete Ro

algebra in the above definition.

(2.2.9) We say that f is holomorphic at 00 if for each integer N 2: 1 ,

its value on (Tate (qn), w ,a, r(E l(Tate (qn), w ))-1), considered
c~ n p- can

over Z( (q)) ® (R InNR ) [r] lies in Z[ [q]] ® (R IpNR ) [~ J , for each level n
CJ~ 0 n 0 0 n

structure a
n

We denote by S(R ,r,n,k) the submodule of M(R ,r,n,k)
o 0

consisting of forms holamorphic at ~.

As formal consequence of the definitions, we have

2.2.10

2.2.11

M(RO,r,n,k) = lim M(R IpNR ,r,n,k) •
~ 0 0

S(R ,r,n,k) = lim S(R IpNR ,r,n,k) •
o ~ 0 0

2.3 Determination of M(Ro,r,n,k) when p is nilpotent in Ro

We begin by determining the universal triple (E/s, a , Y)n suppos-

ing that p is nilpotent in Ro ' and n 2: 3. For notationaJ. converlience,

let's denote ~®l-p by 1:.- • By the definition of Mn ' the f'unctor

.1R : S ~ S-isomorphism classes of triples (E/s, a ,Y) is the f'unctor
drfl n ===

r( '. S ~ iR -morphisms g: S ~ M ®R ,together with a sectionvRarl1- 0 n 0

Y of g*(r.) verifying Yeg* (E 1) = rp-

which we may view as a sub-functor of the functor

rt. * ~-TR : S ~ (R -morphisms g: S ~M ,plus a section Y of g (.,,-)) •
o,n 0 n

This last functor is representable, by the M ®R -scheme
n 0
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~ ®R (Symm( ~ »
n 0

1
M ®R

n 0
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v

Indeed, we ms\y cover Mn ®Ro by affine opens Spec(Bi ) over which ~ admits

an in.vertib1e section £i ' and cover S by affine opens Spec (Aij ) such that

gfSpec(A.. ) factors through Spec(B.). Over Spec(B.) , Spec (~(i »
J.J J. J.

v * * vis Spec(B.[£.]). A section Y of g (,() determines an element Y·g (£J..)
J. J.

of A.. , and then a lifting of the given homomorphism g: B. ~ Ai . to a
J.J v J. J

hanomorphism ~.. : B. [£ .] ~ A.. by the formula
J.J J. J. J.J

v ~ * v kg. .(L bk (£.) ) = L g(b )(Y.g (.e.» •
J.J J. ~ J.

v

These gi piece together to define a morphism from S to Spec (~(,t:. » •

The sub:functor:JR is then represented by the closed subscheme
v o,r,n

of Spec (~(,(» defined by the vanishing of E 1- r. Thus the uni-p-

versal triple (E/s, an' Y) is just the inverse image on Spec (~(~ ) )

of the universal elliptic curve with level n structure over Mn®Ro ' hence

Proposition 2.3.1. When p is nilpotent in Ro ' and n 2: 3 is pr:iJne to p,

there is a canonical isomorphism

v ®k
M(R ,r,n,k) = HO(Spec M ®R (~( t:.) (Ep _1 - r), ~ )

o n 0

(because Mn is affine)

= HO(M ®R, ffi (w)®(k+j (p-1) )/(E - r»
n 0 j ~ 0 - p-1

= HO(M ®R, ffi (w)®(k+j(p-r»)!(E - r)
n 0 j > ° - p-1

= ED M(R, n~ k+j(P-l»/(E 1 - r) •
j 2: ° 0 p-
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2.4 Determination of S(Ro,r,n,k) when p is nilpotent in Ro

Proposition 2.4.1. Let n 2: 3, p {' n. Under the isomorphism (2.3.1), the

submodule S(R ,r,n,k) C M(R ,r,n,k) is the submodule00
o v ®k 0 ~

H (Spec M®R (~(;( )/(Ep _1 -r»), ~ ) of H (Spec M ®R (Symm(A-)/(E _l-r».
non 0 p

Proof. It suffices to treat the case in which Ro 3 ~n. Then the ring of

the completion of M®R along 00 is a finite number of copies of Ro[[q]] ,n 0

hence the ring of the completion of Spec M ®R (S:vmm( l:.. )/ (E -1 - r» along
n 0 p

the inverse image of «) is isomorphic to a finite number of copies of

R Ceq]] :: R ([q]][Y]/{Y·E l(Tate(qn), w ,a) -r)o 0 p- can n

(an isomorphism because E l(Tate(qn), w " a) is invertible in R ([q]]).
p- can n 0

o v ®k
Thus the condition that an element f € H (Spec M ®R (Symm(.t:.. )/ (Ep_l-r», ~ )

n 0

have holamorphic q-expansions is precisely the condition that it extend to a

. ®k p ®ksect10n of ~ over Spec M ®R (Symm(A., )/(Ep _l - r), ~ ). QED
n 0

Remark 2.4.1.1. AnaJ.ogously to (2.3.1), we have

o v ®k
H (Spec M ®R (Symm( t:.- )/(Ep _l - r», ~ )

n 0

= HO(M ®R , w®k ®Symm( ~ )/(E 1- r »n 0 - ~ p-

= HO(M ®R, e wk+j(p-l) /(E - r» •
n 0 j ~ 0 - p-l

2.5 Determination of S(R ,r,n,k) in the limito

Theorem 2.5.1. Let n 2: 3 , and suppose either that k > 2 or that k=l

and n~ll,2!.that k=O and PF2,~that k=O, p=2,and n<ll.

Let R be any p-adically complete ring (R ~ lim R /pNR ) , and suppose
o 0 +- 0 0

r E Ro is not a zero divisor in Ro • Then the homomorphism
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j
S(R ,r,n,k) = Itm S(R /pNR ,r~n,k)

° ~ 0 °
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is an isomorphism.

Proof. Let J<5 denote the quasicoherent sheaf E9 Jt+j (p-l) on M ,
-> - n

N J _ °
and put,J = J ® R /p R • The inverse system of exact sequences

N ° °
E -r

o~ )N p-I ;> AN~ ~i(Ep_I-r) ~ 0

gives an inverse system of six-term cohomology sequences

E -r
o~ HO(Mn,.J

N
) p-I ;> HO(Mn , I N)~ If(Mn,Ji(Ep _l - r) ~ Ifl(Mn,J

N
) -

2.5.1.2
E -r
p-l :> Ifl(M ,.I

N
) ~ Ifl(M , .IN!(E 1- r» ~ 0 •

n n p-

Suppose first that k > o. Under our hypotheses, the base-changing theorem

(1.7.1) applies, according to which HO(M', I N) = HO(M ,,J) ® (R /pNR ) , and
n . n ° °

Ifl(Mn , ,.oN) = o. Thus the HO terms in (2.5.1.2) tom a short exact sequence

of inverse systems, the first of which has surjective transition morphisms.

Hence the inverse limits of these inverse systems form the desired short exact

sequence.

In case k =0 and p 1= 2 or k =0 , p = 2 and n ~ 11 , we have

Ifl(M: , w®k) = 0 for k > 1 , hence Ifl(M,,,J ) = Ifl(M ,t7) , and by (1.7.1»,
n - - n n

HO(M , AN) = HO(M ,,&) ® R /pNR • The exact sequence (2.5.1.2) becanes
n n 0 °
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For variable N, these form a six-term exact sequence of inverse systems. If

the sequence of their inverse limits were exact, the theorem would follow, be

cause the map lim HO(M ,8) ® R /pNR ~ lim H°(i~ ,tJ) ® RO/pNR is injec-
+- n 0 0 +- n 0

tive (this because HO(M ,fJ) is a finite free Z[l/n]-module, and r is not an

zero divisor in R ~ lim R /pNR ). To prove the exactness we apply a
o +- 0 0

general lemma.

Lemma 2.5.2. Let 0~ KO~ r ~~~ .. _ be a (long) exact sequence

in the category of projective systems of abelian groups indexed by the positive

integers. ~ iSuppose that for all i r i ,the projective system K has sur
o

jective transition morphisms, and that the sequence

i +1 i +2 i +3
lim K 0 ~ lim K 0 ~ lim K 0 is exact_ Then the sequence
+- +- +-

o~ lim KO~ lim r-~ lim K2~ _.•
+- +- +-

is exact.

Proof. Consider the 2 spectral sequences of hypercohamology for the functor

l~ •

wJ>,q = HP(Rq(lim) (K·» -> :mP+q(lim) (K·)
r2 +- +-

wJ>,q = # (lim) (Hq(K· ) ) > lR P+q(lim) (K- )
Ir2 +- +-

By hypothesis, we have I~,q = 0 for all values of q, hence :nf(lt:n) (K- ) = 0

for all n. According to ([48 ]), we have Ri (lim) = 0 for i 2: 2 , hence
+-

wJ>2,q = 0 for q > 2. By ([48]), we have Rl(lim) (Ki ) = 0 for i ~ i ,r2 - +- 0

hence

~,q = 0 unless q=O 2!: q=l and p=i
o

•

i +2,0
As we have also supposed that ~20 = 0 , we have degeneration: ~,q=~,q

for aJ.l p,q. As E~,q = 0 for all p,q, we get in particular ~'0 = 0 for

all p , which is the desired conclusion. QED
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2.6 Determination of a Itbasis" of S(Ro,r,n,k) in the limit

Lennna 2.6.1. Under the numericaJ. hyp~theses of theorem (2.5.1), for each j > 0

the injective homomorphism

2.6.1.1

admits a section.

Proof. We must show that the cokerne1 of (2.6.1.1) is a finite free Z
P

module. By the base-changing theorem (1.7.1), we have for each j 2: 0 an

exact sequence of finite free ~ -modules
p

2.6.1.1.1

whose formation commutes with arbitrary change of base (for

w®k+(j+1) (P-1)/E w®k+j(p-1) remark that it's Z -flat by Igusa's theorem
- p-1-' P

(cf[17]), and modulo p , it becomes a skyscraper sheaf on M ®IF ,hence has
n p

vanishing I?-). Hence the cokerne1 of the map (2.6.1.1) is the kernel of a

surjective map of finite free Z -modules, hence is itself a finite free
p

Z -module. Q,ED
p

For each n, k satisfying the hypotheses of (2.5.1), and each j?: 0

we choose once and for aJ.1 a section of (2.6.1.1) ,. and denote its image by

B(n,k,j +1) .

2.6.1.2

and

2.6.1.3

Thus for j 2: 0 , we have a direct sum decanposition

HO(M' w®k+(j+1) (P-1)) .::: E ·Ho(M Jt+j (P-1)) (B B(n k -+1)n'- p-1 n'- , ,J

0(- ®k) dfn ( )H Mn'~ = B n,k,o •

We define B(R ,n,k,j) = B(n,k,j) ® R • Iterating the Ro-anaJ.ogue of
o Z 0

(2.6.1.2) gives a direct sum decomposition p
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rigid( )Let B Ro,r,n,k denote the Ro-module consisting of all formal sums

00

b a e B(R,n,k,a)

whose terms tend to zero in the sense that given any N > 0, :3 M > 0 such that

Nb e p ·B(R,n,k,a) for a.2: M ,the M allowed to depend both upon N anda

( rigid() )upon the series E b a • Notice that B Ro,r,n,k does not depend upon r!

Proposition 2.6.2. Hypotheses as in (2.5.1), the inclusion of Brigid(R ,r,n,k)
o

in the p-adic completion of HO(M, ffi wk +j (p-l» induces (via (2.6.1.3»)
n j ~ 0 -

an isomorphism

Brigid(R ,r,n,k) -~ S(R k)---:;:0'" ,r,n,o 0

2.6.2.1

~"L

a>o

where " L
a>o

Eba

" has the value
(E.P-1) a

ra·ba It

(E-) a
1'-1

E b (E/s, a ).ya on
a>o a n

(E/s, a ,Y) •n

Proof. For injectivity, we must show that if L:
a2:0

can be

written (E 1 - r). E s with s e S (R ,n ,k+a{p-1) ,and s tending to
p- a> 0 a a a

zero as a ~ 00, - then all b =o. It suffices to show that for any N > 0 ,a

b a == 0 mod pN. But mod pN ,both Eba and LSa become finite sums. To fix

ideas, suppose b a == sa == 0 mod pN Va> M Let's show bM == ~4 == 0 mod J1I .
As 0;: b

M
+
1

;: Ep_1S
M

mod pN, riM;: 0 mod pN ,hence b
M

;: Ep_1s
M

_
1

mod pN ,

hence b
M

== 0 mod pN by (2.6.1.3). Now start again with M-l... •

For surjectivity, we just use the decomposition (2.6.1.3). Given E sa '

sa e S(R,n,k+a(p-1» tending to zero, we ms\y decompose sa E (E _l)i b. (a)
i+j=a p J

with b j (a) E B(R,n,k,j) , and b j (a) tends to zero as a ~ 00 , uniformly in j .
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=L 1: r~. (a) +
a i+j=a J
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'u v i..+ (E 1 -r) 1: I: b.(a) 1: (E 1) ·r , hence 1:s and L L r o.(a)
p- a i+j=a J u+v=i-1 p- a a i+j=a J

have the same ilnage in S(Ro,r,n,k). But for each j , t r~j (i+j) converges

to an element b! E B(R,n,k,j) , and b! tends to zero as j ~ 00, and
J J

1: b! has the same image in S(R ,r,n,k) as 1: s QED
j 2:: 0 J 0 a > 0 a

Corollary 2.6.3. Hypotheses as in (2.5.1), the canonical mapping

S(R ,r,n,k) ~ S(R ,1,n,k) defined modularly by composition with the trans-o 0

formation of fUnct0rs: (E/s, a ,Y) ~ (E/s,a ,rY), is injective; the corre-
n n

sponding map

Proposition 2.7.1.

divides a power pN,

is given by

E b ~ 1: r~ •a a

2.7 Banach norm and q-~a.nsion for r =1

Hypotheses as in (2.5.1), let x e R be any element which
o

N 2:: 1, of p. Then the following conditions on an e1e-

ment f E: S(R ,1,n,k) are equivalent, for k > 0
o

on each of the ~(n)

(1)

(2)

f E: x·S(R ,1,n,k) ,
o

the q-expansions of f all lie in x·Ro[Sn][[q]] ,

connected components of M ® Z[l/n,s],
n Z[l/n] n

there is at least one cusp where the q-expansion of f lies in

Proof. Clearly (1) ==> (2) ===> (3). We will prove (3) ---> (1). Because

r =1 , we have

S (R /xR ,1,n,k) =Brigid(R IX£{ ,l,n,k) :: Brigid(R ,1,n,k)/X-Brigid(R ,1,n,k) ,
o 0 d' 0 0 0
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so replacing Ro by R /xR , we are reduced to the case x= 0 , and p nil
o 0

potent in R • In that case f e Brigid(R ,l,n,k) is a finite sum
MOO

1: b , b e B(R ,n,k,a) , and it's q-expansion at (Tate(qn) ,w ,a ,(E 1)-1)
a=o a a 0 can n p-

is that of

N
1: b • (E )N-a

N a p-l
1: b • (E ) -a = .;;.;a_=o~ _

a=o a p-l (E)N
p-l

N N-a
hence by hypothesis, 1: b (E 1) has q-expansion zero at one or more cusps

a=o a p- ---
on each geometric connected component of M ,hence by the q-expansion prin-

N n
ciple (1.6.2), 1: b (E )N-a=o. By (2.6.1.3), each b =0. QED

a=o a p-l a

Proposition 2.7.2. Let n,k,R satisty the hypotheses of (2.5.1). Suppose

given for each cusp a of Mn a power series fa(q) e Ro[Sn][[q]]. The fol

lowing conditions are equiValent:

1. The fa are the q-expa.nsions of an (necessarily unique) element

~ e S(R
o

,1,n,k) _

2. NFor eve~ power p of p , there exists a positive integer

M=0 mod pN-l , and a "true" modular form ~ e .s (Ro,n,k-+M(p-l))

Nwhose q-expansions are congruent mod p to the given fa.

Proof. (1) =--> (2). Replacing R by R /pNR ,we m~ suppose p nilpotent
o 0 0

Ep _l ' we m8\Y suppose

E l(q) = 1 mOd(p) at eachp-

(E l)M(q) =1 mod{pN) , and
p-

in R
o

• We must show that the q-expa.nsion of f is the q-expansions of a true

modular form of' level n and weight k' 2: k, k' =k mod pN-l(p_l). But as

we saw above [cf(2. 7.1 )], for M» 0 , and p nilpotent in Ro ' f has the

Msame q-expansions as g/ (Ep _l ) , g truly modular of weight kiM(p-l) •

Multiplying top and bottom by a suitable power of

_ N-l
M = 0 mod p • Then the q-expa.nsion congruence

cusp gives (E l)pN-l(q) =1 mod (pN) , hence
p-

hence f mod pN has the same q-expansion as g.
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Similarly, we define

N-1
(2) =--> (1). Multiplying necessary ~ by a power of (Ep_1)P

we m8\Y assume that the weights k~(p-1) of the ~ are increasing with N.

Let L\ =~+l - ~. Then (~+l - ~. (Ep_l)~) lies in

pN.S(Ro,n,k~+l(p-1» by the q-expansion principle (1.6.2), hence

~i (~+1 - gN·(Ep_1 ) ) "converges" to an element of S(Ro ;l,n,k) , whose

Nq-expansions are congruent modulo p to those of gN. QED

2.8. Bases for levels one and two

Suppose p 1= 2,3. Then E 1 is a modular form of level one which liftsp-
the Hasse invariant, and hence for any p-adically comp1e'be ring Ro :3 r and

integer n ~ 3 prime to p , the group GL2(~nZ) acts on the f'unctor

--L [by g(E/S, ex , Y) = (E/S, gca ,Y) on the set :J 'R_ (S)] ,
~Ro,r,n n n .~,r,n

hence on M(R ,r,n,k) and on S(R ,r,n,k). Clearly M(R ,r,l,k) is just
000

the submodule M(Ro,r,n,k) GL2(~ra;) of invariants under this action, and

( ) . () GL2 ('6,jnZ) ( )S Ro ,r,l,k 1S the submodule S Ro,r,n,k of S Ro,r,n,k • Now

suppose n = 3 .Q!: n = 4. This choice has the advantage that GL2 (Z/rrz.)

then has order pr:illle to p (because p I- 2,3) and P = #GL
2
(ilnZ) I: g is

then a projection onto the invariants. Using P we m8\Y also make the chosen

section of (2.6.1.1) invariant by GL2 (zV3Z) , and define

B(l,k,j) = B(n,k,j) GL2(z(nZ) = P(B(n,k,j» ,

( ) () () GL2(z,!nZ)B R ,l,k,j = B l,k,j ® R = B R ,n,k,j
o Z[l/n] 0 0

Brigid(R ,r,l,k) = p(Brigid(R ,r,n,k» = (Brigid(R ,r,n,k»GL2(z(nZ) ; it is
o 0 . 0

the subspace of Brigid(R ,r,n,k) consisting of the elements L b each ofo a

whose terms ba is invariant by GL2 (Z'/n7L) •

Applying the projector P to (2.6.2) gives:
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Proposition 2.8.1. Let p f: 2,3, Ro a p-adically complete ring and r € Ro

not a zero-divisor.

2.8.1.0

is an isomorphism.

Then for each k 2: 0 , the canonical mapping

Brigid(R ,r,l,k)~ S(R ,r,l,k)
o 0

r~
I:b ~1tE __a_"

a (E )a
p-l

Now suppose p F2 , and consider level two. Let Ep_l e S (Z[~J ,2 ,p-l)

a lifting of the Hasse invariant. Because the subgroup G1 has order prime to p ,

G
1

= Kernel: GL (y/4z) ~ GL(2,z,!2Z) , considerations similar to the above

provide a projector PI = i; I: gl :from level 4 to level 2. We have
I G

M(R ,r,2,k) = M(R ,r,4,k)GI = P1 (M(R ,r,4,k)) , S(R ,r,2,k ) = S(R ,r,4,k) 1 =
o 0 o. 0 0

= FI(S(R ,r,4,k)) , Brigid(R ,r,2,k) =Brigid(R ,r,4,k)Gl , the subspace of
o 0 0

Brjgid(Ro,r,4,k) of elements E ba with each ba invariant by G
I

• Applying

PI to (2.6.2) we get:

Proposition 2.8.2. Let p ~ 2, Ro a p-adically complete ring and r € Ro

not a zero-divisor. For each k > 0 , the canonicaJ. mapping

rigid{ ) ( )B R ,r,2,k ~ S R ,r,2,ko a

2.8.2.0
r~

I:b ~1fL __a_"
a (E )&

p-l
is an isomorphism.

Applying the projectors P or PI to (2.7.1) gives

Proposition 2.8.3. Let Ro be a p-adically complete ring. Suppose either

that p F2 and n= 2 ~ that p 1= 2,3 and n=l. Let x € Ro be any

Nelement which divides a power p, N 2: I of p. The following conditions

on an element f € S(R ,l,n,k) are equivalent:
o

(1) f € x· S(R ,l,n,k) ,
o

(2) the q-expansions of f all lie on xRo[[q]].
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2.9. Interpretation via formal schemes
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Let n > 3, p 1, n, R a p-adicaJ.1y complete ring, and r e R •
- 1 0 0

We denote by M (R ,r) (resp. M(R ,r» the formal scheme over Ro givennon 0

the canpatible fami]y of RJpNRo-schemes Spec M ® R I NR (Symm( 1:. )/ (E -1 - r) )
n ot P 0 p

(resp. Spec M ®R / NR (Symm( 1.. )/(E -1 - r»). We have
n 0 PoP

M(R ,r,n,k) = HO(M (R ,r) ,w ®k)
o n ° -

S(R ,r,n,k) =If(i (R ,r) ,w ®k) •o n 0 -

Equivalently, we may view M (R ,r) (resp. M(R ,r» as the canp1etionnon 0

along p= 0 of the usual scheme Spec ~®Ro(symm(..c )!(Ep - r»

(resp. Spec ~®R
o

(Symm(.( )!(Ep_1 - r». For any r, the first of these

schemes is affine, because Mn is, and when r =1 both schemes are a.f:f'ine.

The p-adic completions of their coordinate rings are just the rings M(R,r,n,O)

and S(R ,1,n,O) respectively.
o
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Chapter 3.

112

Existence of the Canonical Subgroup: Applications

In this chapter we study the "canonical subgroup" of an elliptic curve

whose Hasse invariant is "not too near zero." For simplicity, we assume

throughout this chapter that the groundring Ro is a complete discrete valu

ation ring of residue Characteristic p and generic characteristic zero. We

normalize the ordinal function by requiring that ord(p) = 1 •

Theorem 3.1. (Lubin) I. Let r E R have order) < p/p+l. There is one
o

and only one wa:s to attach to every r-situation (E/R, 0: , Y) (R a p-adically
n

complete R0 -algebra, p {O n, n ~ 1 if P f. 2,3, n ~ 3 if P = 2,3 ,

y. E =r) a finite flat rank p subgroup scheme H C E , called the canonicaJ.p-l

subgroup of E/R, such that:

H depends only on the isomorphism class of

and only on that of (E/R, Y) if P f. 2,3 •

(E/R, 0: , Y) ,
n

The formation of H commutes with arbitrary change of base

R~ R' of p-adically complete Ro-algebras.

If p/r = 0 in R, H is the kernel of Frobenius: E~ E(P).

If E/R is the Tate curve Tate (qn) over R /pNR «q))
o 0

then H is the subgroup 11: of Tate (qn) •
p

II. Suppose r e: R has order) < l/p+l. Then there is one and only
o

one wB¥ to attach to every r-situation (E/R, 0: , Y) (R a p-adically completen

Ro-algebra, p,.( n, n > 1 if p f. 2,3, n ~ 3 if p = 2,3, Y Ep _l =r)

an rP-situation (E' /R, 0:', Y') , where
n

E' = E/H

0:' = 7r(0: ) , 7r: E~ E' denoting the proj ectionn n

Y'· E (E' /R 0:') = rPp-l ' n
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y' depends only on the isomorphism class of (E/R, 0: , Y) ,
n

and only on that of (E/R, Y) if P 1= 2,3 .

The formation of Y' commutes with arbitrary change of

base R~ R' of p-adically complete Ro-aJ.gebras.

If p/r = 0 in R, Y' is the inverse image yep) of

Y on E(P) =E' •

Before giving the proof, we give some applications.

Theorem 3. 2. Suppose n ~ 3, p {n. Let f be a modular form of level n

and weight k on r (p) , defined over R ,and which is holomorphic at the
o 0

unramified CUsps of M • There exists a (necessarily unique) elementn,p

r € S(R ,l,n,k) whose q-expansions at each cusp of M is that of f ato n

the overlying unramified cusp of M Furthermore, if r € Ro hasn,p

order) < p/p+l " then in fact f € S(R ,r,n,k) •
o

Proof. Simply define f(E/R,wp, ,Y) = f(E/R,w,a ,H) •
. n n

Theorem 3.3. Suppose n 2: 3, p {n , and that either k > 2 or k=l and

n < 11 , or that k =0, p 1= 2 , or that k = 0, p = 2 and n < 11. Let

r € R have order) < l/p+l. For any f € S(R ,rP ,n,k) , there is a unique
o 0

element ~(f) € S(R ,l,n,k) whose q-expansions are given by
o

is the induced level n-structureJ.

is the map "dividing by lip", and 1T(an)

kFurthermore, ~(f)·(E 1) € S(R ,r,n,pk)p- 0

v*
Proof. Define ~(f) (E/R,w,O: ,Y) = f(E' /R, 1f (w),o:',Y') , [E' = E/H, 1T: E ---;. E'n n

is the proj ectionJ • This makes sense if y. E 1 = 1 , for then 11- is etale
p-

and so ;*(w) is a nowhere vanishing differential on E' = E/H. To see that

Ek l·~(f) actually lies in S(R ,r,n,kp) , notice that its value onp- 0
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(E/R,w,a ,Y), Y·E 1 = rP , is given formally by
n p-

(E l(E/R,w,a) )k.f(E'/R,:;r*(W},a' ,Y'). [In fact this expression has no meaning,
p- n - n

because ;;.*(w) mB\Y well fail to be nowhere-vanishing on E' .] However, ~f

we write i-*(w) = A· w' with A £ R and w' nowhere-vanishing on E' , then

k (E -1(E/R,WPn»)k
«Ep _l ) .~(f»(E/R,w,an'Y) = p A .f(E'/R,w"a~,y,) •

But a simple tangent-calculation (cf. 3.6.5 ) shows that A and E arep-l

essentially equal; they differ multiplicatively by a unit of R. By "reduction

to the universal case", in which R is flat over Z ,we can make sense ofp

the ratio E l/'A , and interpret it as a unit in any R; this pennits us to
p- --

k (E -1 (E/R'W,an»)k
define (E

p
_1) .~(f)(E/R,w,an'Y» = P A f(E',w' ,a~,y,). QED

3.4 Construction of the canonical subgroup in case r =1

Let us first note that for r =I the theorem is very simple. Given

(E/R,a) with E l(E/R,a) invertible, the curve E ® R/pR over R/pR has
n p- n

inve~tible Hasse invariant, hence Ker(F: E ® R/pR~ (E ® R/pR) (p» is a

finite flat subgroup-scheme of E ® R/pR of' rank p whose Cartier dual, the

kernel of Verschiebung, is etale. Since R is p-adically complete, Hensel's

lemma allows us to uniquely lift Ker F to the desired subgroup-scheme H of

E/R (by taking for H the Cartier dual of the unique lifting of its etale dual).

argument shows that the canonical subgroup of

Since the Tate curve Tate (qn) over :IF « q) )p has ker F = 1M: , the abovep

Tate (qn) over R /pNR «q»
o 0

is

pp • This concludes the proof of part I of the Theorem. For part II, still

only in the case r =1 , we simply note that E I = E/H reduces mod p to

(E ® R/pR) /Ker F '::: (E ® R/pR) (p) , which certainly has invertible Hasse invar

iant if' E ® RjpR does - indeed Ep_1 ((E ® R/pR)(P) ,w(p) ,a~p» =

= (E leE ® R/pR,w,a »P. Hence E I(E t ,a I) is invertible in R Thisp- n p- n

concludes the proof of (3.1) in the case r =I •
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3.5.0 The "general case" is unfortunately more difficult, and involves a
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sanewhat detailed study of the formal group of' an elliptic curve. Our method

of constructing the canonical subgroup will be to first construct a finite

flat subscheme of the formal group, then to show that it is in fact a subgroup

which has the desired properties. We begin with same lemmas on the formal group.

3. 6 Lemmas on the formal group

Lemma 3.6.1. Let R be an :IF p-algebra, E/R an elliptic curve, and w a

nowhere vanishing differential. Let X be a parameter for the formaJ. group

of E/R (i.e., the completion of E along the identity section), which is

dual to w in the sense that the expansion of w along the formal group is

w = (1 + i:
n>l

a ~)dX •n

Let A(E,w) denote the Hasse "invariant. Then we have the identities
pn_l

an = (A(E,w»p-l for n-l,2, •••.
p -1

/t 1 1 ) (p)
Proof. Let v: 0E/R~ (OE/R
the endomorphism D~ DP of' Ti/R.
may calculate C "~ocaJ.ly":

denote the Cartier operator, "dual" to

We have e (w) = A(E,w)· w(p) , but we

{

0, p t n+l

C(a :flax) = n+1 1

n a (XP - dX)(P) if pfn+1
n

Hence C (w) = L: ap (m+1)-l (rndX) (p), and
m > a

C (w) = A(E,w)· w~p = L: A(E,w) ( a )P(xmdX) (p) , whence
m

a p (m+l)_l = A(E,w)· (am)p. As a o =1 , the result follows easily. QED

Lennna 3.6.2. Let R be any Zp-algebra, and let G be a one-parameter formal

group over R. Then

(1) En~(G) :J zp and Zp lies in the center of EndR(G) •
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(2)
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Given any parameter Xo ' there exists a (non-unique!) parameter

X = Xo + hig~er terms such that for any p-l'st root of unity

~ e Z ,we have [~](X) = ~X •
P

Proof. Thanks to Lazard, we're reduced to the universal situation, which has

R flat over Z • So we may use log, exp, and continuity to get (1). Asp

for (2), it is proven directly in ([31], lemma 4.12), or we can remark that

~ choice of a "p-typical coordinate" X (cf. [5], [6]) which is congruent to

Xo mod degree two terms will do the job.

Lemma 3.6.3. Let R be an:IF -algebra, G a one-parameter formal group over R.
p

In terms of any parameter X, [p] (X) is a fUnction of XP : i. e.

[p] (X) = V(XP) E v JfP .
n > 1 n

Proof. In En~(G), P = VoF, F: G~ G(p) , V: G(p) ~ G • Q,ED

Lemma 3.6.4. Let R be a Z -algebra, G a one-parameter formaJ. group over R,
P

X a parameter on G such that [~ ] (X) = ~ X for any p-1' stroot of unity

~ e Z . Then [p](X) = X·(a series in Xp- 1) •
P

Proof. [p]([~](X)) = [~]([p](X)) because p.~ = ~.p in Zp. Thus

[p] (~X) = ~. ([p] (X)) , so writing [p] (X) = E e Jf , we have e ~n = e ~ ,n n n

hence (s-~n)e =0. But for n 1= 1 (p-1) , ~_~n is invertible in ~ , hence
n p

e =0 •
n QED

Lemma 3.6.5. Let R be a Z -algebra, G a one-parameter formal group over R,
P

X a parameter, w = (1 + E a Jf)dX the dual invariant differential. Then
n>l n

we have

[p](X) - ap _
1
·xP + higher terms mod(p) •
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Proof. [In the application to elliptic curves, we have
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a 1 =A(E,w) , andp-
[p](X) = V(Xp ) = tangent(V)·XP + higher terms, so the assertion is that

A(E,w) = tangent(V) = action of F on r(E, b ) , which is true!]

By Lazard, we are reduced to the l.Uliversal case, in which R is fiat

over Z . Overp
p-2

cp(X) = X + L
n=2

R[l/p] , we have w = ~(X), cp(X) E R[l/p][[X]] ,

~+l xP
a --=----+1 + a 1 - + higher terms. Let VeX) be the inverse
n n p- p

series to cp: V(X)= X + ••• ,V(cp(X)) = X. Then [p](X) = V(p-cp(X))

Because cp(X) mod degree p lies in X+~R[ [X]] , for each n > 2

cp(X)n mod degree It!:! lies in "J!l + ~+J..R[ (X]]. If we write

i
VeX) = X + i ~ 2 biX , we see from this and the requirment W(cp(X)) = X that

- a p _
lb2 , ••• ,bp _l E R , while bp == P modulo R _ Now the term of degree p in

[p](X) = V(pcp(X)) is given by

Pi·
L b.p • (coef of xP in (cp(X))l)

i=l 1

p-l i
a 1 + L b.p (coef of xP in cp(X) i) +b .pI'

p- i=2 1 P

and as pbp E R , we see that all the terms save a p-l lie in pR. QED

We may summarize our findings in a proposition.

Proposition 3.6.6. Let R be a Z -algebra, G a one-parameter formal group
p

over R, X a coordinate on G which satisfies [s] (X) = sX for every p-l' st

root of unity

3.6.6.0

S E Z , and w the "dual" differential.
p

[p] (X) = pX + aXP + ~ c .)(ll(p-l) +1
m=2 m

Then

where a,c2 ,c
3

, ••• , € R , and cr E pR unless m(p-l) + 1 == O(p) i.e.,

c
m

E pR unless m == 1 (p). Further, if G is the formal group of an ellip

tic curve E/R, then a =A(E,w) mod pR .

Proof. By (3.6.4), [p](X)=X'(a series in Xp -1 ) , but modulo pR, [p](X) is

also a series in xP , by (3.6.3). The congruence for a is by (3.6.1).
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3.7 Construction of" the canonical subgroup as a subscheme o:f the :formal group

Suppose we are given (E/R, a ,Y) with R a p-adically completen

Ro-algebra, n ~ I if p # 2,3, n ~ 3 for p = 2,3, Y·Ep _1 =r, order) < p/p+1.

Because it suffices to treat the case when p is nilpotent in R, we may, by

ordinary localization on R, suppose that the formal group of E/R is given

by a one-parameter formal group law over R, with formaJ.. paramter X;

we denote by w the "dual" differential. By reduction to the universal case,

we may now reduce to the case when R is a flat Zp-algebra. By (3.6.2), we

may suppose that [s] (X) = ~X for all p-l' st roots of unity S e Z •
P

By (3.6.6), the endomorphism [p] on the formal group looks like

[p] (X) = pX + aXP + L
m>2

c xn(p-1)+1
m

r)a == E -1(E/R,w,an ) mod pR
with - p

Lcm'" 0 mod pH unless m =1 (p) •

We first give a heuristic for the method to be used.

Naively speaking, the kernel of [p] is an JF -vector space, and thep

canonical subgroup is just a nice choice of a line in this F -space, i.e.,
-- p

it is an orbit of :IF x in this vector space. But the action of :IF x on
-- p p

Ker ( [p] ) is induced by the action of Ii 1 C Z on the formal group. Thusp- p

we must write down the equation for the orbits of the action of Pp...:I. on

Ker([p]) , and somehow solve this equation in a "canonical" way. Because

~ e II 1 acts on X by [~] (X) = sX , it is natural to take T dfn Xp- 1 asp-
*a parameter for the space of orbits of the action of:IF on Ker ( [p] ) •
p

The formal identity (obtained from (3.6.6.-0) by substituting T = Xp -1 )

[p] (X) = X· (p + aT + E
m>2

c ~)
m

suggests that in fact the equation for the orbits is

g (T) dfn p + aT + L c ryn = 0
m > 2 r
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and that the canonical subgroup is nothing more than a canonical zero of' geT).

We now implement the above heuristically-motivated procedure. Let

r l E Ro be the element -p/r; we have ord(rl ) = 1 - order) > 1/p+1 , (because

ord(r) < p/p+l by hypothesis)~ Let Y = Y(E!R,w,a ) E R ; we haven

Because a == E l(E/R,w,a) modulo pR , we may writep- n

Thus y. (a+pb) = r , and an immediate calcu-

Y·E l(E/R,w,a) = r •p- n

E l(E/R,w,a) = a+pb, b E R •p- n

lation shows that if we put

(which makes sense, because r 1 is topologically nilpotent in R) , then

p + ato = 0 •

Let's define gl(T) = g(toT) ;

gl (T) = P + at T + E c (t )V
om> 2 m 0

= p- pT + E
r>2

c (t )V .r 0

Let r 2 = (rl )P+1/p , an element of Ro having ord(r2) > o. Let r
3

EO Ro

be any generator of the ideal (r2,(r1 )2) of R
o

•

(3.7. 6.1) g2 (T) = 1 - T + 1: d rfll ,
m > 2 m

as m--+oo.

Proof'. We have d = c (t )m/p • Because c /p lies in R if m 1= 1 mod p ,m mom

(t
o

)P+1/p fand because lies in r 2R, we have d
m

E r
3

R or all m 2: 2 , and

dm~ 0 as m -~ 00. We next apply Newton's lemma to R, I=r
3

R and h=g2.

Lemma 3.7.7. (Newton)

to powers of' an ideal

Let R be a ring complete and separated with respect

reR. Let h(T)=l-T+ ~ drJ!!1,with dmE-,!:,
m=2 m
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and d ~O as m~oo.
m

120

By "substitution", h gives rise to a continuous

function h: R~ R • There exists a unique element t E T such that
00

Proof. Making the substitution T = 1-8 , we introduce

h- (S) = h(l- S) = e + (1 + e1)S + L: e Sm , with coefficients eJ.- E I •
-~ 0 m>2 m

For s E I, hI(s) = h(l- s) , so our problem is to show that hI has a unique

zero Soo in I. For any s E I, hi (s) E I + I , hence is invertible in R,

while hl(s) E I. The Newton process of successive approximations:

s =O, .•• ,s +1 = s - hl(s )/h1'(s) is easily seen to converge to a zero ofo n n n n

hI. If s and s + ~ are two zeros of hI in I, we have

2 2 (o = hI(s +.6) = hI(s) + hi (s) •.6 + (.6 ) = hi(s) •.6 + (.6) , hence as hi s) is

invertible, we have .6 e: (.6
2
). Because .6 E I and R is I-adically sepa-

rated, this implies .6 = 0 . QED

Tracing back our steps, we have constructed a zero t can = to(l- too)

of g(T). Because t can lies in rlR, we ma;r expand g in powers of T-too '

and conclude that geT) is divisible by T-tcan in R[ [T]]. We define the

canonical subschem.e to be the finite flat rank p subschem.e of Ker( [p])

defined by the equation xP - t X. (It m~ be verified that this subschemecan

is independent of the choice of coordinate X on the formal group satisfYing

[s] (X) = ~X for all p-l'st roots of unity ~ E Z .)p

3.8 The canonical subscheme is a subgroup

Let's begin by remarking that if ~/R modulo p has invertible Hasse

invariant, then [p] (X) = pX + (unit) xP + ••• • By the formal version of

the Weierstrass Preparation Theorem, we see that in R[ [X]] , we have

[p](X) = (X
p

- t X)· (a 1IDit in R[[X]]). Thus when Hasse is invertible mod p,can

the canonical subscheme is aJ.1 of Ker([p]) in the formal group, hence in

particular it's a subgroup-scheme of the formal group.
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In the generaJ. case, the condition that the subscheme of equation

xP - t X be a subgroup-scheme of the formaJ. group is that, noting by G(X,Y)can

the group law, we have

G(x,y)p- t G(X,Y) =0 in R[[X,Y]]/(XP-t X,yP-t Y).
can can can

Because t can lies in rlR , it is topologically nilpotent in R, hence the

R-aJ.gebra A = R[ [X,Y] ]/ (XP - t X , yP - t Y) is finite and :free of rankcan can

p2 with basis xiYj
, O:S i, j:S p-l. The condition that G(X,Y)p-t G(X,Y)

00

vanish in .A is simply that the p2 "coe:fficients" g.. e R defined by the
~J

equation

G(x,Yl - t G(X,Y) = L g •.xY
00 0 :s j, j :s p-l ~J

in A

aJ.l vanish in R. Thus it suffices to find a p-adically complete Ro-aJ.gebra

R' :::> R such that, over R' , the canonical subscheme is a subgroup (for then

the gij vanish· in R' , hence vanish in R). But in the universaJ. situation,

R =M(R ,r,n,o) C R' =M(R ,l,n,o) , and over R' , E 1 is invertible,
o 0 p-

hence Hasse mod p is invertible, and so as noted above the canonical sub-

scheme is a subgroup over RI. This concludes the proof of part I of the

main theorem (3.1)~

(3.9) We now turn to proving part II of 3.1, by constructing YI. As be

fore we m8\Y suppose R flat over Z • Let r e R have order) < l/p+l .P 0

Then r
l

= p/r has ord(r
1

) > p/p+l , and hence r l is divisible by :z.P ,

and r4 = rl/r"P has ord(r4) > o. Since t can e rlR, modulo rlR the

canonical subgroup is just the kernel of' F: E~ E(P). Hence E' mod rlR

is E(P). Let Wi be any nowhere vanishing one-form on E' which reduces

modulo r 1R to on E(P) . Hence we have the congruence
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Because
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E l(E' /R,w' ~(J,,) = (E l(E/R,w,a»)p + ~r4jp- n p- n
j e R •

Using the equation

(3.9.3) Y(E/R,w,a )·E l(E/R,w,a) = rn p- n

one immediately checks that if we define

Y'(E'/R,w',O') = (Y(E/R,w,a »P/1 + r4j ·(Y(E/R,w,a »p ,n n /- n

then Y' (E'/R w' (X').E (E'/R w' a') = r P • This concludes the proof' of', 'n p-l " n

part II. Q,ED

3.10 Finiteness properties of' the Frobenius endomorphism of' p-adic modular

functions.

Throughout the rest of' this chapter, we denote by Ro a complete dis

crete valuation ring of' mixed characteristic with perf'ect residue field Ro/m •

The Frobenius endomorphism cp of' S(R ,1,n,k) is def'ined by
o

cp(f)(E,~,a ;Y = (E 1)-1) = f'(E/H,~*(w),~(o ),Y' = liE 1) ,where H denotesn p- n p-

the canonical subgroup of' E, ~: E~ E/H denotes the projection. As we

have seen above, f'or r e Ro having order) < l/p+l , the composite

"extends" to give a cOIIDIlutative diagram

(Ep_1)k ( )
S(R ,1,n,k)~ S(R ,l,n,k) > S R ,1,n,Pk
000

3.10.0 J J
S(R ,rP,n,k) ------------------------~~S(R ,r,n,Pk)o ,,' 0

For k=O, we f'ind simply that the endomorphism cp maps S(R ,rP,n,O) to
o

S(R ,r,n,O) f'or any r e R having order) < l/p+l •
o 0



123

Theorem 3.10.1. Suppose n?: 3 and p.( n , and n ~ 11 if p= 2. Then

I. For r e R with order) < IIp+l , the Frobenius morphism
o ,

cp: S(R ,rP ,n,O)~ S(R ,r,n,O) is a finite morphism (but not in
o 0

general flat).

II. If r =1 , then cp is a finite flat morphism of degree p.

III. For~ r with ord(r) < IIp+l , the homomorphism (K the fraction

field of R)
o

cp®K: S(R ,rP,n,O)®K~ S(R ,r,n,O) ®K
o 0

is finite and etale of rank p •
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Proof. (I) .. Because the ring S(R ,r,n,O)
o

is complete and separated in the

p-adic topology, to prove finiteness of' cp it suf'fices to prove that the

induced homomorphism

3.10.2 cp®Ro·/..!!! : S(R ,rP,n,O)®R 1m ~ S(R ,r,n,O)®R 1m
o 0 - 0 0'-

is finite. Interpreting S(R ,r ,n,O) as HO (M (R ,r), tJ ) (cf. 2.9), ando n 0

noting that M (R ,r) is flat over R ,we see (by "universal coefficients")n 0 ---- 0

that the canonical homomorphism S(R ,r,n,O)®R 1m~ S(R Im,r,n,O) is
o 0 - 0

injective, with cokernel of finite dimension over R 1m. Thus S{R Im,r,n,O)
- 0 - 0

is a finite module over S(R ,r,n,O) ®R 1m , and 'tie have a commutative diagram
o 0

of ring homomorphisms

1 <p@R 1m
S(R ,rP,n,O)®R 1m 0) S(R ,r,n,O)®R 1m

o 0- 0 0-

in which the vertical arrows are finite. Thus the finiteness of the lower

horizontal arrow (which is what we wish to prove) follows from the finiteness

of the upper horizontal arrow.
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Notice that if r=l, both S(RO/!!!,r,n,O) and S(Ro/m,rP,n,o) are
S(R /m,l,n,O) , while if °< order) ,both S(R /m,r,n,O) and S(R /m,rP,n,O)
000

are S(Ro/m,O,n,o). Because order) < l/p+l ,both p/r and p/rr' lie in !!,
and hence over Ro/m the canonicaJ. subgroup over Mn (Ro/m,r) and over
M (R /m,n,~) is just the kernel of Frobenius. It follows immediately that in

n 0

either case (i. e., r = 1 .2!. °< ord(r) < l/p+l) , the endomorphism cp of
S(R /m,r,n,O) is precisely the pIth power mapping (because0-

~(f)(E,w,a ,Y) = f(E(P) ,w(p) ,a(p) ,Y' =Y(E,w,a )1') = (f(E,w.O ,Y)p). Butn n n nM(R /m,r) is a scheme of finite type over R /m , hence S(R Im,r,n,O) is
n 0

0 0 -a finitely generated R 1m-algebra, hence finite over itself by the p'th power0-

endomorphism, which proves (r).

For (II), we remark that when r =1 , the scheme M (R Im,l) is simplyn 0the open set of M®R 1m where E 1 is invertible, hence is a smooth affinen 0 - p-
curve over R 1m. Hence the pIth power endomorphism of its coordinate ring
-- 0-

S(R /m,l,n,O) makes that ring finite and flat over itself of rank p. Because
o

S(R ,1,n,O) is :p-adical~ complete and flat over R ,it follows that cp
o '

0
makes S(R ,1,n,O) into a finite flat module over itself of degree p.o

The proof of (III) is more difficult, and requires Tate's theory of
rigid analytic spaces. The ring S(R ,r,n,O) is the p-adic completion of°HO(M ®R ,symm(w®p-l))/(E 1- r) , and this last algebra is finitely generated

n 0 - p-
over Ro (because ~ has positive degree, hence is ample). Thus noting by K
the fraction field of R ,we see that S(R ,r,n,O) ®K is a rigid algebra in00-the sense of Tate, and contains as dense subaJ..gebra the K-aJ.gebra
HO(M @K,Svmm(w®P-l))/(E l- r ) ~Ho(M ®K,Symm(w@p-l)/(E 1-1) ~n ~- p- n - p-~ HO(M ®K, Svmm(w®p-l)/(E 1-1)) , which is precisely the coordinate ring

m ~ - p-
-D ®K of the open subset of M ®K where E 1 is invertible. Thanks to

n
n p-

Tate, the ideaJ..s of S(R ,r,n,O)®K are all~, hence are the closures of--- 0
their intersections with Dn ®K. But as Dn ®K is the coordinate ring of a
smooth affine curve over K, its prime ideals are either minimal (corresponding
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to irreducible components) or maximal (corresponding to conjugacy classes of

points with values in finite extensions of K ). Indeed, the closed points of

S(R ,r,n,O) ®K are conjugacy classes of homomorphisms 7f: S(R ,r,n,O)~ K'
o 0

K' a finite extension of K, or equivalently they are homomorphisms

7f: Dn ®K~ K' which satisfy the continuity conditions '7f(Dn ) I .:s 1 ,

1 2: hr(Ep_1)! 2: Irl (1. e., that the images o:f Ep_1 and o:f Y = r/Ep _1 be

"power bounded"). Further, the completions of the local rings at corresponding

closed points are isomorphic, hence are regular local rings of' dimension one,

hence S (R ,r ,n,O) ®K is a regular ring of dimension one. Thus the map
o

3.10.4 ( n ) cp®K ( )S Ro,r ,n,O ®K :> S Ro,r,n,O ®K

is a finite morphism between regular rings of the same dimension, hence (cr. EGA

IV,17.3.5.2) is flat. To see that it has rank p, it suffices to note that by

(II), it has rank p over the dense open set where IE If =1 ·p- It remains

only to see that (3.10.4) is ~tale. For this, it suffices to show that the

fibre over each point with values in n, the completion of the algebraic

closure of K, consists of p distinct points. Over ~ point at infinity,

corresponding to Tate (qn) over K«q)) , the fibre consists of the p curves

T~te(~ qn/p) over K( (q)) , each of which gives rise to Tate(qn) upon
p

division by its canonical subgroup pp. A finite point is an elliptic curve

E/n [with level n structure a: ] having good reduction, such that for anyn

differential w which extends to a nowhere vanishing differential over the

valuation ring of (1, we have 1 2: IEp_l (E/K,w) I 2: IrIP. The curve E has

is the canonical

curves

p+l subgroups of order p, sa:y Ho,H1 , ••• ,Hp , of which Ho

subgroup.

Let E(i) = E/H
i

• The points J.ying over E are among the p+l

E(i) ,(E(i) carrying the induced level n structure); indeed,

E(i) lies over i:f and onJ.y i:f E(i) is a point o:f S(Ro,r,n,O)® n whose

canonical subgroup is E/H••P ].



Ka-58
126

Consider first the case in which fE l(E/K,w) I =1 , i. e., a formaJ.p-
group of height one. Then Ho is the kernel of p in the f'ormaJ. group,

while the H., i > 1 , meet the formal group only in (oJ. The quotient
). -

E(o) = EjH again has a formal group of "height one" hence its canonical. sub
o

group is the kernel of p in its formaJ. group, while the image of E in
- P

E(0
) meets the formaJ. group onJy in (0J. Thus E( 0

) does not lie over E.

For i.2: 1 , the quotient E(i) also has a formaJ. group of height one, but

now the image of H in E(i) = E/H
i

is the kernel of p in the formaJ.
o -

group, i. e., it is the canonicaJ. subgroup, and hence the E(i) , i = 1,•.. ,p ,

do lie over.

It remains to treat the case of "supersingular reduction", which we

do by Inbin's original method, and show (part 5 of theorem 3.10.7) that again

only E(l) , ••• ,E(P) lie over.

(3.10.5) Let n be an algeb:racally closed complete (under a rank one valu-

ation) field of characteristic zero and residue characteristic p. Let

R C K be the vaJ.uation ring, and let E/R be an elliptic curve over R, and

X a parameter for the formaJ. group of E/R, normaJ.ized by the condition

[s] (X) = sX for every p-l' st root of unity in Z • Suppose that the Hasse
p

invariant of the speciaJ. fibre vanishes. Then in the formaJ. group, we have

(3.10.6) [p](x) = pX + weI' + t c :JfD-(P-l)+l + c xl + L
m p+l

m=2 m .2: p+2

C 'Jfl(p-l) +1
m

with ord(a) > 0, ord(C
m

) > 1 for m F 1 mod p , and ord(Cp +l ) = 0 ,

(this last because we suppose height two for the speciaJ. fibre). [If ord(a) < 1 ,

we have ord(a) = ord E 1(E/R,w) :£or arty nowhere vanishing differential w onp-

E/R, by (2.1).]
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Theorem 3.10.7. (Lubin)

1. If ord( a) < p/p+1 , the canonical subgroup H consists of (0)
o

and the p-l solutions X of (3.10.6) whose ordinal is l;Id(a). The i-p
other solutions of (3.10.6) all have ordinal o~(a) (which is < l~~(a»).

p -p p
If ord(a) 2: p/p+1 , then~ non-zero solutions of (3.10.6) have ordinal 1/p2_1 •

2. If ord(a) < l/p+l , then the quotient E' = E/H has as normalized
o

coordinate for its formal group X' = IT G(X,x), where G(X,Y) denotes
xeH

o
the formal group law on E. The expression of' [p] on E/H is

o

[p](X') = pX' + a' (X')p + •..

with ord(a') = p ord(a) •

3. If l/p+l < ord(a) < p/p+l , then ord{a') = 1 - ord a , and the

canonical subgroup of E/H is E/H ,and
o p 0

(
-1but a level n structure an becomes p .an after two d.ivisions by the

canonical subgroup - (compare Dwork (11 ] ,8.11 » .

4. If ord(a) 2: p/p+1 , there exist p+l curves E(i) , each having

ord(a(i» = 1/p+1 , such that E = E(i)/H (E(i» ,where H (E(i» denotes
o 0

the canonical subgroup of E(i). These curves are E(i) = E/H., i =O,l, •.. ,p •
1.

5. If 0 < ord( a) < p/p+l , there exist precisely p curves E(i) having

ord(ail < IIp+1 such that E = E(i)/Ho(E( i» , namely the curves E(i) = E/H
i

'

i = 1, ... ,p (cf.3.l0.4ff}, and ord(a.) =! ord(a) •
1. P

Proof. 1. follows from looking at the Newton polygon of [p] (X) , which is

(1,1)

if ord( a) 2: p/P+1
~

{
{p,ord a)

if ord(a)
(p2,O)o..-.... --=..._=._
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and remarking that the construction of the canonical subgroup as subscheme of

the formal group consisted precisely of isolating the factor of [p](X)

corresponding to the first slope, when there is a first slope.

2. By Lubin ([32]), we know that if H is any finite subgroup of a one

parameter formal group over Ro' then X~ II G(X,x) is the projection
x € H

and the points

two sorts, the points

onto the quotient. Thus the non-zero points of order p on E/H are of
o

II G(y,x) with [p](y) = 0, ord(y) = o~(a) ,
X€ Ho P -p

II G(z,x) where (p](z) € Ho ' [p](z) /=.'p. The first sort
X€ Ho

of point has ordinal given by E ord(G(y,x)), and as ord(y) < ord(x)
x€Ho

for any x € H ,this sum is just P(ord y) = ord
l
(a). The second sort of

o p-

point has ordinal E ord(G(z,x)). Frem the equation [p](z) € H -(oj ,
x €Ho 0

we see that ord([p](z» = l-o~(a). The Newton polygon of [p](z)=xeH - (o}
p- 0

is thus

(0, l-ord( a))
p-l

(p,ord(a))

(p~,o)

and hence z has either ordinaJ. ord(a)/p2-p 2!: l-~ ord(a). In either case,
p -p

ord(z) < ord(x) for any x € Ho . Hence the second sort of point has ordinal

either ord(a)/p-l or (l-p ord(a~/p-l. Thus among the non-zero points of

order p on E/Ho ' there are two distinct ordinals which occur, namely

ord(a)/p-l and U-p ord(a))/p-l , of which the greater is (l-p ord(a~/p-l •

Thus by 1, E/H has ord(a') < p/p+l and l-ord(a')= l-p ord(a)
o ' p-l p-l'

which proves 2. We note that the image of E is not the canonicaJ. subgroup.
p
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3. If' we suppose

sort of points of order p

that [p] (y) = 0, y ~ H •
o

l/p+l < ord(a) < p/p+l , then on E/H the first
o

are the points II G(y ,x) for each y such
xeH

o
As in 2, these points have ordinal ord(a)/p-l.

The second sort are the points II G(z,x) where [p](z) e H - (O} ,
xe Ho 0

hence [p] (z) has ordinal l-~~~(a) They hypothesis ord(a) > IIp+1 in-

sures that the Newton polygon of [p](Z) = x e Ho - {oj is

(0 l-ord(a))
, p-l

• (p ,ord( a»)

2(p ,0)

Thus E/H has a canonical subgroup,
o

namely its points of order p of largest ordinal = ord(a)/p-l. Hence

l-o~(a') = ord( a) Ip-l , whence ord(a') = 1 - ord( a) , and the canonical. sub
p-

hence ord(z) = +;ord(a) < ord(x) for any x E Ho ' hence the second sort of
p (p-l)

point has ordinaJ. 1- brd(a)/p(p-l)) .

group is the image' of aU. the points of order p on E.

4. If ord( a) 2 p/p+l , the Newton polygon of [p] (X) is

(1.1)

Hence all non-zero points of order p have the same ordinal l/p2-1. The

points z such that [p](z) = x, [p](x) = 0, x f ° , have ordinal l/p2(p2_1} ,
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because the Newton polygon of [pJ(Z) = x, ord(x) = 1/p2_1 , is

• (p,ord a)

2(O,l/p -1)

2(p ,0)

Thus for aIJy subgroup Hi of order p of E , the first sort of point of

order p has ord = E ord(G(y,x)) ~ p ord(y) = p/p2_1 (since ord(y) =
xEH

i
= ord(x) if x ~ 0). The second sort of point has ordinal peord(Z)=1/p(p2_1) ,

(because ord(z) < ord(x) for any x E H.). But p/p2_1 > 1/p(p2_1 ) , hence
~

each E/H. has a canonical subgroup, which is the image of E. Looking at
1- p

the ordinals of the !!.2!!-canonical. points of order p on E/H
i

' we have by

(3.10~7.1) the equality ord(a')/p2.p = 1/P(p2_1 ) , hence ord(a') = 1/p+1 .

5. -We first remark that if ord(a) < p/p+1 ,then E' = E/H either

has ord(a') > l/p+l , 2!. its canonical subgroup is not the image of E and
p

hence E'/H(E') 1= E. Indeed, if ord(a) < 1/p+1 , then as noted in the proof

of 2., the canonical subgroup is not the image of E. If ord(a) = l/p+1 ,
P

then as proven in 4., ord(a ' ) 2: p/p+1. If ord(a) > 1/p+1 , then

ord(a ' ) = l-ord(a) , and l-ord(a) > 1/p+1 because ord(a) < p/P+l
i

• It re

mains to see that for each non-canonical subgroup H., i = l, ••• ,p, E(i) = E/H.
~ ~

h d( (i)) 1 d() .. ..as or a =p or ai ' and 1ts canon1cal subgroup 1S the lmage of pEe

Again we calculate the ordinals of the points of order p on E/H.•
J.

The first sort of points are all images of points of the canonicaJ. subgroup

H of E (because E = H E9H. for i =1, .•• ,p). For y E H - (oj ,
o p 0 J. 0

l-ord(a). «)) ord(a)ord G(y,o) = ord y = -1 ' wh~le ord G y,~ = ord x = 2 because
p p -p

ord(y) > ord x if x E Hi - (oJ. Hence the image of y E Ho - (oj has
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ordinal. = ord(y) + I ord(x) = I-ord(al + p-I' ordeal = I-ord(a) + ordeal .
xeH.-(O} p-l p2_p p-1 P

J.

What about the image of a po~nt Z such that [p] (z) E H. - (OJ?
J.

The Newton polygon of [p](Z) = x, x E H. - (0) , is
J.

(0, o~d(a))
p -p

• (p,ord a)

----__ (p2 ,0)
~

hence ord(z) = ord(a)/p2(p2_p) = ord(x)/p2 for x € H. - (O}. Thus
J.

ord{z) < ord(x) , hence the second sort of points of order p on E(i) have

ordinal.=p.ord(z) = ord(a)/p(p2_p). But I-O~ a + ordeal > ord(a)fp(i-p)
- p- p

(because ord(a) < p/p+1 < p2/p+1 ) ) hence E(i) has a canonical subgroup,

l-ord(a(i» l-ord a + ord(a) h (i)and - - - ence ord(a ) =ord(a)/p. This con-p-l - p-l p'

eludes the proof of 5., and also of theorem (3.10.7).

3.11 Applications to the congruences of Atkin - the U operator

We maintain the notations of the previous section. As we have seen,

for each r € R having order) < l/p+l , the homomorphism
o

cp: S(R ,rP,n,O)~ S(R ,r,n,O) is finite, and becomes finite and flat ofo 0

degree p when we tensor with K. Thus there is defined the trace morphism

3.11.1

For r= l, cp

3.11.2

tr : S(R ,r,n,O)®K~ S(R ,:rl',n,O)®K .
cp 0 0

is itself finite flat of degree p, hence there is defined

tr : S(R ,1,n,O)~ S(R ,1,n,O) •
cp o. 0



Ka-64

In terms of q-expansion, we have

132

3.11.3 (tr (f')(Tate(~),w p) = I f'(Tate(tqn/p),w , !'Tr~(a ))cp can n - can p ~ n
sP=l

where 'Tr
t

(an) denotes the induced level n structure on Tate(tqn/p) , viewed

as a quotient of Tate (qn) • EquivaJ.ently, if we write

f(Tate(qn),w ,a) =\ A. (a )qi
can n ~ 1 n

then we have the formula (in which a" is the level n structure on Tate(qn)n

obtained as the inverse image of 7r (a) on Tate (qn/p ) by the extensiono n
of scaJ.ars ql/P ~ q , compare pp.32-33)

(tr (f))(Tate(qn) ,w ,a) = p. \A . (! a")qi •
cp can n L p1 P n

Notice that we have the relation, for any f E S(R ,r,n,O) ®K ,
o

*p·T (f) = tr (I (f)) + cp(f)
p cp p

(where r; (f')(E/R,w,an) df'n f'(E/R,w,p·an)) , which should ~e viewed as the

"canonical p-adic lifting" of the Eichler-Shimura congruence relation (compare

Deligne [7]).

Integrality Lemma 3.11.4. For any r E R with order) < l/p+l , we have
o

tr (S(R ,r,n,O)) C S(R ,rP,n,O) (although cp: S(r ,rP,n,O)~ S(R ,r,n,O)cp 0 0 0 0

is finite but not flat if order) > ° !).

Proof. We may suppose order) > ° , the case r =1 being trivial. It fol

lows (from Tate [45]) that for any finite flat morphism cp: A~ B of rigid

algebras over K, we have tr (power-bounded elements of B ) C power-boundedcp

elements of A. Thus we must show that the power-bounded elements of

S(RO,r,n,O)®K are precisely S(Ro,r,n,O). For this, we introduce the

finitely generated R -algebra B = HO(M ®R , ~(w®P-l))/ (E 1- r). Its
o n 0 - p-

p-adic completion 13 d.fn lim B/pNB is S(R ,r,n,O) , and indeed via the
Eo- - 0
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isomorphism (2.6.2.1), B corresponds to the R -submodule of Brigid(R ,r,n,O)
o 0

consisting of all finite sums, which shows incidentally that B is a (free

and hence) flat R -module, and that B/mB z: ~/mB. The fact that E mod-o - - p-l

ulo ~ has simple zeros implies that B/~ is reduced. (Indeed, B/~ is

HO(M ®R /m, Symm(w®p-l))/(E 1) , and if ~ f. represents a nilpotent
n 0 - - p- 0 ~

element, with minimal N , then a power of fN is divisible by Ep_l ' hence

f
N

is divisible by Ep _l ' which contradicts the minimality of N .) We ms\y

thus conclude by the following lemma.

Lemma 3.11.5. Let Ro be a complete discrete valuation ring, B a flat

finitely-generated Ro-algebra such that B/Tfffi is reduced. Then the set of

power-bounded elements of B® K is B.

A A A

Proof. Since B is flat over B , hence over Ro ' we have B C B®K , so

the statement makes sense. By Tate, we know that~ power-bounded element of

B® K is integral over B , so we must show that B is integrally closed in

B® K. Let 7r be a uniformizing parameter of Ro . If fEB and f/7r is
A

integral over B , then clearing the denominators in the equation shows that

f is a nilpotent element of B/~ , hence
A A

f E ~ = TTB • QED

3.11.6. We now define Atkin's operator U: S(R ,rI',n,O)®K~ S(R ,rI',n,O)
o 0

to be the composite

! tr
S(R ,rP,n,O)®K~ S(R ,r,n,O)®K pcp) S(R ,rP,n,O)®K
000

Thus if f E S(R ,r'P ,n ,0) has q-expansions
o

3.11.6.1

then U f e S (R ,rP ,n,O) ®K has q-expansions
o

3.11.6.2. (Uf)(Tate(qn),w p) = 'A .(!aft).qi.
can n L p~ p n

[This formula shows that U(S(R ,1,n,0)) C S(R ,1,n,0)]. It is not true ino 0
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general that

134

U (S(R ,rP ,n,O» C S(R ,rP ,n,O) , but the situation is as good
o 0

as if it were true, as Dwork was the first to realize.

Lemma 3.11.7.

inequaJ.ity

(Dwork) Suppose p ~ 1 , and suppose r € R
o

satisfies the

2
3(p-1) < ord(r)

1
< p+1 •

Then the R -submodule S(R ,z.P,n,O) + U (S(R ,rP,n,O» of S(R ,rI',n,O)®K
o 0 0 0

is U-stable.

Remark 3.11.8. The point is that the submodule S(R ,rP ,n,O) + U (S(R ,rP ,n,O»o 0

contains S(R,z.P ,n,O) and is contained in ! S(R ,TP ,n,O) , hence it defineso p 0

the~ topology on S(Ro'rP ,n,O) @K as S(Ro'r'P ,n,O). Thus in an equivalent

norm on S(R ,r"P ,n,O) ~K, U has operator norm < 1 •o -

Proof. Let's use the representation (2.6.2.1) of elements of S(R ,rP,n,O)
o

\ rPa·b
in the form f' = L a • The hypothesis insures that for a > 2

a 2: ° (Ep _l ) a

ord(rPa/p.ra) > ° , and hence

rP·b 2(p-1)
, f = b

O
+~ + p. (an element of _r__ S(R ,r,n,O» .

p-1 P 0

Because p U = tr maps S(R ,r,n,O) to S(Ro'rP ,n,O) , we havecp 0

rPb 2(p-l)
3.11.10. U(f) = U(b

e
) + U (--t=--) + an element of _r__ S(R ,r'P,n,e)

p-1 p 0

Since be is just a constant, we have U(bO) = be ' and hence it suffices to

show that for any b
l

€ HO(M @R ,w@P-l) , we have
n 0-

3.11.11
2 rPbl n

U (-E--) C S (R ,rP,n,O) + UebeR ,zl' ,n,O) .
p-l 0 0

For this, notice that rbl/Ep _I lies in S(R ,r,n,O) , hence
o
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rb
1

\ ~ab'
3.11.12. tr (-E-) = L a .

~ p-l a ~ 1 (Ep_
1
)a

rP-1
The hypotheses insure that ord(-- .~a/p.ra) > 0 if a > 2 , and hence

p

3.11.13
~ b rP-1 rb1 rP-1 r Pb '

U( 1) =-- tr (r- ) =-- (b' + _1_) +
Ep _l p cP p-l P ° Ep _1

r 3(p-1)
+ P (an element of -2-- S(Ro,r,n,O).

p
rPb

Notice that U(~) has q-expa.nsions divisible by rP , as does
p-l

p.(any element of S(R ,rl',n,O» , and hence so does
° rPb l -1 b'E + rPb'

(?-l/p)(bO+~) = ~ (0 P~l 1 ) ,
p-1 p-1

and hence so does ~-l (be Ep_l + rPbi). By the q-expansion principle,

there exists an element b
l
" e HO(M ®R ,w ®p-1) such thatn 0-

~-1 rP-1 rPb' rPb"
-p- (bO Ep _1 + rPbi) = rPbi ,hence -- (b + __1_ ) =~ ' hence

p 0 Ep _1 p-l

rPb rPbu 3(p-1)
U (__1_) = -E- + p. (an element of ~ S(Ro,r,n,o» •
\~ p~ p

Again using the fact that pU = trcp maps S(Ro,r,n,o) to S(Ro,rP,n,o) ,

we find

rPb"
U(__1_) + an element of S(R ,rl' ,n,O)

Ep _1 °

which proves (3.11.11) and the lemma. QED
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3.12 p-adic Hecke operators

For any prime number £ which is prime to both p and to the level n,

we may d.efine T£ on S(R ,r,n,k) by the usual fonnula
o

3.12.1

the smn extended to the £+1 subgroups K of order £. The various T£

commute with each other, and for k =° they all commute with U.

We may consider the "spectral decomposition" of the K-Banach space

S(R ,:rl',n,O)®K with respect to U (which is completely continuous, because
o

the inclusion S(Ro':rl' ,n,O) ®K into S(Ro,r,n,O)®K is). For any rational

number v ,the subspace

u UaJ.. cl Ker(U - o:)m
m > 1 0: e K ~. •of ordinal v

of S (Ro'rI' ,n,O) ®K is finite-dimensional, and is stable by U and the T£ •

By Dwork's lemma (3.11.7), this subspace is reduced to (0) unless v > ° .
The first interesting case is thus to take v =0 , the so-called "unit-root

subspace" of S(R ,:rl' ,n,O) ®K. [Notice that this unit root subspace is
o

independent of the choice of r e R with l/p+l > order) > ° ,because Uo

maps S(R ,r,n,O)®K to S(R,:rl' ,n,O~K. i.e. it improves growth conditions.
o 0

Thus if f e S(R , r ,n,°)® K is annihilated by (U - 0: )m , and 0: 1= ° ,o

then :f is a K(o:) -linear combination of U(f), U2(f) , •.• , Um(f) i , hence

in fact f e S(R ,~,n,O)®K,•••• ]
o

Lemma 3.12.4. (Dwork) Hypotheses as in (3.11.7), the dimension of the unit

root subpsace of S(R ,rP ,n,O)®K is at most dinLHo(M" ®K,w®p-l) •o --x-- n -

Proof. The dimension of the unit root subspace is the number of unit zeros of

the Fredholm detenninant of U , which by (3.11.8) lies in R [[T]] , hence
o

this dimension is also the degree of this Fredholm detenninant reduced modulo ~ ,

which is to sB:¥ the degree of the detenninant of U on
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o
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\ ~ab
f = L __a__ , we have

a > ° (E )ap-l

and
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rPb"
U2(f) := U (__1) modulo m S(R ,zl' ,n,O). Thus the image of U onE

p
_
l

- 0

(S(R ,rP,n,O) + U(S(R ,rI',n,O)®R/m is spanned by the images under U of
o 0 --

~l
aJ.l elements bO € HO (M' ® R , (j) and -E with

n 0 p-l

b1 E B(Ro,n,k,l) """-'> HO(Mn ®Ro '!!!®P-l)/Ep_1Ifl(Mn ®Ro ' tJ) 0 Thus the rank

of U on (S(R ,rP ,n,O) + U (S(R ·,rP.,n,O) ®R /m is at most the K-dimensiono 0 0-

of HO(M ®K,w®p-l) •
n -

3.13 Interpretation of Atkin's congruences on j

We denote by j the absolute j-invariant, viewed as a modular :f'unction

of level one, defined over Z, having a :first order pole at infinity. As is

well known, p·T (j) lies in Z[j]. By inverse image we may view both j
p

and p.T (j) as elements of M(R ,r,n,O) for AJ'lV r € R. We may also view
p' 0 ~

cp(j) as an element of M(R ,r,n,O) , for any r € R having order) < p/p+lo 0

[indeed, cp(j)(E,y) = j(E/H) , H the canonical subgroup]. Subtracting,

we define p. U( j) = p·T (j) - cp(j) € M(R ,r,n,O). Because j has only a
p 0

first order pole at 00, U(j) is holomorphic at infinity, indeed its

q-expansion is

3.13.1 U(j)(Tate(q)) = I c(pn)qn, where
n>O

j(Tate(q)) = ~ c(n)qn =! + 744 + 000

n > -1 q

Thus U (j) lies in S(Zp,l,n,O) ,and p. U (j) lies in S(Ro,r,n,O) for

any r € Ro having order) < p/p+l. Combining this observation with the
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remark (3.11.8), we see that for every m 2: 1 , we have

Um(j) € S(Z ,1,n,O) n p-2. S (R ,r,n,O) •
p _ 0

Let us examine explicitly the congruence consequences of the innocuous

statement tt U (j) € S(X ,1,n,O) n p-l S(R,r ,n,O) whenever order) < p/p+l ".
P 0

Suppose that p 1= 2,3 , so that we m~ work directly with S(R ,r,I,O) via
o

its basis as constructed in (2.6.2.1). We mB¥ write

U(j) = I
a>O

b
a ,b e B(Z ,1,O,a) •

(E)a a p
p-l

For r € R with order) < p/p+l , we have p·b e: r~(R ,1,0,a) , hence weo a 0

have pb
a

E p(ap/p+l) B(Zp,l,O,a) ,where (ap/p+l) denotes the least

integer 2: ap/p+l. Thus bO e Z, b1 e B(Z ,1,0,1), b e pa-~(Z ,1,O,a)
p pap

for 2:5 a :5 p, bp +l E pP-~C:Zp,l,O,a) , ••• , certa.i.nly b a E pn+~(Zp,o,a)

if a > pn ,for n 2: 1. Thus

3.13.3.1 U(j)
b

a modulo pn+ls (Z ,1,1,0)
(E )a p

p-l

np n
Lb. (E )p-a

a p-lU(j) == _a=O _
n

(E
p

_1)P

n
Using the fact that Ep_l has q-expansion == 1 (p) , and. hence that i (Ep _

1
)P

has q-expansion == 1 (pn+l) ,we deduce that for p 1= 2,3 , the q-expansion of

U (j) is congruent mod pn+l to the q-expansion of a true modular form of

level one, defined over Z, holomorphic at 00, of weight pn(p_l). In fact,
n

using (E l)P to kill the constant term, we find that U(j) - 744 has q-expansionp-
congruent mod pn+l to the q-expansion of a cusp form of level one and weight

pn(p_l) , defined over Z, a result obtained independently by Koike [28].

We now return to the properly Atkinesque aspects of the Un(j) , and

their interpretation.
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Lemma 3.13.4. Suppose there exists a p-adic unit a € Z such that for
p

every m > 1 we have the q-expansion congruences

tf+1 (j-744) == a Um(j-744) modulo pm in q-expansion

i.e. , modulo pm for all m ~ 1 •

Let coo(i) = lim a-rnc(pmi ). Then for r € R havirlg ord(r) < p/p+l , there
m 0

is a unique element "lim" a-.tnU m(j-744) € S(Z ,1,n,0) n p-2 S(R ,r,n,O)
p 0

which is of level one (i.e., invariant under GL2 (?Z!n Z») , whose q-expansion

is L c (i)qi , and which is fixed by a-1U
m>loo --

Proof. By (2.7), the hypothesis is in fact equivalent to the congruences

3.13.4.1

Let's write the expression of (a-lU )m(j-744) in terms of the base of

S(Z ,1,n,0)
p

b (m) € B(Z ,n,O,a) .
a p

b (m)
a

a>O (E )a
p-l

b (n+1) == b (n) modulo pn B(Z ,n,O,a) , we maya a p

3.13.4.2

Then we have the congruences

define b (00) = Ihn b (m) € B(Z ,n,O,a). But for any r € Ro with
a map

order) < 1/p+1 , we have p~ (m) € r~(R ,n,O,a) , hencea 0

p~ (00) € r a B(R ,n,O,a). Varying (R ,r) , we see that in fact p~ (00)a 0 0 a

lies in p(apLp+1}B(Z ,n,O,a) ,where (x} denotes the least integer ~ x ,
p

I ba(oo) df'n -
(i.e., (x, = -[-x]). Hence = "lim"(a lu )m(j_744) lies in

(E ) a
p-1

S(Z ,1,n,0) n p-2 S(R ,r,n,O) , and in S(Z ,1,n,0) it is the limit (in the
pop

Banach space topology of (a-1U )m(j-744) .

The last two assertions are obviously true for r =1 , by passage to

the limit, and follow for any r of order) < p/p+l because the canonical

map S(Ro,r,n,O)~ S(Ro,l,n,o) is injective. QED
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Remark 3.13.5.
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The hypotheses of the lemma are in fact satisfied for p = 13 ,

a striking result due to Atkin.

(3.13.6) Using the fact that the twelfth power ®12 f
~ 0 ~ descends to the

In

invertible sheaf (J (1) on the projective j -line over ~,one can copy the

construction of a basis of S(R ,r,n,O) , n > 3 , to get a basis of
o -

( ) dfn ( ) GL2 (Z/nZG)S Ro,r,l,O = S Ro,r,n,O for primes p == 1 mod 12. Then one can

copy the proof given in ([14]) to show that the dimension of the unit root sub

space of S(Ro,r,l,o) ®K is at most

dim HO(Fl,~®p-l) = dim HO(lP l , LJ(Ijff)) = 1 + Ifj ,for p == 1 mod 12.

parti.cular, for p = 13, the unit root space has a base consisting of the

constant function and the f'unction "lim" (a-1U )n(j-744) , and this latter

f'unction is necessarily the unique "unit root cusp form" in S(Ro,r,l,O) •

This unicity, together with the stability of the space of 1Ulit root cusp forms

under the Hecke operators T£, £ ~ 13 , gives a startling result of Atkin.

Theorem 3.13.7- (Atkin) The 13-adic modular function

"lim"(a-lu )m(j-744) = L c (i)qi is a simultaneous eigenfunction of all
i > 1 00

the Hecke operators Tl , £ ~ 13 •

®2Using the fact that ~ descends to the invertible sheaf t1 (1)

on the projective A.-line M2 over Z[1/2] , one m8\Y construct as above a base
i

of S (R ,r,2 ,0) , and prove as above that the unit root subspace of
o

S (R ,r,2,0) ®K has dimension at most
o \

dim HO(M2,~®P-1) = dim H°(:IP 1 , b(~)) = 1 +~ ,for p odd. In fact, Dwork

has proven that in this case the dimension is exactly 1 +~ (cf. his expose

in this volume).

(3.13.9) Dwork's result implies that for p == 1 mod 12, the dimension of the

unit root subspace of S(Ro,r,l,O) is precisely 1 + Tf ' and hence that

there are precisely E=! independent unit root cusp forms in S(R ,r,l,O) •12 0
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For p = 13 , this fact together with the "accident"
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C(13) 1= 0 mod 13 , implies

Atkin's result that a and "lim" (a-~)m(j-744) exist.
m
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Chapter 4.
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p-adic representations and congruences for modular forms

4.1 p-adic representations and locally free sheaves

Let q be a power of p ,

its ring of Witt vectors of length

k a perfect field containing JF W (k)q n

n, and S a flat affine W (k)-scheme
n n

whose special fibre is normal, reduced and irreducible. Suppose that S
n

admits an endomorphism ~ which induces the q-th power mapping on the special

fibre.

exists.]

is affine and smooth over W (k) , then such a cp alwaysn

Proposition 4.1.1 There is an equivalence of categories between the category

of finite free W (JF ) - modules M on which Trl(S) acts continuously, andn q n

the category of pairs (H,F) consisting of a locally free sheaf of finite

*rank H on S together with an isomorphism F: cP (H) ~ H •
n

Construction-proof. Given a representation M of 1rl (Sn) , let T be a
n

finite etale galois Sn-sch~ne such that the representation factors through

Aut(T Is ). Because T is etale over S ,there is a lmique cp-linearn n n n

endomorphism of Tn which induces the q-th power endomorphism of T X k,
n Wn(k)

which we denote by CPT. By unicity , Cf4r commutes with Aut (TjSn). Let HT

be the Tn-module M W~( F
q

) ()T
n

' and let FT be the CPT-linear endomorphism

of HT defined by FT(m®f) =m~T(f). For each g € Aut(Sn) ,we define

g(m®f) = gem) ® (g-l)*(f) , thus defining an action of Aut (Tn/sn) on (~,FT).

By descent, it follows that there is a unique (H,F) on Sn whose inverse

image on Tn is Aut (T /S ) - isomorphic to
n n

The construction

M~ (H,F) defines the f'unctor we will prove to be an equivalence. Notice

that we can recover M as the fixed points of FT acting as cp-linear endo

morphisms of the module of global sections of H.r, hence our f'unctor is :fully

faithful. To show that it is an equivalence, we must show that any (H,F)

arises in this way, or, in concrete terms, we must show that given (H,F) ,

there exists a finite etale covering Tn of Sn over which H admits a basis



143

of F-fixed points. We p~oceed by induction on the integer n.
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j =1, ... ,r .

Suppose first n = I. Then S is a k-scheme, and (H,F) is a locally

free finite rank S-module H together with a q-linear endomorphism F of H

which gives an isomorphism F : H(q) ~ H. For any S-scheme T , the inverse

image module ~ carries the inverse image q-linear map FT ' defined by

(FT(h ® t) = F(h) ® t q , which gives an isomorphism FT: ~q) ~ H.r •
Notice that the functors on S-schemes

(X(T) = global sections of H.r
YeT) = bases of i~ (6 T-isomorphisms «(j T)r ~ HT ' wnere

r = rank (H) )

Z(T) =bases of HT consisting of fixed points of FT

are all representable, the first by ~(Symm(H)) , the second by the open

subset of the r = rank(H)-fold product x(rfS) =X xsx .,. xs X over which

the tautogical map (t]x(r/s))r~ ~(r/S) is an isomorphism, the third

by the closed subscheme of Y over which the universal basis is fixed by Fy •

We must show that Z is finite and etale over S. This problem is local

on S , hence we m~ assume S affine and H free. Choose a basis hl ,··· ,hr

of H and let (a .. ) be the invertible matrix of F : F(h.) = L a ..h ..
J.J J. JJ. J

Consider the f\Ulctor on S-schemes

Y'(T) = sections of H.r fixed by FT •

It is representable by a scheme finite and etale of rank qr over S , because

a section L X.;h.; of H is F-fixed if and only if L X.h. = L (X. )qL a ..h. ,
oJ.. oJ.. J J i]. JJ. J

thus Y' is the closed subscheme of ~ defined by the equation

Xj =~ aji(Xi) q ,

Because the matrix (aij ) is invertible, if we denote by (bij ) its inverse,

the equations are the same as the equations
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i=l, ••• ,r,

which define a finite etale S-scheme of rank qr

The scheme Z is the open subscheme of y. (r/S) = y. xs ..• X Y' where

the universal r-tuple of F-fixed sections form a base of H, and hence . Z is

etale over S. It remains to check that Z is proper over S , and non-void.

By the valuative criterion, we must show that for ~ valuation ring V over

S , any F-fixed basis of !1c (K the fraction field of V) prolongs to an

F-fixed basis of Hv. Because the scheme yl of fixed points is finite over

S , each basis element prolongs to a unique F-fixed section of Hv. To see

that the corresponding may r ~ ltv is an isomorphism, we look at its

determinant, which reduces us to the case of a rank one module. Then the

matrix of F is F(hl ) = alll ' with a invertible in V, and an F-fixed basis

of HK is a vector k·~ ,with k e K satisfying k = akP • As a e V is

invertible in V , any such k is an invertible element of V, hence k-hl

"is" an F-fixed base of H.y.

It remains to see that Z is non-empty. As its formation commutes

with arbitrary change of base S' ~ S , it I S enough to check the case when

S is the spectrum of an algebraically closed field. But a finite-dimensional

vector space over an algebraically closed field with a q-linear automorphism
i

is alW8\Ys spanned by its fixed points (Lang's trick; cr. [23]) and the set of

fixed bases is a GL (:IF )-torseur. Thus Z is finite €tale of rank = #GL (:IF )r q r q

over S , and the action of GLR(F q) on Z (induced by its action on the

f'unctor of F-fixed bases) makes Z into a GL (::IF )S-torseur. The cohomologyr q

class of this torseur is an element of I2-t (S ,GL (:IF )) = Hom(7Tl (S) ,GL (F ))e r q r q

which is none other than the desired representation. This concludes the

construction-proof for n = 1 •

Suppose the result known for n - l. Then there is a finite etaJ.e

covering T 1 of S . 1 = S X(k) W l(k) o'-ver which H/pn-~ admits an- n- n Wn n-
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basis of F-fixed points. There is a unique finite etale covering T of S
n n

such that T X S 1 is T l' and replacing Sn by Tn we mB\V supposen Sn n- n-

that H/pn-J,.r admits a basis of F-fixed points. Let hI' ••. ,hr be a basis

of H which lifts an F-fixed basis of H/pn-J,.r (Sn is affine!). Writing

h =(t) ,we have F(!!) =(1 + pn-1Ll)h· In order for (1 + pn-~)"h to

be an F-fixed basis, we must have

or equivalently (Sn being flat over Wn(k))

mod (p) ,

which is a set of r 2 Artin-&ilireier equations (ei)q - eij =-Llij over

Sl = S X() k. On a finite etale covering T1 of Sl ' these equations
n Wn k .

admit solutions, and hence on the unique finite etale covering Tn of Sn

such that T X Sl = T1 ' the module H.r admits an F-fixed basis. Q,ED
n Sn n

Remarks 4.1.2.1 The operation "tensor product" in the category of repre-

(F®F)(h®h') = F(h) ®F'(h') •

sentations of ~l(S) in finite free W (F ) modules corresponds to then n q

tensor product (H,F)® (H' ,F') (H l5 ® H,F®F') , defined by
Sn

(4.1.2.2) The "internal Hom" in the category of representations corresponds

to the internal Hom defined by Hom( (H,F), (H1 ,F1)) = (Hom ~ (H,~) ,F2) where

F2 is t~e unique cp-linear endomorphism of Hom" (H,H1) such that for

h € H, f € Hom(H,Hl ) , we have F2 (f)(F(h)) =Fl(f(h)). In particular,

Hom( (H,F), (6 ,cp)) is the "contragredient" (H,F), defined by the requirement

that for h € H, h € H , we have <F(h) ,F(h» = cp(<h,h» .

(4.1.2.3) Because Sl is normal, reduced and irreducible, a representation

of ~1 (Sm) = ~l (Sl) is just a suitably unramified representation of the Galois

group of the f'unction field of Sl. Thu..~ for any non-void open set U C Sn '
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the :rtmctor "restriction" from the category of representations of 7fl (Sn) to

the category of representations of 1Tl (U) is f'u.lly faithful. Hence the functor

"restriction" from the category of (H,F)'s over Sn to the category of those

over U is fully faithful.

4.2. Application to modular schemes

4.2.0. Let n 2: 3 , p a prime not dividing n, q a power of p such

that q == 1 mod n , and choose an isomorphism between IIJ. and 7i/nZ over
n

W(JF q) , i. e. choose a primitive n'th root of unity s. Let SS (resp. st)
m m

be the open subset of M ®W (:IF )n m q (resp. of M ®W (IF »)n m q where E isp-1

invertible and where the e.m. pairing on the basis of nE has the value S ,

i. e. where the determinant of the level n structure is the chosen isomorphism

of' zjr:J!Z with ~ • The schemes SS (resp.n m

schemes with geometrically connected fibres.

~ ) are smooth affine W (:IF )m m q

In the notation of (2.9), we

have M (W (:IF ) ,1) = U SS , the union taken over the primitive n'th roots ofn m q m

unity, and, M (W (F ) ,1) = U ~ •n m q m

(because modulo p, the

ciP _ ('~)(O)
Sm - Sm '

as a a-linear endomorphism of each SS , which modulo p
m

we may and will view cp

Let 0 denote the Frobenius automorphism of W (IF ). We havem q

o(t) = 1"P and hence S~p = (SS) (0) stP = (st) (0). The endomorphism rn of
::J 'J' m m 'm m 't'

M (W (IF ) ,1) defined by "division by the canonical SUbgroup" does not respectn m q

the various st ,but rather it maps ~ to ~ p
m m m

canonical subgroup is the kernel of absolute Frobenius). As

becomes the p' th power mapping. In a s :i.mi.1ar fashion, the endomorphism cp of

the invertible sheaf' ~®k on M(W (F ) ,1) , de.fined byn m q

cp(f)(E,w,a) = f(E/H,~*(w),1T(a») [where H denotes the canonical subgroupn n

and 1T: E~ E/H the proj ectionJ, may be viewed as a cp-1inear endomorphism

of w®kJ st , for each primitive n'th root of unity s. [Notice that ~®k
- m

is generated by cp(~®k) as a sheaf; indeed for a local section f of ~®k

a glance at q-expansions shows that cp(f) == ~J.Ep_l)k ,hence cp(f) is an
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invertible section wherever f is.J

We wish to determine which representation of 71"1(~) in a free

Z/pInz = W (IF )-module of rank one corresponds via (4.11) to (~®k,cp) onm p

st. Of' course it suf'fices to do this for k =1 , by (4.1.2.1). There is an
m

obvious candidate, namely the representation ,of 71"1 (Si) on the Eftale quotient

of the kernel of' pm on the universal. curve E. [Noting by

7T: E~ E(~) = E/H the projection onto the quotient by the canonical sub

group, the composite 71": E~ E(qrn) induces an isomorphism of the etale
m 1fffi m

quotient E/ E = E/Ker(.,f'-) 1'''-'> Ker(;:;.)m in E(CP ) • ] If this candidate ism m m
p p p

to "work", we must have:

Lemma 4.2.1. The representation of 71"1 (Si) on Ker(;)m extends to a repre-

t t · .p (~S)· •t·" ·... d t "sen a 10n o~ 71"1 m ,1.e., ~ 1S unram1~1e a 00 •

Proof. Since the etal.e topology cannot distingui,sh ~ and ~1 ' it is
--- m

equivalent to show that the representation of 71"l(Sl) on Ker(VID) extends

to a representation of 71"l(Si) on Ker(vm). Let K denote the function

field of Si; we must see that the inertia group of Gal(Ksep/K) at each

cusp acts trivially on Ker(VD') in ~vn) (Ksep). To decide, we ma:y replace

K by its completion at each cusp, which is just k ( (q) ) , k = lF !, and the
q

inverse image of E over this completion is the Tate curve Tate(qn)/k«q» •

The curve E(pID) becomes Tate (qnplU) ,and (~)m is the map

Tate(qn
pm

)~ Tate(qn) given by "division by the subgroup generated by qn".

As this subgroup consists entirely of rational points, the inertial group

(and even the decomposition group) at each cusp acts trivially.

Theorem 4.2.2. The representation of 71"1(~) on Ker(1T)m (.::: to the etale

quotient of Ker pm on the universal curve) corresponds, via the equivalence

(4.1.1), to (~,cp) •

Proof. By the ":full-faithfulness" of restriction to open sets, it suffices

to prove this over SS •
m

Let's take a finite ~tale covering T of' S which
m
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trivializes the representation - in concrete terms, we adjoin the coordinates

of a point of Ker(1T)m of order precisely pm. Over T, each point of

Ker(;)m gives a morphism (Z/pIDz)T~ (Ker(n-)m)T ' whose Cartier dual is a

m. A m ~ ....
morphism (Ker p J.Il E)T = (Ker 1f )T~ (Jivn)T~ (Gm)T. The inverse

image of the invariant differential dt/t on (Gm)T f'urnishes an invariant

differential on the kernel of pm in E. Since T is killed by pm , the

first infinitesmal neighborhood of the identity section of E lies in the

kernel of pm in E, and hence there is a unique invariant differential on

E whose restriction to the kernel of pm
A

in E is the given one. Thus we
v m

have defined a morphism from (Ker(1f) )T to ~. Further, if we take a

point of Ker(;)m of order precisely pm, the map (Z/P'IIlz)T~ (Ker(;.)m)T

is an isomorphism, hence the Cartier dual is an isomorphism, and hence the
m A

inverse image of dt/t on Ker p in E is nowhere vanishing. Thus the

induced map

sheaves on

(Ker(;.)m)T ® (JT~~ is an isomorphism of invertible
zjpIllz

T. It is clear that this map commutes with the obvious action

of Aut(T/SS). [In concrete terms, and locally on S ,
m

coordinate ring free on 1,X, ... ,Xpm-l, a point P of

Ker(pm)

(Ker(;)m)T

A

in E has

gives

rise to a map ~ n defined by f(X) = L a.(P)Xi , the corresponding differ-
p ~

entia! is w = M/t , and for any g € Aut(T/S ) , we have a. (g(p)) = g(a. (p)) ,
p m ~ ~

and hence Wg(p) = g(Wp) .] By descent, we have constructed an isomorphism

between ~ and the invertible sheaf on SS associated to the etale quotient
m

of mE.
p

It remains to see that this isomorphism is compatible with the cp-linear

endomorphisms. Tensoring one with the inverse of the other, we obtain a

cp-linear endomorphism on (J S ; we must show that it carries "I" to "I" .
m

To check. this, it suffices to do so in a "punctured disc at 00", over

W (IF ) «q)) when we look at the Tate curve Tate (qn) • The morphism
m q m

;: Tate(qn. p )~ Tate(qn) has kernel the subgroup generated by qn. The

point qn is a rational point of Ker(;)m, and the corresponding differential
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is precisely the Tate differential wcan = dt/t. As qn is a rational point,
n v m I:V

the section [q] ®l of Ker(1T) "ffpnZl../ is fixed by the canonical. F, and

the corresponding section wcan of ~ is fixed by ~ (because has

q-expansion identically "1"). Hence our isomorphism respects the ~-linea.r

endomorphisms in a punctured disc around 00 , and hence respects it everywhere.

Remark 4.2.2.1. One may prove this theorem in a non-constructive wa::y by

showing that both of the associated p-adic characters X.: 7rl(S~) ~ (Z/p~)x
1 m

have the same value on all Frobenius elements, namely the reciprocal of the

"unit root" of the ordinary elliptic curve which is the fibre over the corre

sponding closed point of S~ •
m

Theorem 4.3. (Igus a [21]) The homomorphism

1T
l
(~) ~ Aut (Ker(;;');) .::. (zjp'lDz)x is surjective, and for every non-void

open set U C ~ , the composite 71"1 (u) ~ 71"1(~) ~ (Z/p'lDz)x remains

surjective.

Proof. It suffices to show that, denoting by K the function field of

S~ x JF, the homomorphism Gal(Ksep/K) ~ Aut(Ker vm in E(pm) (Ksep))
m Wm(JF q) q

is surjective. In fact, we will prove that the inertial group of Gal (Ksep/K)

at any supersingular elliptic curve already maps surjectively. Let cP be any

closed point of' S1 where Ep_l vanishes; replacing :JF q by its algebraic

closure k, we ma::y assume 'f is a rational point. The completion of S1 ®k

at 10 is isomorphic to Spec (k[ [A] ]) , and the inverse image of the universal

curve over k[[A]] admits a nowhere vanishing differential w such that

E l(E,w) = A. (This is just Igusa's theorem that the Hasse invariant hasp-

only simple zeros.} So we must prove

Theorem 4.3 bis(Igusa). Let E,w be an elliptic curve over k[[A]] with

Hasse invariant A, k being an algebraically closed field of characteristic p.

Then the extension of k«A)) obtained by adjoining the points of

Ker VID: E(pm) ~ E is f'ully ramified of degree pm-l(p_l) , with Galois group
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canonica.lly isomorphic to Aut(Z/p~) .

Proof. The first statement implies the second, since Ker vn is cyclic of

order pm over k«A»sep. In terms of a normalized parameter X for the

formaJ. group (i. e. [~] (X) = ~X for a:ny p-l'st root of unity ~ E Y!) , thep

endomorphism [p] has the shape

4.3.1
2

[p] (X) =V(XP) =AXP + a;xP + •••

with 0: invertible in k[[A]] (because modulo A , we have a supersingular

curve by hypothesis, hence its formaJ. group is of height two). Thus

V(X) = AX + o:XP + ••• , and the composite vm: E(ptn) ~ E is the composite

The expression of v(pV) is v(pV)(X) =APVX +o:pVxp + •••• A point of Ker'vm

with values in k( (A) )sep of order precisely pm mq be viewed as a sequence

YO'. • • 'Ym- l of elements of the maximaJ. ideal. of k( (A» sep which satisf'y the

successive equations

o = V(Yo) = AyO + a(yO)P + •••

Y = yep) (y ) = APy + aP(y )p +o 1 1 1

( m-l) m-l m-l
Ym-2 =V P (Ym-I) =AP Ym-l +CXP (ym-l)p + ••• •

But a glance at the Newton polygons of these equations shows successively that

the ordinals of YO' ... 'Ym- I are given by (noting by ord the ordinal. normalized

so that ord(A) =1):

= l/p-l

= l/p(p-l)

ord(y 1) = l/pm-l(p_l) ·m-

QED
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Corollary 4.4.1. Let k be an integer, and suppose m ~ 1. The following

conditions are equival.ent :

1) k == 0 mod(p-l) . pm-l if p 1= 2 , and k == 0 mod 2a (m) if p = 2 ,

where a(l) = 0, a(2) = 1 , and a(m) = m-2 if m ~ 3 •

2) The k'th (tensor) power of the representation of 71"1(~) on the

etale quotient of IflE is triviaJ..

3) The sheaf w®k on st admits a nowhere vanishing section fixed
- m

by cp.

4) Over a non-void open set

section fixed by cp.

uc stm ®k
~ admits a nowhere vanishing

~ ®k5) Over S ,~ admits a section whose q-expansion at one of them

cusps of st is identicaJ.ly 1.m

6) Over a non-void open set U C st which contains a cusp,m

admits a section whose q-expansion at that cusp is identicaJJ.y 1.

Further, if 1) holds, then azry section verif'ying either 4) or 6) extends

uniquely to a section over a.1.1 of st verifying 3) and 5), and is in fact them

k/p-l'st power of E 1.p-

Proof. 1) < => 2), because the image of 71"1(~) is aJ.l of

Aut (Z/pInz) ::. (zjrJDz) * , a group of exponent pm-l(p_l) for 1> 1= 2 and of

exponent 2a (m) for p =2. By (4.3), 2) <-> 3) equivaJ.ence 3) <==> 4)

is by full-faith:f'u.lness of "restriction to 0", cf'. (4.1.2.3). By the explicit

formula for cp and the q-expansion principle, we have 3) <==> 5) and 4) <~-> 6).

When 1) holds, the unicity of the section satisfying 4) or 6) or 3) or 5) follows

from the full-faithfulness of restriction to U; that this section is

(E l)k/P-l follows fram the q-expansion principle.
p-
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Corollary 4.4.2. (Serre) Suppose fJ..' i = 1,2 are elements of S(W(lF ) ,1,n,k.) ,q J.

i =1,2 , and that ~ 2: k 2 • Suppose that the q-expansions of f 1 and f 2 at

at least one cusp of M (W(F ) ,1) are congruent modulo pm, and thatm q

:J:. m-l() 1=f
1

(q) r 0 mod p at that cusp. Then kl == k 2 modulo p p-l if p 2,

and k == k modulo 2a (m) if p=2 ,where a(l) = 0, a(2) = 1 , and1 2

a(m) = m-2 for m ~ 3. If these congruences hold at at least one cusp on each

k -k /p-l
in-educib1e component, then f 2 ;: fl· (Ep_1) 2 1 modulo p!lls (W (:IF q) ,1,n,k2) •

Proof. Once we prove the congruence on the ki ' the final assertion results

from the q-expansion principle. To prove the congruence on the weights, we

reduce the situation modulo pm. Then f
1

and f
2

are sections of ~®kl

and .\!!®k2 respectively over ~. By hypothesis, f 1 and hence f 2 are

invertible on a non-void open set U of ~ , and the ratio f 2/f1 is thus
k2-klan invertible section of ~ over U, and by hypothesis f 2/f1 has

q-expansion identically one at at least one cusp on each ~. By (4.4.1), wem

have the desired congruence on kl -k2 • QED

Corollary 4. 4. 3. (serre ) Let f be a true modular form of level n and

weight k on r (p) , holomorphic at the unramified cusps, and defined over the
o

fraction field K of W(lF q). Suppose that at each unramified cusp, the

q-expansion has all its non-constant q-coefficients in W(lF ). Then the
q Ii

constant terms of the q-expansi.ons lie in p-m. W(IF ) , where, for p 1= 2 ,q

m is the largest integer such that <p(pm) = #(Z/p'IDz)X divides k, and for

p=2, m=l if k is odd, and m = ord2 (k) +2 if k is even.

NProof. For N» 0, p f is a true modular form of level n and weight k on

r (p) , defined over W(F ). By (3.2), there is a unique element g ofo q

S (W(F ) ,l,n,k) whose q-expansions are those of pNf at the correspondingq

unramified cusps. If -mo denotes the minimum of the ordinals of the constant

terms of these q-expansions, then g is divisible by pN-ma in S (W( IF ),1 ,n,k) ,
q

by (2.7). Thus we ma;y write g = l-lIIoh , with h E S(W(F q) ,1,n,k) having the
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mo
same q-expansions as does p f at the corresponding unramified cusps. Then

m
h has integral q-expansions, and at least one of them is congruent modulo p 0

to a constant which is a unit on W(lF ) . Multiplying f by the reciprocal
-- q

Nof this unit, we get a q-expansion which is congruent mod p to trl". As

the constant fUnction "I" is modular of weight zero, we must have

k == 0 mod pIIlo-I (p-l) if p 1= 2, k == 0 mod 2CX (Inc) for p = 2 • Q,ED

Remark 4.4.4. If we apply these estimates to the constant terms of the class-

ical level one Eisenstein series ~,we get precisely the correct bounds for

the denominators of the Bernoulli nmnbers (cf. [42], [43] for more on Bernoulli

nmnbers).

4.5. Applications to Serre's trmodular forms of weight X"

4.5.0. Let X € End(Z;) . For each power pm of p, X induces an endo

morphism of (zjp"Inz)x. For any primitive n'th root of unity t , and for any

representation p of 1Tl(S~) in a free Z/p'IDz module of rank one, we may

define the representation pX d.fn Xop. Taking for p the representation

given by the etaJ.e quotient of' rF' ' we denote by (f:E\CP) the invertible sheaf'

with cp-linear endomorphism which corresponds to pX. For variable m , the sheaves

wX on st are compatible, and we define a compatible family of global sections
- m

to be a p-adic modular fonD. of weight X and level n, holomorphic at 00 ,

defined over W( IF q). If X = k € Z C End(Z;) ,we just recover the elements

of S(W(F ) ,l,n,k) • For :p 1= 2, Z is dense in End(r) , and indeedq p

End(r) ~ lim Z/cp(pm)Z ; for p = 2, Z- has index four in the (non-commu-
p ~ ~

tative) ring End(~). If p 1= 2 , then for aIrY X (resp. if p = 2, for any

X €~) , the pair (!:!.X ,cp) on ~ is isomorphic to (~®km,cp) for any

k € Z such that k == X modulo cp(pm) (resp. if p =2, modulo 2° if m=1 ,m m

~ if m= 2 ,and ~-2 if m 2: 3). The isomorphism between (~®km,cp)

®~and (~ ,cp) for different choices km, k~ € Z approximating X is given
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(k'-k )/(p-l)
by multiplication by (E

p
_

l
) m m • As this isomorphism leaves invariant

the q-expansion modulo pm, (resp. modulo zn-l for p= 2), it follows that a

p-adic modular form of weight X and level n , holomorphic at 00 , defined over

(W (:IF ) , has a well defined q-expansion in W[ [q] ] at each cusp, and that for
q

given X, f is uniquely determined by its q-expansions.

Theorem 4.5.1. Let X E End(Z;) , and suppose X E ~ if P = 2. Let f be

a modular form of weight X and level n, holomorphic at 00 , defined over

W(JF q). Then there exists a sequence of integers 0::: k1 ~ k2 ~ k
3
~ .•• ,

satisf'ying

if p 1= 2

if P =2 and m 2: 3

and a sequence of true modular forms f i of weight ki and level n, holo

morphic at 00 , defined over W(lF ) , such thatq

lf == f mod pm in q-expansion, if p 1= 2f: == fmod zn-l in q-expansion if p =2, m 2: 3

Conversely. Let

given a sequence

(kmlm > 1 be an arbitrary sequence of integers, and suppose

f E S(W(lF ) ,l,n,k) of p-adic modular forms of integral.m q m

weights ki such that

~
fm+l == fm mod pm in q-expansion at each cusp

f -; 0 mod pm in q-expansion.m

Then the sequence of weights km converges to an element

there is a unique modular form f = "lim" f m of weight X and level n,

ho1omorphic at 00 , defined over W(IF ) , such that
q

f == f mod pm in q-expansion.m
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Corollary 4.5.2. (Serre) If a collection of elements of W[[q]] is the set

ot" q-expansions of a p-adic modular form f of' weight X € End(i') (resp.
p

X € ~ if p =2) and level n, holanorphic at 00 and defined over W(lF q) ,

then both f and X are unique~ determined.

Proof of the theorem. The first part follows directly from the definitions.

For the second part, we will reduce to the case in which the fm are all true

modular forms, whose weights satisf'y 0::: k i ::: k2 ~ •••• Indeed, if we
( n-l)

replace f by f" = f (E ) p lim with N »0 then we may suppose allm m m p-l m'
km ~ 0 , and by (2.7.2), for N »0, f" has q-expansion mod pm of' am m

true modular form. Rechoosing the Nm to be su.fficient~ increasing with m,

we have the desired reduction. Now consider the limit q-expansions. We may

a...~d will work on each irreducible component of M ®W(JF) separate~. If' onn q

a given component, the limit'q-expansion is identically zero at any cusp, it

· t h h f' · =0 (pm)~s so a every ~p, ence eac m ~s on that component, and there

is nothing to prove. In the contrary case, the limit q-expansion is divisible

Ina IDo+l
by P but not by p at each cusp (mo is independent of the choice of

mocusp on each irreducible component: cf.(2.7.l». Then for m>mo ' f'm=P ~

where ~ is a true modular form with q-expansions F 0 (p). So replacing

the sequence f' by the sequence (f') = (~ -tID} , we may suppose that each
m m 0

f' has aJ.l q-ex:pansions t= 0 mod p. Then by (4.4.1), the congruence
m

f' 1 = f mod pm in q-expansion implies that k +1 = k modulo cp(pm) for p of 2 ,m+ m m m

and modulo zn-2 if' p = 2 and m > 3 and that f == f . (E ) (km+l-km) / (p-l)
- '- m+l m p-l

modulo pm. Hence X = lim k exists in End(r) ,and. (f' mod pm} > 1m p m m

define a compatible f'amil¥ of' sections of' the sheaves !!lX on the schem:s ~

QED

Corolla.ry4.5.3. (Serre) Let X€End(Z;) ,andsuppose X€~ if p=2.

Let 0 =5 kl =5 k2 ~ ••• be a sequence of integers such that km =X modulo cp(pm)

if p of 2 , and modulo zn-2 if p = 2 and m ~ 3. Let (fro} be a sequence

of true modular forms of weight km and level n on r 0 (p) , holanorphic at
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the unramifi.ed cusps, and defined over the :fraction field K of W( :IF ). Sup
q

pose that the non-constant tenns of aJ.1 the q-expansions of the fm are in

W(F q) , and that at each cusp,

fm+l (q) - fm+l CO) == fm(q) - f m(0) mod pm •

mo
Then if X F 0 ,let mo be the largest integer such that X == 0 mod cp(p )

if P F 2 ,for p = 2 , mo = 1 if X is invertible in ~ , and mo = 2+or~ (X)

m
if' X is not invertible in ~. Then for m 2 mo ' p ofm has integral

(E: W(JF )) q-expansions, and at each cusp we have the congruence on constantq
m m m~

terms: p Of +1(0) == p Of (0) mod p a for all m > m if p 1= 2 , and
m m °

m m -' m-l-m
2 Of (0) == 2 Of (0) mod 2 0 if > 3 and m > m •m m' m_ - °

m
Proof. The integraJ.ity of the q-expansions of the p °fm follows:from (4.4.3).

m
Let ~ = p °fm ' which has integral q-expansions. Then ~ and

~~ (k +1-k )/ (p-l)
h u.Ln • (E ) m m have q-expansions which are cOI'..gruent modulo pm
-""In ~ p-l

if p 1= 2 , -(resp. modulo zn-l if p=2) and ~(O) = hm(O). Thus ~+1 -hm

has q-expansions congruent to the constants ~+l(0) - hm(O) modulo pm if

p 1= 2 , (resp. modulo zn-1 if p = 2) . Applying (4.4.3) to the function

(~+1 - hm)/pm for p F 2 , (resp. to ' ~+1 - hm/zn-1
for p= 2) we find

that its constant term has denominator at most pmo. Thus

~+l (0) == hm(O) modulo pm-mo if p 1= 2 ,and zn-1-ma if p =2 • QED

Example 4.5.4. (Serre) Take fm = Gkm ' the classical Eisenstein series of

level 1, whose q-expansions are given by -(bk )/2km + I: Ok -1 (n)qn •
m n>l m

Choose the km to be strictly increasing with m , so that they tend archi-

medeanly to 00. One checks immediately that the hypotheses of (4.5.3) are

m m
verified. The limit "lim" p °fm d:fn p °G~ is thus a modular form of

weight X = lim km ' whose q-expansion is given by
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,.
where :t:. (X). is the (prime to p part of the) Kubota-Leopoldt zeta function,

in the notation of Serre [42 ]. We hasten to point out that even it the
.,..

character X is an even positive integer 2k ~ 4 , the above defined G2k is

a p-adic modular form of weight 2k, but it is not the usuaJ. Eisenstein series..
G2k • Indeed, the q-expansion of G2k is given by

* () l( 2k-l) ( ) \ n '\ 2k-lG2k q = 2' l-p S l-2k + L q L . d
n ~ 1 dln,p(d

while the q-expansion of G2k is given by

G (q) = 1. ~ (1-2k) + I qn I d2k- 1 •
2k 2 n ~ 1 din

*Both G2k and G
2k

are p-adic modular forms of weight 2k, which, as Serre

explained to me, are related as follows:

Taking k =1 , we obtain a p-adic modular torm G; of weight 2, and we may

define G2 as a p-adic modular form by setting

An immediate calculation gives the q-expansion of G2 (cf. Al.3 for the series p)

G2 (q) =~ + L qn I d = ~ p(q)
n 2: 1 dIn

and shows that, for any prime p, the series p(q) is the q-expansion of a

p-adic modular form of weight two and level one. We refer the reader to A2.4

for an n intrinsic" proof of this fact for p 1= 2,3 , based on the classicaJ.

interpretation of P as a ratio of periods (cf.A1.3).
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Appendix 1: Motivations

In this "motivational" appendix we will first recall the relation be-

tween complex elliptic curves and lattices in C, then the relation between

modular f·onns and the de Rahm cohomology of elliptic curves, and finally the

relation between the Gauss-Manin connection and Serre's 0 operator on modular

forms. These relations are due to Weierstrat!!s and Deligne.

AI.I Lattices and elliptic curves

Given a lattice Lee, we m~ form the quotient elL, a one-dimen-

siona! complex torus, and endow it with the translation-invariant one-form

w = dz (z the .coordinate on e). Thanks to Weierstrass , we know that clL

"is II an elliptic curve , given as a cubic lP 2 by the inhomogeneous equation

Al.I.I

such that w is the differentiaJ. dx/y. The isomorphism from elL to this

curve is explicitly given by the ~ -function:

Al.I.2 z e elL~ (x = 1'(z;L), y = ~'(z;L»

where

Al.I.2.l ~ (z;L) =!..+ \ (_1 _1:..)
2 ~ 22'z leL-(O) (z-l) I

Al.l.2.2 1" (z;L) = d ::(Z;L) = -2 + I -2
z3 J, e L- {oj (z_t)3

Al.l.2.3 ~ = 60 L 1/J,4,
t EL- (oj

Al.I.2.4

Conversely, given an elliptic curve E over c: together with a non

zero everywhere h010m0rphic differential. w, it arises 1n the above w8:3 from

the lattice of periods of w,

L(E,w) = Itw I:>, E ~(E; ZJC C •
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Under this correspondence, the e:ff'ect of replacing (E,w) by (E,Aw) ,

*A € C ,is to replace L by A·L :

Al.l.2.5 L(E,AW) = A·L(E,w) •

Reca.ll that classically, a complex modular form of weight k (and level 1) is

a holomorphic function on the upper-half plane f(T) which satisfies the

transformation equation

Al.l.3

As explained in (4~], there is associated to f a unique function of lattices

F(L) such that t(T) = F(zT + Z) and which is homogeneous of degree -k in

L: F(AL) = A-k:F(L) for A E C*. (Explicitly, F(L) = w;kt(~/w2) if

L = Zw:J. + &J2 and Tm. (U1./w2) > 0 .)

By Weierstrass , we mB\V now associate to f a "holomorphic" function

IF of pairs (E,w) consisting of an elliptic curve/C together with a nowhere-

vanishing differential which is homogeneous of degree -k in the second variable:

JF (E,Aw) = A-kF (E,w) , defined by IF (E,w) = F(L(E,w». This is the point ot

view taken in the text.

Al.2 Homomorpby at 00 and the Tate curve

Recall f'urther that a complex modu1.ar form f( 'f) is said to be mero

morphic (resp. holamorphic) at eo , if the periodic function t(T) = f(T +1) ,

when viewed as a function ot q = exp(21TiT) , holanorphic tor 0 < 'ql < 1 ,

in fact extends to a meromorphic (resp. ho1.anorphic) function of q in 'ql < 1 .

In terms of IF, we are asking about the behavior ot

(where t = exp (27r:i.z) is the parameter on C* ,and qZ denotes the subgroup

*of C generated by ,q ), as q tends to zero. By standard caICu1.ations (cf.

[ 38J ), the curve C/L, L = 27r1Z + 2ni:rZ with di:fferentiaJ. 27ridz is given
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as the plane cubic

_2 3 E4 E6
Y- = 4x - 12X + 21b ' with differentiaJ. dX/Y

A1.2.1

(x = '1'(2TTiz,L), Y = ~ t (27Tiz,L)

with coefficients the Eisenstein series

A1.2.2
{

4 n
12·(2rri) g2(T) = E4 =1 + 240 L 03(n)Q

2160 (2rri)6 g3(T) E6 =1 - 504 E a5(n)~

Y=x+2y

Thus to ask that the modular form f be meromorphic (resp. ho1anorphic)

at 00 is to ask that IF(Y2 =4x3 - ~~ X +~ ,dX/Y) lie in the ring C«q))

of finite-tailed Laurent series (resp., that it lie in C[[q]] , the ring of

formaJ.. power series in q) .

The equation Al.2.1 in fact defines an elliptic curve over the ring

Z(1/6]«q)) ; in fact, if we introduce

1X=x+ 12 ,

then we mB\Y rewrite the equation in the form

Al.2.3 y2 + xy = x3 + B(q)x + C(q)

with coefficients

(E4-1) \
B(q) = -5 ~ = ~5 L:- 03(n)qn

n>l

Al.2.4

C(q)

This last equation defines an elliptic curve over Z«q) whose restriction to
1Z(b'] «q») is the above curve, and the nowhere vanishing differential. dx./2y+x

restricts to give dX/Y over Z[g]«q)) •
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By definition, the Tate curve Tate(q) with its canonical differentiaJ.

Wcan is the elliptic curve over Z( (q) defined by (Al..2.3), with differentiaJ.

W = dx/2y+x. For each integer n_> 1 , the Tate curve Tate (qn) with itscan

canonicaJ. differentiaJ. wcan

of scalars Z«q)) ~ Z«q»

(Tate(qn), wcan) is given by

is deduced from (Tate(q), W )can
given by L a.qi~ .E a.qni

J. 1.

by the extension

Explicitly,

Al.2.5 W = dx/2y+x •can

Let ~n be a primitive n'th root of unity. The points of order n

on C*/qnZ are clearly the (images of the) n2 points

Al.2.6 o :5 i, j S n-1 •

Using the explicit expressions for x and y as functions of t = exp(2rriz)

_I qnkt
~ nk

. x(t) 2~ -q-- nk 2 =1 1_qnkk € zt; (l-q t)

Al.2·7 00I (qnkt )2 +1 nk
yet) = ....L-

k € Z (1_qnkt )3 nk'k=l 1-q

one sees that each of the n2_1 points (~n)iqj, °S i, j S n-1, (i,j) f (0,0)

has x and y coordinates in Z[[q]]®Z Z[Sn,l/n]. Hence all level n struc-

tures on Tate (qn) over Z( (q» are defined over Z( (q» ®Z[~ ,lin] (rather
n

than just over Z[~ ,1/n] «q». This implies that the q-expansions of an

modular form of level n have bounded denominators (cf.1.2.l).

Al.2 Modular forms and de Rham cohomology

We can now give a purely algebraic definition of modular forms of

weight k , (meromorphic at 00) as being certain "functions' feE ,w) defined

whenever
E ; w

wj
R
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1is aQY elliptic curve over any ring R, and w E r(E, OE/R) is a nowhere

vanishing differential on E, whose vaJ..ues f(E,w) are elements of the ground-

ring R. The conditions to be satisfied are

1) f(E,w) depends only on the isomoryhism class of (E,w) over R;

2) if cp: R~ R' is a ring homomorphism, then, denoting by (E ,w )
cp cp

the curve with di:fferentiaJ.. over R I deduced by extension of scaJ..ars,

we have f(E ,w ) = cp(f(E,w» •cp cp

{Such modular forms are automatically meromorphic at infinity, simply because

the Tate curve Tate(q) is an elliptic curve over Z( (q» .')

Given a modular form f of weight k, we may form the k-ple differ

ential f(E,w). w®k on E, which is independent of the choice of' w, and

view it as a global secti.on over R of the (invertible) sheaf

dfu (1
~/R = 7r* f1i/R) •

®k
(~/R) ,where

This permits us to interpret a (meromorphic at (0) modular form of weight k as

a f'unction feE) , defined on any elliptic curve E over any ring R, with

values in the global sections of (f4;/Rrk ,which satisfies

1) if' a: E~ E I is an isomorphism of elliptic curves over R then

*a (f(E I» = f(E)

2) if cp: R~ R' *is a ring homomorphism, then f(E) = cp (f(E» .cp

Why bother to look at the de Rham cohomology? Over!!!l. base ring R,

the (1st) de Rham cohomology of an elliptic curve E/R, noted I£R(E/R) and

defined as ]l:[l(E, ~/R) , sits in a short exact sequence, its "Hodge filtration")

of R-modules
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Al.2.l
11

Furthermore, when the integer 6 is invertible in R, this sequence has a

canonical (but not functorial) splitting,

which may be obtained as follows. Given (E,w) over R, R 3 1/6 , then there

are unique meramorphic functions with poles only along the identity section,

of orders 2 and 3 respectively, X and Y on E such that W:I: dX/Y and such

that E is defined by (inhomogeneous) equation

(when R = C , we have X = 8> (z;L), Y = ~'(z;L) , L the lattice of periods

of w). To specifY the dependence on w, let's write X(E,w), Y(E,w),

g2(E,w), g3(E,w). By uniqueness, we necessarily have

Al.2.2

X(E,AW) = A-2· Y(E,w)

Y(E,~w) =A-3·Y(E,w)

g2(E,AW) =A-4g2(E,w)

g3(E,AW) = A-6g3(E,w)

But over ~ base-ring R, the first de Rham cohomology of an elliptic

curve E/R is nothing other than the module of differentials on E/R having

at worst double poles at 00 (i.e. along the identity section). More precisely,

the inclusion of: the de Rham complex tJE~ ni/R in the complex
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induces an isomorphism on

for i > 0 , we have

164

lHhE, b'E(oo) ~ ni/R(200» = Coker(HO(E, O"E(oo» ~ HO(E,ni/R(2oo»

( 0 0 1 (Al.2.3 = Coker R~ H (E'f!EjR 2 00 )))

o 1=H (E'0E/R(200)) •

If we suppose 6 to be invertible in R, then as soon as we choose a

nowhere vanishing differential W on E , we ma¥ canonicaJ.ly specif'y a basis

of' ~(E,ni/R(200» , namely

Al.2.4 dX~E.W~W -- Y E,w and - X(E ). - X(E.W~.dXfE.W)1) - ,w w - Y E,w ·

Replacing w by AW, A € RX
, has the effect of replacing this basis by

Al.2·5 and -1 _ X(E,AW)dX(E,AW)
A 1) - Y{E,AW) ,

whic~ is to' s8¥ that we have defined an isomorphism

Al.2.6 1 ( /) r-- -1
HDR E R ~~/R Ea ~/R

given locally on R in terms of the choice of a nowhere vanishing W by

-1au> + b1)~ aw Ea bw •

For every integer k > 1 , the k'th symmetric power of this isomorphism

provides an isomorphism

Al.2·7
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Al.3 The Gauss-Manin cormection, and the function P
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We begin by computing the Gauss-Manin cormection on H~R{E/R) in the

case where R is the ring of holamorphic functions of 1', and E is the

relative elliptic curve defined by the lattice Z + Z1'. The dual ~ (E/R) of

HtR(E/R) is R-free on the two families of paths 11 and '12 :

o 1

The Gauss-Manin cormection in this context is the action '\71' = '\7 (:1') of :1'
on H~R(E/R) given by the formula (cf.[26], 4.1.2)

for ~ e H~R(E/R) , and i = 1,2

(i.e., it is the dual of the cormect10n on ~(E/R) for which '11 and 12

axe the horizontaJ. sections).

To actuaJ.1y compute, let's note by w (resp. 11) the cohomology classes

of ~ and X;X respectively, and denote by wi' i =1,2 and Tli' i =1,2

the periods J w and J 11 , which we view simply as elements of R. We
'1i 1i

will also denote by 11 and '12 the elements of H~R(E/R) defined by Poincaxe

duality and the requirement that for any ~ e ~R (E/R) , J'Y i ~ = <~, 'Yi> •

Thus <'12 ''11> = 1 = -<11 ,'12> , and <'11 ''11> = <'12,12> =o. We have

Wi = <w,'1i> and 111 = <"1,'1i> for i =1,2. Hence we necessaxily have

(Al.3.3)

(because both sides have the same periods over both '11 and '12) •
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Al.3.4
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But the classical "period relation" of Legendre

[which expresses that the topological cup-product <w,.rl> is 27ri., or equiva

lently that the DR-cup-product <W,11>DR =1]. This allows us to express w and

11 in terms of 1'1 and '12 :

d
Applying ~, we annihilate "11 and I'2 ' hence, noting d T by a prime

an equation we may solve using Legendre's relation:

Al.3.7

At this point we must recaJ..1 that U'J. =T, w
2

= 1 and Legendre's relation be

comes: 111 - T112 = 27Ti. Fed back into (Al. 3.1), this information gives

Lemma Al.3.9.

(m= 0, n = 0)

1 -~112 = -I: 1: I 2 = -3 P, where 1: I mf:!ans that the term
m n (m-r+n)

2lriTis amitted, and P is the function of q = e given by

p(q) = 1 - .24 1: 01{n)qn ,where 01(n)
n>1

1: d
d ~ 1,dfn
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Proof. The first follows from the definition of Tl 2 as a period of

Tl &I XdX/Y = P(z)dz , and the fact that Tl = -~ ,where S is the Weierstrauss

~-function

1 'i 1 1 z]Z =-+ --- +-- +~() z LI z-mT-n mT+n ( )2·m n m1'+ n

Indeed Tl 2 = J 11 = J~ (- ~ (~) = Jz+l(- ~ (z» = ~ (z) - ~ (z+l) , and hence
72 z

TJ =!_.l:...+L>'I_l_ _ 1 _ 1 }
2 z z+l m"n lz-m-r-n z-m-r-n+l (m1'+n) 2

(Al.3.11)

=IT' 1 2 •
m n (m1'+n)

~ r-1 1 1 1+ - +----n 0 n2 z-n z+1-n

The second equality is ubiquitous (cf. [4~], pp.154-155).

Remark Al.3.12. A similar calculation, based on the fact that the ~ is an

absolutely convergent double sum, hence also given by function

~ (z) =! +II' [_1_ + _1 + z 1
Z n m z-m1'-n m1'+n (m1'+n)2j

shows that 111 = ~ (z) - ~ (Z+1") = -I: I:' T 2 • Comparing these two formulas,
n m (m1'+n)

we see that 112 (-1/1') = 1'111 (1') , and hence Legendre's formula 111 (T) -1'112 (1') =27ri

is equivalent to the transfonnation formula

(Al.3.12.2)

i.e.

or equivaJ.ently p(-l/T) = lP(T) _ 6;T .
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Remark (Al. 3.13).
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Viewing Legendre's relation as S8\Ying that <W,Tl>DR = 1 ,

one can prove it easily using Serre's cup-product fonnuJ.a, valid on arry complete

nonsingula.r curve over C: for any dfk w and any dsk 11 , the cup-product

<1')'w>DR is given by the sum ~ resif(t'P ·w) ,where at each point 1', tf'
is an element of the f-adic canp1etion of the function field such that 11·= d:fr .
If one bears in mind that, analyticaJ.ly, we have 11 = -~ , then the usual. proof

of Legendre's relation on an elliptic curve (cf. [46], 2o.4.ll) just becomes

an analytic proof of Serre's cup-product formula in that particular case.

Returning to the re1ative elliptic curve C/Z + Z l' over R, we have

Consider now the differentials w = 27ri.w, 11 =~ 11 , and letcan can c.II,J.

e =...L ~ = q ~ • Then wcan is the canonical differential dt/t on the27T1 d1' dq

Tate curve Tate(q) over C«q» , 11can is the d.s.k. "dual" to wcan in

the sense of the splitting (Al. 2. 6), and the Gauss-Manin cormection on

E~R(Tate(q)/c«q») is given in terms of W =~ wcan and 11 = 27ri 11can by

V'(e) (w) = ~(V1W)\ = _1
2

( 1T~P
1') Vj.1')) ) 41T w4

· '9 (p2-128P)

and hence is given in terms of wcan ' Tlcan by
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Let T be an arbitrary scherJ!.e, S a smooth T-scheme, and E/S an

elliptic curve. For any derivation D E Der(S/T) and any noWhere vanishing

invariant one-form w on E/S , we mB\Y apply ~(D) to w, view ~(D) as an

element of I£R(E/S) ,. and compute the cup-product <w,V7{D)w> E (J S. We view

this construction as defining a pairing between Der{S/T) and ~®2, ~

denoting the line bundle f*ni/s on S , or equivalently as a morphism from

JE.®2 to ~/T. The dual mapping Der(S/T) ~ (R1f*( £l:)f2 is precisely

the tangent mapping of the c1assif'ying map:from S to the modular stack (or

to the modular scheme ~ , if we rigidify the situation with a level n

structure). .When this map is an isomorphism, the c1assif'ying map is etale,

and we sa'S that E/S is "almost modular".

Corollary Al.3.18. Consider the Tate curve Tate{q) over Z{ (q». The

image of w~~ is the differential dqJq on Z( (q» •

Proof. The assertion is that <w ,V7(e) w > = 1. It su.:f:fices to checkcan can

this over C( (q» , where we have \7(e) (w ) = 1-2P w + 11 • Ascan can can

Al.4 The Gauss-Manin connection and Serre's 0 operator ([41]): d'ap~s Deligne

A series f(q) E C[[q]] is (the q-expansion of) a modular form of

weight k if and only if f(q)· (w {i!;k extends to a "global" section of w®k ,can -

i. e. one which is "defined" for aJ.l families of elliptic curves /CC, or equiva-

lently if there exist integers a,b with a-b =k such that

f(q)· (w
can

) ®a. (Tl
can

) ®b extends to a "global" section of symma+b(I£R) in

the same sense.

We now view the Gauss-Manin connection on I£R(E/S) ,where S is a

smooth T-scheme, as an arrow 'V: I£R(E/S) ~ ~R(E/S)®~/T. Its k'th sym

metric power is a connection on s~(J?-) , so an arrow
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.A1..4.1

Symmk(lh~ symmk(12-) ®~/T 0 If E/S is "almost" modular, we have iso-

h o 1 ®2 ° the 1 tmorp 1sm asIT ~ ~ ,so we m8\Y new J.S as arrow as an arrow

Symmk(12-)~ Symmk(12-) ® ~®2 e Suppose now that 6 = 2- 3 is invertible

in S. Then we have a splitting ~R(E/S) r-..J ~ EB ~-l , whose k'th symmetric

k ul k ®k-2"
power is a splitting Symm (~R (E/s» "-'" I: ~ J, and we may interpret

j=O

the Gauss-Manin cOmlection as an arrow

k k k
\ ® k-2j~ \ ®k-2j to. ® 2 _ ~ ® k+2-2jL W ~ L W IOIW - L W •
j=O - j=O - j=O

Suppose that

Then for any integers

f is the q-expansion of a modular form of weight k •

a and b such that a-b =k, fo (w f~a ® (1"} )f6lb
can can

extends to a global section of Symma+b(H1). Hence its image under the Gauss

Manin cOIUlection extends to a globaJ. section of Symma+b (12-) ®!:E® 2. But its

image under Gauss-Manin is

2
+ f ( )®a b ( )®b-1(P -lajP + P ) ( )®2

• wean •• "lcan ~ wean 12 "lcan · wean

which we group according to the decomposition Symma+b c12-) ®!:22

= fe(f) P~ ®a+2 ( )®b- (a-b) ·f· - · (w) • T}12 can can

+ (at)-( )®a+l_ (1"} )®b+1
wcan can

+ lbfo p2~ep1 ( )®a+3. ( ) ®b-1 •L ~ wcan "lcan

_ a+b a+b+2-2j
!: W

j=O :-

Thus we conclude that if f is modular of weight k = a-b , then

(Al.4.2)

e(f) - kf. 1:.12

af

b. f. [p2 - 12 BP]
144

is modular of weight k+2 = a+2-b

is modular of weight k = a-b

is modular of weight k+4 = a+3 - (b-l) •
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[Serre's 0 operator is o(f) = 12 e(f) - k·P·f for f modular of weight k ,

hence of is modular of weight k+2.]

2Corollary Al. 4.3. P - 12 ep is modular of weight 4 , hence

p2 _ 12 6P = E4 ~ Q .

Proof. Take f =1 which is modular of weight 0 = 1-1 , to see that p
2 - 12 ep

is modular of weight 4. As it has constant term 1, it is necessarily E4 .

Corollary Al.4.4. (Deligne) P = ~~ ,where ~ denotes the unique normalized

cusp form of weight 12, the discriminant (E~ - Ej)/1728 .

Proof. e(~) - ~ • P is a cusp form of weight 14 and levell, and there are

none save z~ro. QED

CorollaJ:'Y Al.4.5. The Gauss-Manin connection on I£R of Tate{q) over

Z[1/6]«q» is given by

(Al.4.6) 1) (wcan
)

~ Tl can

Proof. wcan ' T)can give a base of ~R over Z(~)«q» C C«q» , and we

have the desired assertion by transcendental means over C«q» •

Remarks.

1. The value at 0 of the connection matrix is (-:~: 1~12)

which is a nilpotent matrix. This shows that the canonical. extension (in the

1s ense of ( [ 8 ]) of HDR with its Gau.s s -Manin connection to 00 is giyen

by the free module with base wcan ' Tl can .

2. We have ('7(e) )2(w ) = 0 (because the periocLq of W are 1 andcan

'f both killed by (d~)2) , hence by Igusa [17], the Hasse-invariant has a

q-expansion f( q) € :IF [[q]] which satisfies e2f = 0 , so writing f = E anqn ,
p

2
we have (8n) = 0 , hence an=o, hence f = aO + apqP + •••• By~
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calculation (of the coefficient of X
p

- 1 in the ¥'th power of

3 E4(0 ) E6(0 ) 3 X 1
4x - --r2X + 2J1)"" = 4x - 12 + 2ib ' (cf. [26], 2.3. 7.1~·) , we compute

ao = 1 , hence f == 1 mod(qP). As the same is also true for the reduction

mod p of E l' we have E 1 == f mod(p,qP) ,hence E 1- f is a cusp form
P- P- P-

mod P of weight p-1 and level 1 with a zero of order ~ p , hence vanishes

mod p. Thus E 1 mod P is the Hasse invariant, and f( q) is identically 1 •p-

(We gave De1igne's original and more conceptual proof of this fact in 2.1.)
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Formulas

For n 2: 3 , M is proper and smooth over Z[l/n] , and itsn

inverse image over Z[l/n, ~ ] is the disjoint union of ~(n) proper smooth
n

schemes with geometricaJ.1y connected fibres 'f!, , one for each primitive n'th
n

root of unity ~ (corresponding to the vaJ.ue of the e.m. pairing on the given

basis of points of order n). The Z[l/n,~] schemes 'f!, are non-canonicaJ.lyn n

isomorphic to each other. We give below the fonnulas for their (common) genus,

the (common) number of their cusps, and the degree of the invertible sheaf ~.

The method of' deducing such relations is very simple: one notes that by flat

ness, the fact that ~ -M~ is a disjoint union of sections, and the isomor-
n n .

phism !!!®2~nl (log "cusps") , it suffices to caJ.culate these

~/Z[l/n, ~n]

invariants for azry geometric fibre ~®k [k ~ algebraica.l]y closed field

containing l/n]. One then applies the standard Hurwitz formula to. the mor

phism ~®k~ lP~ provided by the j-invariant. A closed point of lP~

other than 00 "is" an elliptic curve E over k, up to isomorphism. The

points of ~ ®k lying over it are the set of aJ.l level n structures on En

such that the value of the e.m. pairing on the given basis of nE is ~ ,

modulo the natural action of Aut (E) of E.n The cardinality of the fibre

over the point "E" is thus #SL2(zjn Z)/# Aut(E). For j(E) 1= 0, 1728,

Aut (E) =~1 , and hence over JP~ - (0, 1728, oo) , the proj ection is ~taJ.e of

degree #SL2(Z/nZ)/2. The fibre over 0 has #SL2(Z/nZ)/6 points, and that

over 1728 has #SL2 (Z/nz.) /4 points. The points over 00 are the cusps, each

of which is ramified of degree n, hence the number of cusps is #SL2(Z/nZ)/2n.

Letting X denote the topological Euler characteristic, we thus have the

fonnula:
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#SL2 (Z/nZ) = n3 II (1 - !2) , so we have fin~
pJn p

(ll.5.1) Formulas

1 - genus (f!, )n

2
n (6-n) TI (1 _ !-)

24 I 2P n P

(AJ..5.4) degree(~) on ~ = ¥eg(n1 (10g cusps» = ~(2g-2 + # cusps)

= (~ + tn) #SL2 ('lJ/nZ)

= ~ #SL2 (Z/nZ) •

cu.,.,) Sample consequences

f!, has genus zero only for n = 3,4,5, and genus one only for n= 6 .
n -

®2
We aJ..w8¥S have deg(~ ) > 2g-2 , but deg(~) > 2g-2 ~ for 3 ~ n .:s 11 •

For n = 3,4,5, f!, is a ]pI, hence ~ is uniquely determined by its
n

degree; .!!! = "(1) on ~ • .!!! = 0'(2) on Nt• .!!! = D(5) on ~ •
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Appendix 2 - Frobenius

In this appendix we will explain the r~lation between the Frobenius

Ka-107

endomorphism on p-adic modular forms and the action of Frobenius on the de Rham

cohomology of "the" universal elliptic curve.

(A2.0) Let R be a p-adically complete ring, E/R an elliptic curve which

modulo p has invertible Hasse invariant, and H C E its canonical. subgroup.

Let E' = E/H , and let 71": E~ E' denote the projection. Then 71" induces

an R-morphism 1T*: ~R(EI/R) ~ ~R(E/R). Suppose now that R=M(W(lFq), l,n,O),

the ring of p-adic modular functions of level n defined over W{lF ) , where q
q

is a power of p such that q == 1 mod n. Let E/R be the universal. curve

with level n structure, such that Hasse is invertible mod p. As E' = E/H

is a curve over R with level n structure and Hasse invertible mod p , it is

"classified" by a unique homomorphism ep: R~ R such that E' = E{ep) •

This homomorphism cp is precisely the Frobenius endomorphism of the ring

M{W(F ) ,1,n,0) defined in [11] (the "De1igne-Tate mappingtl). The inducedq

hanomorphism 1T*: ~R(E'/R) = ~R(E(q» /R) = (I?-(E/R» (cp) ~ ~R(E/R) gives a

cp-linear endomorphism of ~R(E/R) , which we denote ]'(ep) = 71"*oep-1 (to be

compatible wi.th the notations of [25]). Because 71"* is induced by an R-morphism

E~ E' , the endomorphism F(ep) respects the Hodge filtration

o~ ~ --? ~R(E/R) ~ ~-1 --? ° , and thus induces ep-1inear endanorphisms

(still noted F(cp» of ~ and of ~-1

Lemma (A2.1). On ~, F(cp) = pep ; on ~-1, F(ep) = ep .

Proof. (We will suppress the level n structures, for simplicity.) Let f be

a section of ~. Then f(E,w)·w is a section of ni/R. By definition,

/

v* 1 v
<p{f) is the section feE H, 7r (w»·w of riEjR. Because 7r is etal.e and

E/H = E(CP) , we have 1i-*(w) = A·W(ep) with A invertible in R. Thus

f(E/H, ~*(w»·w = f(E(CP), AW(ep»·w = A-1 .cp(f(E,w»·w. On the other hand,
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F(~)(f(E,w) din ~*«f(E,W)o~(~» = ~(f(E,W»o~*(w(~» =~(f(E,w»o ~ ,[the

last equality because pw = [p]*(w) = ~*(~*(w)) = ~*(~·w(~)) = A·~*(W(~))] •

Thus F(~) = W as ~-linear endomorphism.

Similarly, for ~-1 , a section f is a section f(E,w)·w-1 of

r(E, ()E) ,and ~(f) is the section f(E/H,;'*(w))· W-1 of I?-(E, ttE). But

as before E/H = E(~) , ;.*(w) = Aw with ~ invertible in R, and so ~(f)

is the section A.~(f(E,w))·w-l. But

F(~)(f(E,w)·w-l) =~*.(~(f(E,w).(w-l)(~)) = ~(f(E,w))·~*(w-l)(~). So we must

show that ~*(w-1)(~) = A·W-1 , or by Serre duality, that ;.*(w(~)) = A·W ,

which was the definition of A •

A2.2 Calculation at 00

QED

The canonical subgroup of Tate (q) over Z( (q) ) is Jl ,and the
p

quotient is Tate(qP) = Tate(q)(~) , where (~)(q) = f(qP). Thus we also

have a ~-linear endomorphism of ~R(Tate(q)/i«q)). Passing to C«q)) and

viewing the situation ana.ly1;ically, wcan becomes the differential 27ridz on

cjz + Z1" , and the canonical subgroup becanes .!. Z/Z. The quotient is
P

1 pC/p Z + ZT ~ > C/Z + Z"p1". In terms of the bases '1i(1") , i=1,2 and

r i (P1") , i = 1,2 of HI' we have ~'11 (1") = r 1 (P1") , 71"( 'Y2 ( T)) = pr2 (p1") •

It follows that ~*(wcan(qP» =~*«wcan(ct» (~» = powcan(q) because both

have the same periods:

A2.2.l

w (qP) = p •can

By functionality, F(~) respects the Gauss-Manin connection, and

~(e) (w ) = 1-P2 w + 11 is the unique (up to scalars) element ofcan can can

~R(Tate(q)/z((q))) killed by 'V(e) (as a direct calculation shows - indeed
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by (AL.4.6 ), this rank two differential equation over C has non-trivial

(unipotent) monodrony around q = 0 , hence has at most ~ solution which is

single-valued at q = 0). It follows that

(A2. 2. 2)

(A2.2.4)

F(~)(V(e)(w » = a-v(e)w for same a' ~ ; explicitly,can can

( ) ( ) p. pCp) - aP
F cP 'rlcan = 12 wcan + a·1)can •

Because w and v(e)w give a base of r such that w AV(e)w iscan can -- can can

a constant base of Ff , the fact that 7r has degree p shows that a= 1 , so

F(q» (1) ) = p.cp(p) - p +
can 12 wcan 'rlcan •

Thus the matrix of F(~) on r(Tate(q)/Z[l/6] «q)) is given by

(A2.2.6)

To give formulas vaJ..id over Z( (q» , we use the base w ,vee) (w ) ofcan call

~R(Tate(q)/z«q») ; we have

(A2. 2.7)

A2.3 The "canonical direction" in ~R (a special case of [25], [13])

We return to the \Uliversal situation R = M(W(:IF q) ,1,n,O) , E/R uni

versal. In terms of a base w, 11 of ~R(E/R) adopted to the Hodge filtration,

the matrix of F(q» has the shape:
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e R invertible

e R

An argument of successive approximation shows that there is a unique element

feR such that F(cp) (11 + fw) e R· (11 + fw) ; indeed

so we want feR to satis:f'y

c + ~ cp(f) = Af

f = £. + E.-.. cp{f)
A. A.2

Let us define a mapping T: R~ R by T(r) = f + T cp(r). It is immediate
A

that T is a contraction mapping of R in its p-adic topology, so has a

unique fixed point lim ?'(O) , which is explicitly given by

(A2.3.4) f=.£+ I
A. n>l

Of' course, the choice of' base is not canonical, nor need there exist a global

basis (over all of R), but the given construction does construct an F(cp)-splitting

of the Hodge filtration

(A2.3.5)
):; -- - .......

o~~~ ~R(E/R) > ~-1 ~ 0 •

Looking at 00, we see that in terms of the base w ,'V(e) (w ) ofcan can

~R(Tate(q)/z«q)) , we have simply "constructed" the vector \7(8)(wcan) , which

is indeed fixed by F(cp). Hence we have proven

Theorem A2.3.6. (Dwork) Let M (W(IF ) ,1) denote the formal. scheme over
n q

W(lF ) which mod pm is the open subset of M ~W (:IF) where E 1 is
q n m q p-

invertible. The locally free rank two module on M
n

(W (IF q ,1) ) giyen by



179
Ka-111

I£R(E!Mn(W(lF q) ,1)) admits a locally free extension I£R(E!Mn(W(lF q) ,1))

which along any cusp is the W(JF ) [[q]] submodule of r(Tate(qn)/W(lF) «q»)
q . q

spanned by w and by \7(e) (w ). The Gauss-Manin connection overcan can

M (W(JF ) ,1) extends to a IIcormection with logarithmic poles" over M(W(F ,1» ,
n q n q

and the cp-1inear endanorphism F(cp) over M (W(JF ) ,1) extends to a cp-linearn q

endomorphism, still noted F(cp) , over all of M (W(F ) ,1) (cf(A2.2.6) and
n q

(A2.2.7) for the explicit formulas defining these extensions). There is a

canonical F(cp)-stahle splitting of the Hodge filtration

~--- ....
o~ w~ ulR(E!M: (W(JF ),1» ~~-l~ 0, (the image of which we

- ~. n q -

denote U C ~R(EjMn(W(lFq).l)); it is a horizontal (by unicity!) F(~)-stah1e

rank one submodule).

A2. ~ P as a p-adic modular form of weight 2

Suppose now that p 1= 2,3. Let R be any ring in which p is nil-

potent, E/R an elliptic curve whose Hasse invariant modulo p is invertible,

and U C I£R(E/R) the inverse image of the canonical rank one submodule con

structed above. (Strictly speaking, we must first choose a level n structure

for some n 2: 3 ~rime to p defined over an etale over-ring R' of R, and

check that the U obtained in r(ER,IR') descends to a U C r(E/R) which

is independent of choices.) Let w be a nowhere-vanishing differential on E/R

(which in any case exists locally on R) , and let ~ be the corresponding

( dX XdX ••differential of the second kind i. e. w = y' T} = y as explaJ.ned J.n

(Al.2.4». Because r = R·w + U , we see that if U E U is a base of U

(which in any case exists locally on R) then the de Rham cup-product <w,u>

is invertible on R. We ma;y then define a "fUnction" P by the formula

(A2.4.l) - <: u>P(E/R,w} = 12.~ for any base u of U.

C1earty the right-hand expression is independent of the choice of base u of

U , and the effect of replacing w by AW, A E RX is to replace ~
-1

by A ~ ,
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hence P(E/R,AW) = A-2p(E/R,w) • Hence P is a p-adic modular form of weight

two and level one. Its q-expansion is

A2.4.2 P(Tate(q),w )can

<11 ;\1(e) (w »
12 can can

<w ;\7(8) (w »can can

because, formally at 00, U is sparmed by ~(e)(w ). If' we denote by p(q)can

the series 1 - 24E O"l(n)qn , then by (Al.3.16) we have

~(e) (w ) = -lP2(q) w + Tl • Substituting into (A2.4.2) givescan can can

_pI,.. \
<11 ,~w +11 >

P(Tate(q) ,w ) = 12 can 12 can can
can _"01 .... \

<w ~ w +" >can' 12 can can

= p(q) •

12·P(q) <" ,-w >can can
12<w ,,, >

can can

This provides a modular proof that P is p-adically modular.
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Appendix 3: Hecke polynomials 2 coherent cohanology 2 and U

In this final appendix, we explain the relation between Hecke poly

nomials mod p, coherent cohomology, and the endomorphism U of S(R,r,n,O)®K

(notations as in (3.11».

(A3.l.0) Let us begin by computing the trace of If, using the Dwork-Monsky

fixed point formula. For simplicity, we take R to have residue field F p

Let I\n be its unramified extension of degree m , and Km the fraction field

of R • The endomorphism cp acts on the points of M (F ,1) with vaJ.uesm n p

in the algebraic closure FIp of lFp as the relative Frobenius. For each

integer m 2: 1 we denote by T~ the set of IF -vaJ.ued points of M(:IF ,1)
p n p

which are fixed by the m'th iterate cpm i.e., TO is the set of:IF m-valued
m p

points of M (F ,1). It is known (cf. [36]) that each element of TO liftsn p m

to a unique R -valued point of the formal scheme M (R,l) which is fixed by cp.m n

We denote by T the set of such cp-fixed R -valued points of M(R,l) (som m n

T "-"> TO by reduction mod f'). The tangent space to M (R,l) at a pointm m n

t E T is a free R -module of rank one, on which ~ acts as an R -linearm m m

endomorphism. We denote by dcpm(t) E R its "matrix". The Dwork-Monskym

trace formula [36] is as follows:

(A3.l.l) trace(ifl) = I
t E T

m

-1 dcpm(t)

pm I_d.cpm(t)

It remains to determine the "local terms" in this formula. We begin

with the cusps, i. e., the points t E Tm whose image to E T~ is a cusp of

M (F ,1). Then, as we have seen, the overlying point t E Tm is itself a cuspn q

of M(R ,1) , the completion of its local ring is R [[q]] , and the actionn m m
m

of cpm is given by q ~ qP , whose linear term is~. Hence dcpm( t) =°
at the cusps.

Now suppose t E Tm is not a cusp. Then the corresponding elliptic

curve Et is the so-called canonical lifting of its reduction Et (because
o
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the m'th iterate of the Frobenius endomorphism of Et
o

lifts to an endomorphism

of Et , namely m-fold division by the canonicaJ. subgroup - (cf.Messing [34J).

In this case it is known that the completion of the local ring at t is iso

morphic to Rm[ [X]] , where 1 + X is the Serre-Tate parameter (cf. ft note, p .186).

Let a € ZX = a(m,t) be the "matrix" of the action of the automorphism "pm_th
p 0

power" acting on the Tate module T (Et (i » of the reduced curve. Then
PoP

(cf.Messing [34]), the action of cpm on R [[X]] is the one sendingm
pm/a.2 m m 2l+X~ (l+X) , hence dcp (t) = P !a(m,t) . Combining all this, we

o

find the formula

(A3.1.2) trace(tfl) = L
t € Tm.

t not a cusp

1
m 2 •P - a(m,t )o

Denoting by ,.po the set of :IF m-valued points of M (JF ,1) i.e. the set ofm p n p

ordinary elliptic curves over JF m with level n structure, we have
p

trace(tF) = I 1 2 0

t € rf'O pm - a(m,t )o m 0

The next step is to assemble this data into an expression for the

FredhoJJn determinant det(l- tU) as a product of L-series on M (lF ,1). Forn p

any closed point x of M (F ,1) (i__ e., an orbit of GaJ.(JF IF ) acting
n p -- p p

on the "iF - valued ppints of M (lF ,1» , we define a(x) =a(deg(x),X) ,
p n P i

where x is any IF d () -vaJ.ued point of M (lF ,1) lying over x. For:p eg x n p

each integer r, the L-series L(M (F ,1);ar;t) is the element of Z [[t]]n p p

given by the infinite product over all closed points x of M(F ,1)
n p

(A3.1.4) II (l_ar(x) otdeg(x» -1 0

x

An elementary calculation now yields the following identity •

Identity A3.1.5

det (1- tU) II L(Mn(lFp ,1) ,0:-2 (r+l) ,prt ) (which is the key point
r>O
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It shows independently of (3.11.7) that det(l- tU)
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lies in z [[t]] ,
p

and gives as a corollary the following congruence formula.

Corollary A3.l.6. det(l-tU) == L(M (:IF ,1), o:p-3,t) modulo p·Z [[t]] •n p p

Proof. the term with r =0 remains modulo p, and modulo p the characters

0:-
2 and o:p-3 are equaJ., hence give L-series which coincide mod p •

But the character 0:0 =0: mod P is the one associated to the locally

1constant rank-one:IF - etaJ.e sheaf R f*lF ,and the L-seriesp p

L(M (IF ,1), o:Po-3, t) is just the L-series L(M (IF 1) (R1:f lF )®p-3 t)n p n p" * p ,

associated to (R1f*lF )@P-3 in (4.1.1).
P

[NB the apparent inversion is due to the fact that a describes the

action of the arithmetic Frobenius on the etaJ.~ quotient of Ker p , and hence

by duaJ.ity it is the action of the geometric Frobenius on its dual R1f.)t..JF' .]
- " p

Furthermore, the shea:f ilf'*lF'p extends to a locaJ.ly constant rllllk-one

:IF - etaJ.e sheaf on M(IF ,1) , and the value of the extended character (still
p n p

denoted ad is 1 at each cusp (cf. (4.2.1». Thus we have

(A3.l.7) L(Mn (JFp ,1) ,o:r3 , t) = [n (1- t deg X)}L(Mn (JFy l), (R1f'*lF' )® p-3,t) •
xc~sed p

point among
the cusps

(11':> ':>, i ,
~ Let H denote the etale cohomology groups with compact supports

canp

Hi (M (iF ,1), (R~*1F )®p-3) ,which are Gal(lF IJF )-modules over :IF •compnp p pp p

Only HI is 1= o. Let F E Gal(lF /:IF) denote the inverse of thecamp geom p p

automorphism x ~ xp • According to «(47]), we have the tpnnula

(A3.2.l) L(i (IF ,1),(Rlf*JF' )®P-3,t) = det(l-t F IIfL ).n P p geom comp

By (4.2.2), the invertible sheaf with p-1inear "automorphism" corresponding to

(R1f'*lF'p )®1l-3 is (~3-p,~) over Mn (lFp ,1). But the pair (~®3-P,q»

extends to an invertible sheaf with p-linear endomorphism on all of M ® IF ,
--- n p

namely to the invertible sheaf w® 3-p on M®:IF ,with p-1inear endomorphism
- n p -
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given by
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cp •• ® 3-p _~ ®3-p
~ ----="'" ~

where A = E 1 mod p denotes the Hasse invariant
1'-

(canpare q-expansions!)

Because this extended endomorphism vanishes at the fibres outside

M (:IF ,1) , we have an isomorphism
n l'

(A3. 2. 2) Hi ~ the fixed points of cp acting p-linearly on
comp --

Hi(M ®1F w®3-p)
n p '-

under which the action of the arithmetic Frobenius on Hi is its obviouscomp

action on the fixed points of cp. It follows fonnaJ.ly that we have the

identity

Putting this aJ.l together, we have the following congruence relation

modulo l' Z [[t]] .
p

(A3.2.4) det(l- tU) == [ II (1 - t deg x)}det(l - tcpl ~(Mn® JF ,~®3-P».
x closed l'

point lying
among the cusps

We now wish to calculate the determinant of -cp on ~(M ®:IF ,w® 3-1')
n 1'-

by using Serre duality and the Cartier operator. For this it is convenient

to abstract the situation slightly in the following lemma - in which X is

M®F ~ is w®p-3 and B is AP- 3 •n 1" - ,

Lemma A3.3.l. Let X be a projective smooth curve over

sheaf, and B a section of ~®p-l. The composition

F , Df:.. an invertible
p

(A3.3.2)
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(where C is the Cartier operation, defined locally by C(I,p ® w) = I, ® C(w) )

induces an endomorphism of HO(X, J:. ® 01 ) which is dual to the endanorphism
_i 1 . v v tP 1

of l1(X, I:--) induced by the endomorphism I, ~ B(I,)P of tJI...- - •

Proof. We begin by remarking that although X~ JPn need not be geo

metrically connected, Serre duality on lPn gives a perfect pairing between

Hi (X,3) and Ext~-i(1- ,ni) with values in W(lPn,nm ) ~:IF for any co-
vX F n p

herent j on X, which· just as in the usuaJ. case may- be canputed via repartitions

and residues. The desired duality now follows from the fact that if x E: X

is a closed point, and I, and ~ are meromorphic sections of .(. -1 and
1 v v

~ ® n ,then residue (B.(I,)P.~) = (residue (I,.C(B~)))P , (the usual Cartier
x x

formula applied to the one-form B(;)P~) • QED

Lemma A3.3.3. - -I' = _,.,®2k 2kTeke X = M ® IF, ~ UJ ,k 2: ° ,and B =A in then p

previous lemma. Under the isomorphism

HO(M ®1F,w®2k®n1 ) ~HO(M ®::IF ,w®2k+2®I(cUSpS)) C:::=the space of cusp forms
n p- n p-

of level n and weight 2k+2 over :IF ,the endomorphism ~ ---? C(A2ks) is
p

the Heeke operator T •
P

Proof. It suffices, to check the q-expansions. But in terms of q-expansions
1 ®2 d k+l

and the isomorphism n (log cusps) -::' w ,if ~ in q-expansion is f( q) (~)
x - q

d ®(2kp+2)/2 d d ®k
then C(Ak~) in q-expansion is C(f(q)· (S) ) = C(f(q)-S). (~)

q q q

But if f(q) = L a qn, C(f(q)~) = E (a )l/p.qn ~q . Comparing this withn q np

the explicit formula (1.11.1.2) for T gives the desired result (becausep
2k-l )

P == ° (p)! •

Putting this all together, we obtain the congruence relation

mod p Z [[tJ] :
p

QED
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\ P and level n n P /I
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det(l-tU)

186

- [II (l_tdeg X»)'de.Jl_tT Icusp forms of weight p-l\
x closed \' P and level n J

point lying
among the cusps

This formula is the starting point for recent work of Adolphson [0]_

FOOTNOTE: the first new sentence on page 182 is incorrect, though the tangent calcula-

tion we deduce from it is correct. The difficulty is that the Serre-Tate parameter is

not "rational" over Rm, but only over Roo' the completion of the maximal unramified ex

tension, of R.. However, if we view t as defining, by extension of scalars, a rational

point of Mn(Roo,1), then the completion of its local ring is indeed isomorphic to

Roo IT xll , where 1 + X is the Serre-Tate parameter (cf. Messing [34] ). Further, the R -
00

linear endomorphism of 1\0 IT xl] deduced from cP
m by extension of scalars is given by

m/ 2
1 + X f-+ (1 + X)p a, in the notation of page 182, and the formula (A3.1.2) remains true.
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Introduction

Soient K un corps de nombres algebriques totalement reel, et 'K sa fonc

tion zeta. D'apres un theoreme de Siegel [24], 'K(1 - k) est un nombre

rationnel si k est entier ~ 1; il est ~ 0 si k est pair. Lorsque K est

abelien sur Q, on peut ecrire ce nombre comme produit de "nombres de

Bernoulli generalises"

'K(1 - k) = IT L(X, 1 - k) = IT ( - bk(X)/k),
X X

cf. [18],

ou X parcourt l'ensemble.des caracteres de Q attaches a K. Cela permet

de demontrer des proprietes de congruence reliant les 'K(1 - k) pour di

verses valeurs de k, et d'en deduire par interpolation une fonction zeta

p-adigue pour Ie corps K, au sens de Kubota-Leopoldt (cf. [7], [10],

[ 11], [16]).

Dans ce qui suit, je me propose d'etendre une partie de ces resultats au

cas d'un corps totalement reel quelconque (non necessairement abelien

sur Q). La methode suivie est celle de Klingen [13]et Siegel [25], [26].

Elle consiste a utiliser Ie fait que 'K(1 - k) est Ie terme constant

d'une certaine forme modulaire sur SL2(Z) dont les autres termes se cal

culent par des formules simples (ee sont des combinaisons lineaires d'ex-

ponentielles en k). Tout revient done a transferer les proprietes de ces

termes au terme constant lui-meme. On est amene, pour ce faire, a defi

nir les "formes modulaires p-adiques", limites de formes modulaires au

sens usuel (sur Ie groupe SL2(Z»; de telles formes intervenaient deja,

au moins implicitement, dans les travaux d'Atkin sur les coefficients

c(n) de l'invariant modulaire j, cf. [2]. L'etude de ces formes fait

l'objet des §§ 1, 2 et 3; elle repose de fa~on essentielle sur Ie theoreme
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recent de Swinnerton-Dyer [27] donnant la structure de l'algebre des

formes modulaires (mod.p). Les principaux resultats sont les suivants

a) Une forme modulaire p-adique a un poids qui est, non plus un entier,

mais un element d'un certain groupe p-adique X = Z x Z/(p - 1)Z, cf.p
n01.4.

b) Si

f = L a (f) qn
n=O n

est une forme modulaire p-adique de poids ~ 0, il existe des formules

donnan~ a (f) en termes des a (f), n ~ 1, cf. n02.3.o n
c) Toute forme modulaire (au sens usuel) sur Ie groupe ro(p) est une

forme modulaire p-adique, cf. §3.

Dans l'application aux fonctions zeta, on rencontre des familIes (f ) des

formes modulaires p-adiques dependant (ainsi que leur poids) d'un para-

metre p-adique s. L'etude de ces familIes fait l'objet du §4. Le cas

Ie plus important est celui ou les fonctions s ~ a (f), n ~ 1, ap-n s
partiennent a l'algebre d'Iwasawa A du n04.1; on en deduit alors des pro-

prietes analogues pour la fonction s~ a (f), cf. nOs 4.6 et 4.7.o s
Une fois ces resultats etablis, leur application a l'interpolation p-

adique de t K ne presente pas de difficultes; c'est l'objet du §5. La

fonction zeta p-adique de K est definie au nO 5.3; ses principales pro

prietes sont donnees par les ths. 20, 21, et 22. De nombreuses questions

restent ouvertes; on en trouvera une breve discussion au n05.6.
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1.1. Notations

§1.

194

Formes modulaires p-adiques

a) Congruences

La lettre p designe un nombre premier; on note v la valuation du corps
p

p-adique Qp' normee de telle sorte que vp(p) = 1; un element x de Qp est

dit p-entier s'il appartient a Z , i.e. si v (x) ~ o.
p P

Si f = I a qn E Q ((q]] est une serie formelle en une indeterminee q,
n p

on pose

v <f) = inf.v (a ).
p p n

Ainsi, v (f) ~ 0 signifie que fez [[q]}. Lorsque v (f) ~ m, on ecrit
p p p

aussi f = 0 (mod.pm).

Soit (f i ) une suite d'elements de Qp[[q]l. On dit que f i tend vers f

si les coefficients de f i tendent uniformement vers ceux de f, i.e. si

vp(f - f i ) ~ + ~.

b) Series d'Eisenstein

Si k est un entier pair ~ 2, nous poserons

Gk = - bk /2k + l °k_1(n) qn (q = 21Tiz)e ,
n=l

Ek = 2k G = 1 -
2k I °k_t(n)

n
bk k bk

q ,
n=l

o~ bk designe Ie k-ieme nombre de Bernoulli et 0k_l(n) = l dk- l . Si

din

k ~ 4, Gk et Ek sont des formes modulaires de poids k (relativement au

groupe SL2(Z» .

c) Les series P,Q,R

On pose, avec Ramanujan,
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P = E2 = 1 - 24 IOl(n) qn

Q = E4 = 1 + 240 l °3 (n)
nq

R = E6 = 1 - 504 I 05(n) nq

Les series Q et R engendrent l'algebre graduee des formes modulaires :

toute forme modulaire de poids k s'ecrit de fa~on unique comme polyn8me

isobare de poids k en Q et R. Par exemple

E10 = QR, 441 93 + 250 R2

= 691

~ = 2- 63- 3 (Q3 _ R2) = q IT
n=l

(1 - qn)24 = L T(n)qn.
n=1

La serie P n'est pas une forme modulaire au sens habituel. Toutefois

nous demontrerons plus loin (cf. nO 2.1) que c'est une "forme modulaire

p-adique" de poids 2.

d) Exemples de congruences

D'apres Kummer, bk /2k est p-entier si et seulement si k n'est pas divi

sible par p - 1; on a alors Vp(Gk ) = O. De plus, si k' - k (mod.(p - 1»,

on a bk /2k - bk ,/2k' (mod.p); comme la congruence analogue pour 0k_l(n)

est evidente, on en conclut que :

Gk - G
k

, (mod. p) s i k' - k t. a (mod. (p - 1) ) .

(Plus generale~ent, il semble que toute congruence sur les nombres de

Bernoulli puisse etre etendue en une congruence sur les Gk .)

Lorsque k, par contre, est divisible par p - 1, Ie theoreme de Clausen

von Staudt montre que vp(bk/k) = - 1 - vp(k). On a done vp(k/bk ) > 1,

d'o~ :

E
k

_. 1 (mod •p ) si k - a (mod.(p - 1».
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Plus precisement

196

E 1 ( d 2m) ~ k a (mod.2m- 2>.k - mo. ~ -

1.2. L'algebre des formes modulaires (mod.p)

Si k E Z, notons Mk l'ensemble des formes modulaires

f = l
n=O

de poids k, dont les coefficients an sont rationnels et p-entiers. Si

f E Mk , la reduction f de f modulo p appartient a l'algebre Fp[[q]] des

series formelles a coefficients dans Fp = Z/pZ. L'ensemble des series

ainsi obtenues sera note Mk . On pose

crest une sous-algebre de Fp[[q]], appelee algebre des formes modulaires

(mod.p). La structure de Ma ete determinee par Swinnerton-nyer [27].

Rappelons brievement Ie resultat (pour plus de details, voir ~20] ou

[ 27] )

(i) Le cas p > 5

On a vu (nO 1.1) que E = 1 (mod.p), autrement dit E = 1. Lap-l p-l
multiplication par Ep_1 applique Mk dans Mk+p- 1 ' et lion en deduit des

inclusions :

Mk c Mk +p - 1 c ••. C Mk +n (P-l) c ...

Si a E Z/(p-l)Z, notons MQ la reunion des Mk , pour k parcourant a. L'un

des resultats de Swinnerton-nyer est que Mest somme directe des MQ
,
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pour a E Z/(p-l)Z; en d'autres termes, M est une algebre graduee, de

groupe des degres Z/(p-l)Z; on a ~ = 0 si a est impair, i.e. non divi

sible par 2 dans Z/(p-l)Z. De plus, M s'identifie au quotient de l'alge

bre de polyn8mes Fp[Q,R] par l'ideal principal engendre par A - 1, o~

A(Q,R) est Ie polyn8me isobare de poids p - 1 obtenu par reduction

(mod.p) a partir du polynome A tel que Ep_ l = A(Q,R). (En termes images,

la relation E = 1 est "la seule relation" entre formes modulairesp-l
(mod.p).)

Cette description de M montre que M (resp. sa sous-algebre MO) est

l'algebre affine d'une courbe algebrique Y (resp. YO) qui est lisse sur

F ; on trouvera une interpretation "geometrique" de Y et de yo dans [20] ,
P

p.416-05; notons seulement ici que M et MO sont des anneaux de Dedekind,

puisque Y et yo sont lisses.

Exemples

- Pour p = 11, on a Ep_1 = QR, d'ou

M = F11[Q,R]/(QR - 1) et

Les courbes Y = Spec(H) et yo = Spec(MO) sont des courbes de genre 0,

13, on a Ep_1- Pour p =

ayant chacune deux points a l'infini, rationnels sur F1l •

= 441 Q3 + 250 R
2

, d'ou
691

et

La courbe Y (resp. YO) est une courbe de genre 1 (resp. de genre 0),

ayant un seul point a l'infini, rationnel sur F13 •

(ii) Le cas p = 2,3

On a alors Q = R = 1. On en deduit facilement que Ms'identifie a
ltalgebre de polynomes F [~], engendree par la reduction (mod.p) de ~.

p

On a Mk- 2 C Mk et meme Mk- 2 = Mk si k n'est pas divisible par 12. On

convient que MO = M.
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1.3. Congruences (!2£ pm) entre formes modulaires

THEOREME 1. §2i! m un entier > 1. Soient f ~ f' deux formes modulaires

a coefficients rationnels, de poids k et k' respectivement. On suppose

que f ~ 0 et que

v (f - f') > v (f) + m.p p

On a alors

k' _ k (mod. (p_1)pm-1) si p > 3

si p = 2.

Quitte a multiplier f par un scalaire, on peut supposer que v (f) = 0,p

auquel cas l'hypothese equivaut a :

En particulier, les coefficients de f et de f' sont p-entiers, et l'on

a f = f' ~ o. Si p > 5, on voit que f et ft appartiennent a la meme

composante MQ de l'algebre M(cf. nO 1.2), autrement dit, on a k' = k,
(mod.(p-1»; la meme congruence subsiste si p = 2 ou 3, puisque k' et k

sont pairs. Le th.1 est done demontre pour m = 1.

Supposons maintenant m > 2. Soit h = k' - k. Quitte a remplacer f'

par

f'E
(p_l)pn

avec n assez grand, on peut supposer que h > 4. La serie d'Eisenstein

Eh est alors une forme modulaire de poids h; comme h est divisible par

p-1, on a Eh - 1 (mod. p) . Posons r = v (h) + 1 si p > 3 etp
r = v (h) + 2 si p = 2. II nous faut montrer que r > m. Supposons quep

r < m. On a f.'.Eh - f' = f - f' + f(Eh - 1).
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Or f - ft = 0 (mod.pm) et Eh - 1 = 0 (mod.pr), cf. nO 1.1. On en con

clut que f.Eh - f' = 0 (mod.pr) et que

-r -rp (f.Eh - ft) - P fCEh - 1) (mod.p).

Or, dtapres Ie theoreme de Clausen-von Staudt, on a

00

o~ • = r
n=1

n
°h_1(n)q , et v (~) = o.

p

La congruence ci-dessus equivaut done a

f+ - g (mod.p),

\ -1 -rou g est la forme modulaire ~ p (f.Eh - f'), qui est de poids k'.

Comme f ~ 0, ceci peut s'ecrire ~ = glf et montre que ~ appartient au

corps des fractions de M; de plus, g et font meme poids (mod.(p-1»; on

en deduit que i appartient au corps ~es fractions de MO. Or, on a

avec 1IJ = n
°h_1(n)q ,

et on verifie facilement que

oil e = q d/dq (cf. [27]).

Pour tirer de la une contradiction, distinguons deux cas

(i) p -- 5.

On a alors
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d'o~ ~ E MO, vu les proprietes de l'operateur e (cf. [20], [27]). L'equa

tion , - ~p = ~ montre que, est entier sur MO, done appartient a MO ,

puisque MO est integralement clos; cela contredit Ie lemme de [20],

p.4-16-11.

(ii) p = 2 ou 3.

On a a10rs ~ = 6, comme le montrent les congruences donnant T(n) modulo

6. Or M= Fpl6l. et l'equation X - xP = ~ est evidemment irreductible

sur le corps F (6). On obtient encore une contradiction.
p

Remargues

1) Le fait que $ ne puisse pas appartenir au corps des fractions de

MO peut aussi se demontrer par un argument de filtration, generalisant

celui de [20], loc.cit.

2) 11 serait interessant de decrire geometriquement le revetement cy-

clique de degre p de 1a courbe yo (ou de la courbe Y) defini par l'equa

tion X - xP = ~.

1.4-. Formes modulaires p-adiques

a) Le groupe X

Soit m un entier > 1 (resp. > 2 si p = 2). Posons

X = Z/(p-1)pm-1Z = Z/pm-1Z x Z/(p-1)Z
m si p ;. 2

et si p = 2.

Lorsque m ~ ~, les Xm forment de fa~on naturelle un systeme projectif;

nous designerons par X 1a limite projective de ce systeme. On a

X = lim. X
+-- m [

z x Z/ (p-1)Z
= p

Z2

si

si

p ;. 2

p = 2,

ou Zest l'anneau des entiers p-adiques. Le groupe X est un groupe dep

Lie p-adique compact de dimension 1. L'homomorphisme canonique Z ~ X
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est injectif; nous l'utiliserons pour identifier Z a
de X.
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un sous-groupe dense

II Y a souvent interet a considerer les elements de X comme des carac

teres (p-adiques) du groupe z; des unites p-adiques. De fa~on plus pre

cise, soit V Ie groupe des endomorphismes continus de Z*, muni de la
p p

topologie de la convergence uniforme. On verifie facilement que l'appli-

cation naturelle de Z dans Vp se prolonge en un homomorphisme continu

£ X ~ Vp . Cet homomorphisme est injectif si p = 2, et bijectif si

p # 2. Si k E X, et y E Zp' on note yk Ie transforme de y par l'endo

morphisme E(k) de Zp. Si l'on ecrit k = (s,u), avec s E Zp'

E Z/( 1)Z t . l' d~ p-1 = 1 et 1u p-, e S1 on ecompose v en v1v 2 , avec v1 v 2 -
k k k u s(mod.p), on a v = v1v 2 = v1v 2.

Un element k E X est dit pair s'il appartient au sous-groupe 2X, i.e.

si (_l)k = 1. Lorsque p ~ 2, cela signifie que la seconde composante u

de k est un element pair de Z/(p-l)Z; lorsque p = 2, cela signifie que

k appartient a 2Z2.

b) Definition des formes modulaires p-adiques

Une forme modulaire p-adique est une serie formelle

a coefficients an E Qp' possedant la propriete suivante :

(.) 11 existe une suite f i de formes modulaires a coefficients ration

nels, ,de poids ki , telle que lim. f i = f.

(Rappelons, cf. nO 1.1, que lim. fl.. = f signifie que v (f. - f) tend
p l.

vers + ~, i.e. que les coefficients des f. tendent uniformement vers c€uxl.
de f.)

Remarque. La definition ci-dessus est la definition originale donnee

dans [21]. On en trouvera une interpretation "geometrique" (ainsi qu'une

generalisation) dans Ie texte de Katz [ 12] .
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c) Poids d'une forme modulaire p-adique
~ \

THEOREME 2. Soit f une forme modulaire p-adigue ~ 0, et soit (fi ) ~

suite de formes modulaires de poids (k i ), a coefficients rationnels,

ayant pour limite f. Les ki ont alors une limite dans Ie groupe

X = ~. Xm; cette limite depend de f, mais pas de la suite (fi ) choisie.

Par hypothese, on a v (f. - f.) ~ + -; d'autre part, les v (f.) sontp ~ ] p ~

egaux a vp(f) pour i assez grand. En appliquant Ie th.1, on en deduit

que, pour tout m > 1, l'image de la suite k. dans X est stationnaire;
~ m

cela signifie que les ki ant une limite k dans X. Le fait que cette

limite ne depende pas de la suite choisie est immediate

La limite k des ki est appelee Ie poids de f; c'est un element pair de

X. On convient que a est de poids k, quel que soit k E 2X. Avec cette

convention, les formes modulaires p-adiques de poids donne forment un

Q -espace vectoriel (et meme un espace de Banach p-adique pour la norme
p

definie par v ).p

Si des formes modulaires p-adiques f i , de poids ki E 2X, tendent vers

une serie formelle f, celle-ci est une forme modulaire p-adiqu~. De

plus, si f # 0, les k i ont une limite k dans X, et f est de poids k;

cela se deduit du th.2, en approchant les f. par des formes modulaires
~

au sens usuel.

Exemple. Si P = 2,3,5, on a Q - 1 (mod.p), d'oh

1 _
Q -

ce qui montre que 1/Q est modulaire p-adique, de meme que la serie

1/j = 6/Q3, qui est de poids O. II n'est d'ailleurs pas difficile de

demontrer que (pour p = 2,3,5) une serie fest modulaire p-adique de

poids 0 si et seulement si elle s'ecrit sous la forme

f = l
n=O

l
n=O

b ~nQ-3n
n '
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avec b E Qp et v (b ) ~ + ~, et l'on a alors v (f) = inf.v (b ).n p n p p n
Plus generalement, on aurait pu definir l'algebre des formes modulaires

p-adiques de poids 0 comme l'alg~bre "de Tate" de la droite projective

privee des disques ouverts de rayon 1 centres aux valeurs "supersingu

lieres" de j; c'est Ie point de vue adopte par Katz [12].

1.5. Premieres proprietes des formes modulaires p-adigues

Si fest une forme modulaire p-adique, on a v (f) ~ - ~, i.e. il existe
p

une puissance pN de p telle que pNf E Z [[q]]; cela resulte de la definip

tion, et du fait analogue pour les formes modulaires usuelles. De plus,

Ie th.l reste valable :

THEOREME 1'.' Soit m un entier ~ 1. Soient f et f' deux formes modulaires

p-adiques, non nulles, de poids k, k' E X respectivement. Si

v (f - f') ~ v (f) + m,p p

k ~ k' ont meme image dans Xm•

On ecrit f (resp. f') comme limite de formes modulaires usuelles f i
(resp. fi) de poids k i (resp. ki). Pour i assez grand, on a

v (f.) = vp(f) = v (f')= v (f!)
p ~ P P ~

et v (f.p ~
f!) ~ v (f) + m,
~ p

ce qui, d'apres Ie th.1, montre que ki et ki ont meme image dans Xm; Ie

theoreme en resulte.

COROLLAIRE 1. Soit f = ao + ~1q + ••• + anqn + ••• une forme modulaire

p-adique de poids k E X. Soit m un entier ~ 0 tel que l'image de k dans

Xm+1 sait ~ o. On a alors

v (a ) + m ~ inf. v (a ).
p 0 n ~ 1 P n
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(En d'autres termes, si les an sont p-entiers pour n ~ 1, il en est de

meme de pmao ·)

Si ao = 0, il n'y a rien a demontrer.

f' = ao est de poids 0, et l'on a

Sinon, la fonction constante

v (f - f') = inf. v (a ).
p n ~ 1 P n

Comme les poids de f et f' ont des images differentes dans Xm+1 , Ie th.1'

montre que vp(f) + m + 1 > vp(f - f'), d'ou Ie resultat cherche puisque

v (a ) ~ vp(f).p 0

Remarque. Lorsque k n'est pas divisible par p-1, i.e. n'appartient

pas au sous-groupe Zp de X, on peut prendre m = ° dans Ie corollaire

precedent, et lIon en deduit que, si les a sont p-entiers pour n ~ 1,
n

il en est de meme de a .o
COROLLAIRE 2. Soit

t a(i) n
L n q

n=O

une suite de formes modulaires p-adigues, de poids k(i). Supposons gue

(a) les a~i), n > 1, tendent uniformement vers des an E Qp;

(b) les k(i) tendent dans X vers une limite k ~ o.
a(i)Alors les 0 ont une limite ao E Qp' et la serie

est une forme modulaire p-adigue de poids k.

Vu l'hypothese lim.k(i) ~ 0, on peut supposer qu'il existe un entier

m tel. que tous les k(i) aient une meme image non nulle dans X. D'autre
m

part, vu (a), il existe t E Z tel que v (a Ci» ~ t pour tout n > 1, etp n

tout i. Dtapres Ie co~.1, on a done v Ca Ci » > t - m pour tout i. Lesp 0

a~i) forment done une partie relativement eompaete de Qp. Si (i j ) est
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(i.)
une suite extraite de (i) telle que ao J

Qp' la serie
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converge vers un element ao de

(i.)
f = lim.f J = ao + a 1q + ••• + anqn + •••

est evidemment modulaire p-adique de poids k. De plus, si (ij) est une
(i!)

autre suite extraite de (i) telle que a J converge vers a', la serieo 0

ft = a~ + a
1

q + ••• + anqn ~ .•• est egalement modulaire p-adique de

poids k, et il en est de meme de f - f' = ao - a~. Comme ao - a~ est

aussi de poids 0, ce n'est possible que si ao = a~. Ainsi, a o ne depend
( .)

pas du choix de la suite (i.), ce qui montre bien que a o
1 est une suite. J

convergente.

1.6. Exemple : series d'Eisenstein p-adigues

Soit k E X. Si n est un entier > 1, nous noterons o:_l(n) l'entier p

adique defini par

• () ~ k-l0k-l n = L d ,

la somme etant etendue aux diviseurs positifs d de n qui sont premiers a
p. Cela a un sens, puisqu'un tel element d est une unite p-adique, ainsi

k-lque d ,cf. nO 1.4, a).

Supposons maintenant que k soit pair. Choisissons une suite d'entier's

pairs ki > 4 qui tende vers l'infini au sens usuel (ce que nous ecrirons

Ikil ~ ~ ), et qui tende vers k dans X; c'est evidemment possible. On

a alors

dans z .
p'

k.-l
en effet d 1 tend vers 0 si d est divisible par p (puisque Ikil ~ ~)

d dk-l. (. k k d X)et ten vers S1non pU1sque i ~ ans • De plus, la convergence
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est uniforme en n. Or les 0k._1(n) sont les coefficients d'indice ~ 1
1

de la serie d 1 Eisenstein

et le te~me constant de cette serie est - bk ./2ki , qui est egal, comme
1

on sait, a %~(1 - ki ). Appliquant alors le cor.2 au th.1') on en deduit

que, si k ~ 0, les Gk . ont une limite G~ qui est une forme modulaire p
1

adique de poids k :

ou

11 est clair que cette limite ne depend pas du choix de la suite ki ; nous

l'appellerons la serie d'Eisenstein p-adigue de poids k; son terme con-
1 •stant ao sera note 2 t (1 - k), de sorte que l'on a

-1 • ~. n= -t (1 - k) + L 0k_1(n)q
2 n=l

(k e X, k pair # 0).

Cela definit une fonction t- sur les elements impairs de X - {1}; Ie

cor.2 au th.1' montre que cette fonction est continue (en fait, Ia serie

G: elle-meme depend continQment de k). Nous allons voir que t- est es

sentiellement la fonction zeta p-adique de Kubota-Leopoldt [16]. De

fa~on plus precise:
, \

THEOREME 3. (i) Si P ~ 2, et si (s,u) est un element impair ~ 1 de

X = Zp x Z/(p-1)Z~

oh Lp(S; X) designe Ia fonction L p-adique d'un caractere X (Iwasawa

(11), p.29-30) ~ w designe Ie caractere defini dans [11], p.18.

(ii) Si P = 2, et si s est un element impair ~ 1 de X = Z2'
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cf. [11], p. 29- 30.
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Notons t' la fonction

si p ~ 2

s si p = 2.

II resulte de [11], !2£.cit., que t' est continue, et que

t'(1 - k) = (1 - pk-1) t(1 - k) si k E 2Z, k > 2.

Si k E 2X, k ~ 0, et si (k i ) est une suite convergeant vers k comme

ci-dessus, on a

i -+ 00

1; t (1 - k) = lim. t ' (1 - ki) =
i -+ 00

k.-1
lim.(1 - p 1 ) t(1 - k.).

1

Hais, comme Ik. I tend vers
1

k.-1
+ 00, on a Iim.(1 - p 1 ) = 1, d'ob

i -+ 00

t ' (1 - k) =

ce qui demontre bien que t'

lim. t (1 - k.)
i -+ 00 1

•= t ·

Exemple

Supposons que p = 3 (mod.4) et p # 3. Prenons pour k I'element

(1.~;1) de Zp x Z/(p-l}Z. On peut montrer que

G~ = ~h(-p) + l l
n=1 din

ou h(-p) est Ie nombre de classes du corps Q<!=P).

Remarques

1) Lorsque k est un entier pair> 2, on vient de voir que
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• k-1t (1 - k) = (1 - P ) t(1 - k);

c'est la valeur en 1 - k de la fonction zeta "debarrassee de son p-ieme

facteur". On a en outre

cf. nO 2.1.

2) La fonction t- n'est pas definie au point s = 1 elle a un pOle

simple en ce point [7], (11], (16].

3) Lorsque k est divisible par p-l, on a Vp Ct-Cl - k» < 0, de sorte

que la serie

est a coefficients p-entiers, et E~ = 1 (mod.p). Plus precisement, si

l'image de k dans Xm est nUlle, on a

En particulier, E: tend vers 1 lorsque k tend vers 0; cela conduit a
poser E- = 1.o

4) Lorsque k n'est pas divisible par p-1, il est congru mod. (p-1) a
un entier a compris entre 2 et p-3, et l'on a

b faa (mod.p),

en vertu des congruences de Kummer. En particulier, si pest regulier,

on a t-(1 - k) ~ 0 (mod.p), et la fonction t- ne s'annule nulle part.

Par contre, si pest irregulier, il peut se faire que C¥(1 - k) = 0

pour certaines valeurs de k; la serie G~ correspondante est alors "para

bolique" : son terme constant est nul.



209
Ser-19

§2. Operateurs de Heeke

2.1. Action de T l , U, V, e sur les formes modulaires p-adiques

Si

f = 1: anqn
n=O

est une serie formelle a coefficients dans Qp' on pose

flu = Lan
n=O pnq et L

n=O
a qpn

n •

Si l est un nombre premier ~ p, et si k E X, on pose

L
n=O

Lorsque k est sous-entendu, on ecrit flT l au lieu de fl k Tl .

THEORtME 4. Si f est une forme modulaire p-adique de poids k, il en est

de m@me de flu, flv et des fl k Tl (l premier # p).

Choisissons une suite f. = L a .qn de formes modulaires (au sens usu-
1. n,1.

el); a coefficients rationnels, telle que

lim. f. = f.
i ... 00 1.

Quitte a remplacer f i par fiE i' on peut supposer que les poids k i(p-1)p
... 00. Pour tout nombre premier i, on sait (cf.des f. sont tels que Ik.f

],. ],.

par exemple [3], [22]) que Ie transforme f. lTD de f. par l'operateur de
1 -t.. 1

Hecke Ti est une forme modulaire de poids k i , donnee par la formule :
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k.-l
\ qn + l J.= L aln,i \ a ·L n,J.

in
q

k.-l
On a lim. l ~ = lk-1 si i ~ p (car alors lest une unite p-adique),

i -+

k.-1
et lim. l]. = 0 si l = p (puisque Ikil -+ ~). On en conclut que les

i -+ 00

filTl tendent vers .fITl si l ~ p, et vers flu si i = p; cela montre bien

que les series flTl et flu sont des formes modulaires p-adiques, de poids

lim. ki = k. Appliquant ce resultat a fi' on voit que filu est modu-
i -+ 00

laire p-adique de poids k.; comme f. IT est aussi modulaire de poids kJ..']. ]. P
i-k.

on en conclut que f. Iv = P ].(f~IT - f.IU) est modulaire p-adique de]. ]. p ].

poids k.; comme flv = lim. f.lv, il en resulte bien que flv est modu-
]. i -+ ~ ].

laire p-adique de poids k.

Remarque. On peut egalement definir les operateurs de Hecke Tm pour

tout ~ntier'm premier a p, au moyen des formules usuelles. Ces opera-

teurs commutent entre eux, commutent a U et v, et l'on a

T T = T T = Tm n n m mn si (m,n) = 1,

si est premier et n ;> 1.

Exemples

On a G~ITl = (1 + lk-1)G~ et G~IU = G~.

Si k est un entier pair;> 2, un calcul immediat montre que

I k-lGk (1 - P V).

On en deduit



211
Ser-21

Pour k = 2, cette formule montre que G2 = - P/24 est somme d'une serie

convergente de formes modulaires p-adiques de poids 2. On en conclut

que P est une forme modulaire p-adique de poids 2.

af = q df/dq = 2 n a qnn

est une forme modulaire p-adique de poids k + 2.

(b) Pour tout hex, la serie

I ~ h n
f Rh = L n an q

(n,p)=1

est une forme modulaire p-adique de poids k + 2h.

Soit (fi ) une suite de formes modulaires, a coefficients rationnels,

telle que lim. f i = f, et soit k i Ie poids de fie On sait (cf. [20],

[27]) que af. = k.Pf./12 + g., ou g. est une forme modulaire de poids
11111

k i + 2. Puisque Pest modulaire p-adique de poids 2, il en resulte que

afi est modulaire p-adique de poids k i + 2, et en passant a la limite

cela montre bien q~e af est modulaire p-adique de poids k + 2.

Choisissons maintenant une suite d'entiers positifs hi telle que

h. -+ h dans X
1

et th.1 -+ 00.
1

h.
Vu ce qui precede, e 1 f est modulaire p-adique de poids k + 2hi • Comme
h.

a 1 f tend vers flRh lorsque i -+ 00, on voit bien que flRh est modulaire

p-adique de poids k + 2h.

Remarque

On ales formules (af) Ii u = p a(f IU), f IRh I, U = 0,

seflv) = peaf) Iv,
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pour tout l premier ~ p.

Exemples

Pour h = 0, on a

e Cp- l )p
m

fiR = lim. f = flCl - UV) = L n
0 m-+ (n,p)=l

anq •

Pour h = (0, E:l) E Z x ZI (p-l)Z, P ~ 3, on a2 p

m
lim. e(p-1)p 12 f =

m-+ oo

nq •

2.2. Une propriete de contraction

Les operateurs de Hecke Tl et Tp laissent stable l'espace Mk des formes

modulaires de poids k a coefficients p-entiers. Par reduction (mod.p)

ils operent done sur Mk ; comme Tp = U (mod.p), on en conclut que U

opere sur ~' done aussi sur les espaces

(a E Z/(p-1)Z,

En fait, U "contracte" les Mk • De fa~on plus precise, nous allons demon

trer le theoreme suivant, en rapport etroit avec des resultats d'Atkin

[ 2], Koike [15] et Dwork :

, ,
THEOREME 6.

(i)

(ii)

,.."

Si k > P + 1, U applique Mk dans Mk " avec k' < k.

La restriction de U a M est bijective.- p-1 -

Lorsque p = 2 ou 3, on a M= Fp[~] , et Mk est l'espace des polyn8mes

en ~ de degre < k/12~ Utilisant la formule (gPf)IU = g.(fIU) Cmod.p),
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on verifie que ~ilu = 0 si i ~ 0 (mod.p) et -i ~i/p
A JU = u sinon. On

en conclut que U applique Mk dans ~" avec k' = [kIp], d'oll Ie theoreme

dans ce cas.

Supposons maintenant p > 5. Si f est un element d'un Ma , notons w(f)

la filtration de f (cf. [20], [27]), i.e. la borne inferieure des k tels

LEMME 1.

(a) On a w(Sf) < w(f) + p+1, et il y a egalite si et seulement si

w(f) ~ 0 (mod.p).

(b) ~ w(fi) = i w(f) pour tout i > 1.

L'assertion (a) est demontree dans [27], Lemme 5 et dans [20], cor.3

au th.5.

Pour prouver (b), on peut supposer f ~ 0, i.e. w(f) ~ -~. Ecrivons

alors f comme polyn8me isobare F(Q,R) en Q,R, de poids k = w(f). Le

polyn8me F n'est pas divisible par Ie polyn8me A du nO 1.2 ([27], loc.

cit.). Comme Aest sans facteur multiple, il en resulte que Fi n'est
,..., i i ,..., ,...,

pas non plus divisible par A, d'oll Ie fait que f = F (Q,R) est de fil-

tration ike

LEMME 2.

(i) On a w(fIU) < p + (w(f) - 1)/p.

(ii) Si w(f) = p-1, on a w(fJU) = p-1.

On a l'identite

pour tout f E Fp[ [ q] ] •

Si lion pose k = w(f) et k' = w(fIU), Ie lemme 1 montre que

et



Ser-24 214

On en conclut que pk' < Sup(k, k + p2 - 1) = k + p2 - 1, ce qui demontre

(i).

Supposons maintenant q~e k = p-1. Si l'on calcule e 2f au moyen de la

formule 12e = kP + a (cf. [27] pour la definition de la derivation a),

on trouve que 12 2e2f = Qf + a2f, d'ou e2f E Mp +3' La filtration h de

e2f est donc - ~, 4 ou p+3. Dans Ie premier cas, on aurait e 2f = 0,

d'ou eP- 1f = 0 et f serait egal a (flu)p, ce qui est absurde, puisque la

.filtration de f n'est pas divisible par p. Dans Ie cas h = 4, e2f se

rait multiple non nul de Q, ce qui est egalement absurde puisque son

terme constant est nul. On a donc necessairement w(S2 f ) = p+3. Appli-

quant Ie Lemme 1, on en conclut que

pour o < i. < p-3.

(Observer que p + 3 + i(p + 1) n'est pas divisible par p si i < p-4.)

En particulier, on a weeP-if) = p + 3 + (p - 3)(p+1) = pep - 1), d'oll

w«flu)p) = p(p-1), et w(flu) = p-l.

Le theoreme 6 est maintenant immediate L'assertion (i) resulte du

Lemme 2 (i), compte tenu de ce que p + (k - l)/p est < k si k > P + 1.

D'autre part, si f est un element non nul de M l' on a, soit w(f) = 0,p-
et fest une constante, d'ou flu = f ~ 0, soit w(f) = p-1 et le Lemme 2

(ii) montre que w(fIU) = p-1, d'ou flU ~ 0; ainsi, la restriction de U

a Mp_1 est injective, donc bijective, puisque Mp_1 est de dimension finie.

Le th.6 entratne aussit8t Ie resultat suivant :

COROLLAIRE. 22!! a un element pair de Z/(p-1)Z, p > 5.

(i) On peut decomposer MQ de faxon unique en Ma = Sa , Na, de telle

sorte que U soit bijectif sur Sa et localement nilpotent sur Na• On a

Sa C M., ou j E a est tel que 4 < j < p+1'; en p.articulier, Sa est de
J -

dimension finie.

(ii) Pour a = 0, on a j = p - 1 ~ SO = M 1.p-
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Lorsque p = 2 ou 3. on a une decomposition analogue de M= Fp[~] en

M = SeN. avec S = Mo = Fp et N= ~.M; l'endomorphisme U est l'iden

tite sur S, et est localement nilpotent sur N.
Remarque

Lorsque a ~ 0, il peut se faire que Sa soit distinct de M., i.e. que
J

la restriction de U a M. admette 0 pour valeur propre; c'est Ie cas pour
J

a = j = 16 et p = 59. On a toutefois Sa = M. dans chacun des cas sui
J

vants

a = 2, j = p+1; les seules valeurs propres de U sur Mp+1 sont en effet

!1, cf. nO 3.3, cor. au th.11.

a = j = 4, 6, 8, 10, 14; M. est alors reduit aux multiples de la se
J

rie d'Eisenstein Gj , et celle-ci est invariante par U.

Pour a

et T(p).

= j = 12 (et p ~ 11), les valeurs propres de U sur M. sont 1
J

On a donc Sa ~ M. si et seulement si T(p) = 0 (mod.p);
]

d'apres M.Newman, c'est Ie cas pour p = 2411.

2.3. ApPlication au calcul d~ terme constant d'une forme modulaire p

adigue

Si fest une serie formelle en q, nous conviendrons de noter an'f) son

n-ieme coefficient; nous dirons que fest parabolique si son terme con-

stant ao(f) est nul.

Soit f une forme modulaire p-adique de poids k E X. Naus allons voir

que, si k ~ 0, ao(f) peut se "calculer" en fonction des an(f), n;> 1.

Commen~ons par un cas particulier simple

, \

THEOREME 7. Si f est une forme modulaire p-adique de poids k ~ 0, et si

p = 2, 3, 5 ou 7, on a

lim. a
pn

(f).
n -+ 00

Comme pest regulier, on a ~·(1 - k) # 0, cf. nO 1.6, et la serie d'

Eisenstein p-adique G~ a un terme constant # o. On peut donc ecrire f
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• n= 0k-1(P ) = 1; la formule estet

evidente.

•comme somme d'une forme parabolique et d'un multiple de Gk • On est ainsi

ramene a demontrer le th.7 dans les deux cas suivants :

•a) f = Gk •

On a alors ao(f) = tC-(1 - k)

b) fest parabolique.

On doit prouver que a (f) tend vers O.
pn

suffit de prouver

LEMME 3. Si f est parabolique, et p < 7, on a

lim. ftun = o.
n -+ 00

Quitte a faire une homothetie sur f, on peut supposer que v (f) = o.p

Soit f la reduction (mod.p) de f, et soit a l'image de k dans Z/(p-1)Z;

on a f E Ma. Utilisons la decomposition Ma = sa , Na fournie par le

corollaire au th.6. Du fait que p < 7 , l'entier j correspondant est

<; 8, et Sa est simplement l'ensemble des multiples de Ek ; il en resulte
-a l'ensemble des elements paraboliques de M. On a donc f E Na,que Nest

et il existe un entier m ;> 1 tel que flum = 0, i.e.

Appliquons ce resultat a la forme parabolique 1 flum. On en deduit qu'il
p

existe un entier m' ;> 1 tel que

v (flum+m') ;> 2.
P

D'ou, par une recurrence evidente, le fait que v (fIUn ) tend vers l'
p

infini avec n, ce qui demontre le lemme (et le th.7).

Remarque

Lorsque p ;> 11, la formule (.) reste valable pourvu que lr on ait
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k = 4, 6, 8, 10, 14 (mod.(p - 1»; la demonstration est la meme. Le

cas p = 11, f = A montre qu'une hypothese sur k est necessaire.

Nous allons maintenant etablir une formule analogue a (.), valable

pour tout k divisible par p-l.

, \

THEOREME 8. II existe un polyn8me H en U et les Ti , a coefficients en-

tiers, tel que, pour tout k E X divisible par p-1, on ait :

(i) E:IH = c(k) E:. avec c(k) inversible dans Zp'

(ii) lim. flHn = 0
n-t>oo

pour toute forme modulaire p-adigue f de poids k gui est paraboligue.

(Noter que H ne depend pas de k, mais que son action sur f en depend;

lorsque Iron desire mettre ce fait en evidence, on ecrit flk H au lieu

de fIH.)

COROLLAIRE. Pour'toute forme modulaire p-adigue f, de poids k ~ 0, avec

k = 0 (mod.(p - 1»,~

lim. c(k)-n a 1 (fIHn ).
n -+ 00

)I
En effet, il suffit de verifier la formule (•• ) lorsque f = Ek et lors-

que fest parabolique; dans Ie premier cas elle resulte de (i), et dans

Ie second de (ii).

(On notera que, pour k fixe, a 1 (fIHn ) est combinaison Zp-lineaire des

am(f), m ~ 1; la formule (•• ) donne donc bien un procede de calcul de

ao(f) en fonction des am(f).)

Demonstration du theoreme 8

Si P = 2, 3, 5, 7 on prend H.= U, cf. th.7. On peut done supposer

que p ~ 11. Tout revient a construire un polynome H en U et les T l , a
coefficients dans F , tel que :p

(i)' llH = c, ~ c ~ 0 dans Fp .

(ii) , f ...... f Iif est localement nilpotent sur l' ensemble pO des elements
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-0paraboliques de M •

En effet, si l'on dispose d'un tel H, on prend pour H un polyn8me a

coefficients entiers dont la reduction (mod.p) est egale a H. Comme

E:IU = E: et E~ITl = (1 + t
k- 1)E:, on a

avec

de plus, l'image de c(k) dans Fp est egale a c, ce qui montre que c{k)

est inversible dans Z , d'ou (i). Le fait que (ii)' entraine (ii) sep

demontre par l'argument utilise pour Ie th.?

Construction de H

. -0 -Faisons operer U et les Tl sur l'espace vector1el S = Mp_1 ' cf. cor.

au th.6. Ces operateurs commutent entre eux et respectent la decompo

sition de Mp_1 en Fp e Pp- 1 ' ou Pp- 1 designe Ie sous-espace des formes

paraboliques. Les valeurs propres de U et Tl sur Ie sous-espace Mo = Fp

sont respectivement 1 et 1 + l-1.

Par contre :

LEMME 4. II n'existe pas d'element f ~ 0 de Pp- 1 tel que

flu = f

pour tout l premier ~ p.

et

En effet, supposons qu'un tel f existe, et ecrivons-le f = l anqn.
n=l

On a par hypothese

si n - 0 (mod.l).

Ces formules permettent de calculer par recurrence an a partir de a l .

On trouve an = alo~l(n) = a 1 0p_2(n). i.e. f = a 1 ~. ou



~ =

219

I a 2(n)qn.
n=l p-

Ser-29

Mais, d'apres Ie lemme de [20], p.416-11, la serie ~ n'appartient pas a
MO

; on obtient donc une contradiction.

Le lemme suivant est elementaire :

LEMME 5. Soient k un corps commutatif, Y ~ k-espace vectoriel de di

mension finie, (Ui)i E I une famille d'endomorphismes de Y, et (Ai)i E I

une famille d'elements de k. On suppose que les Ui commutent entre eux,

et qu'il n'existe aucun element y # 0 de Y tel que uiY = AiY pour tout

i E I. II existe alors un polyn8me F E k[ (Xi)i E I] tel que

F«Ui)i E 1)·= 0 et F«Ai)i E I) # o.

Appliquons ce lemme aux endomorphismes U et T[ de l'espace Y = Pp - 1 '

et aux scalaires 1 et 1 + [-1, cf. lemme 4. On en deduit l'existence

d'un polyn8me F en U et les T[ dont la restriction a Iip-l est nulle, et

qui ne s'annule pas sur Fp . Le polyn8me H = U.F repond alors a la ques-

tion. En effet, il verifie evidemment (i) , • D'autre part, on a

po = P i NO, et F est nul sur P tandis que U est localement nil-p-1 p-l'
""'0 .potent sur N , cf. cor.au. th.6; comme U et F commutent, il en resulte

que U.F est localement nilpotent sur po, ce qui acheve la demonstration.

Exemples

p < 11 H = U et c(k) = 1;

p = 13 H = U(U + 5) et c(k) = 6; H = U(T 2 - 2) et c(k) = 2k- 1_1;

p = 17 H = U(T 2 + 5) et c(k) = 2k- 1 + 6.

Passons maintenant au cas d'un poids non divisible par p-l. Faute de

mieux, je me bornerai a un theoreme d'existence :

, ,
THEOREME 9. Soit k un element pair de X, non divisible par p-l. II ex-

iste une suite (A ) , 1 d'elements de Zp telle quem,n m,n ,
a) pour tout n, on a A = 0 pour m assez grand;-- m,n
b) si l'on pose
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on a

u (f) =
n
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1: :\m,n am(f),
m=1

lim. un(f)
n -+ 00

pour toute forme modulaire p-adique f de poids k.

(Precisons que les coefficients A dependent du poids k choisi.)m,n
Notons M(k) le Qp-espace vectoriel des formes modu1aires p-adiques de

poids k.

LEMME 6. Soit Y un sous-espace de dimension finie de M(k). I1 existe

des elements (:\) > 1 de Z , nu1s sauf un nombre fini d'entre eux, te1s
m m - p

pour tout fey.

Soit Yo 1e sous-Zp-modu1e de Y forme des elements f tels que vp(f) > O.

11 est facile de voir que Yo est un Zp-module libre de rang r = dim.V.

Soit f
1

, .•• ,fr une base de Yo. On peut trouver r indices

mi , ... , mr > 1 te1s que

det(a (f.» ~ 0 (mod.p).
mi J

Sinon en effet il existerait des c. E Z , non tous divisibles par p,J p
te1s que

r
a (r c.f.) - 0 (mod.p) pour tout m > 1;

m j=1 J J

si l'on pose f =
r
I

j=1
c.f. ,

J J

Ie cor.l au th.l' du nO 1.5 montrerait que v (f) > 1, contrairement aup
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fait que les c j ne sont pas tous divisibles par p. Ceci etant, il est

clair que les formes lineaires a , ••• a forment une base du dual du
m1 mr

Zp-~odule Yo' et comme ao est une forme lineaire sur Yo' on peut ecrire

ao sous la forme

d'ou Ie lemme.

a =o

r
! Ai am.'

i=1 ].
avec A. E Z ,]. p

Soit maintenant M(k)o l'ensemble des f E M(k) tels que vp(f) > O. Si

a est l'image de k dans Z/(p-1)Z, on a M(k) IpM(k) C Ma (il y a memeo 0

egalite), et par suite l'ensemble M(k)o/pM(k)o est denombrable. II en

resulte que lion peut trouver dans M(k) une suite croissante

de Q -sous-espaces vectoriels de dimensions finies dont la reunion estp

dense dans M(k). Pour chacun des Vn , Ie lemme 6 montre qu'il existe une

combinaison Zp-iineaire un des am(m > 1) telle que ao(f) = un(f) pour

tout f E Vn • Comme la famille des un est equicontinue, Ie fait qu'elle

converge vers ao sur une partie dense de M(k) entraine qu'elle converge

partout, et lion a done bien

lim. un(f)
n .... 00

pour tout f E M(k).

Remarques

1) La demonstration ci-dessus peut aussi s'exprimer en disant que Ie

Z -module engendre par les a (m > 1) est faiblement dense dans la boulep m
unite du dual de l'espace de Banach p-adique M(k).

2) Dans Ie cas archimedien (i.e. pour les formes modulaires usuelles

de poids k > 0), Ie probleme consista~t a exprirner ao(f) a partir des

an(f), n > 1, a une solution tres simple, due a Hecke : on forme la
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-sn ,

on la prolonge en une fonction meromorphe dans C, et l'on prend sa valeur

.f(O) au point s = 0 : c'est - ao(f).

S3. Formes modulaires sur r (p)
o

Le but de ce S est de justifier le principe suivant, bien connu ex

perimentalement : toute forme modulaire sur r (p) est p-adiquement sur
o --

SL2(Z). La methode suivie est due a Atkin; elle repose sur les proprie-

tes des coefficients des series d'Eisenstein. Une autre methode, basee

sur un theoreme de Deligne ([6), S7), est exposee dans Katz (12) et

Koike (15] •

3.1. Rappels

a) Notation

Soit f une fonction sur Ie demi-plan de Poincare H = {zIIm(z) > oJ;
soient y = (a b) une matrice reelle de determinant > 0, et k un entier;c d
on definit une fonction flky sur H par la formule

On a (flky)lky' = flkyy' et flky = f si Y est une homothetie > O.

Lorsque k est sous-entendu, on ecrit fly au lieu de flky.

b) Formes modulaires sur ro(p)

Le groupe ro(p) est defini comme Ie sous-groupe de SL2(Z) forme des
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matrices (a b) telles que c = 0 (mod.p); il est d'indice p + 1 dansc d

SL2(Z); il est normalise dans GL2(Q) par la matrice W = (~ -~).

Soit k un entier. Une forme modulaire de poids k sur ro(p) est une

fonction holomorphe f sur H telle que :

(i) flky = f pour tout y E ro(p);

(ii) f est holomorphe aux pointes de ro(p).

En fait, ro.(p) n'a que deux pointes, (JIJ et 0, qui sont permutees par

W. La condition (ii) equivaut done a la suivante :

(ii') Les fonctions f ~ flkw ont des developpements en serie

(q
2niz= e ,

qui convergent pour tout z E H (i.e. pour tout q tel que IqJ < 1).

Si fest modulaire, il en est de meme de flw, et ftw2 = f.

Lorsque k est < 0, ou impair, toute forme modulaire de poids k est

nulle. Dans ce qui suit, nous supposerons done k pair ~ o.

c) Trace d'une forme modulaire sur ro(p)

Soit f une forme modulaire de poids k sur ro(p). Choisissons des rep

resentants Y1' ••• , Yp+1 de l'espace homogene r o(p)\SL2 (Z), et posons

p+1
Tr(f) = r flkYJ.•

j=l

On verifie immediatement que Tr(f) ne depend pas du choix des Yj' et que

c'est une forme modulaire de poids k sur SL2(Z); on l'appelle la trace

de f. Nous aurons besoin de son developpement en serie :

Tr(f)



Ser-34-

On choisit pour representants

224

o -1y. = ( .),
) 1 )

1 < j .-; p, et = 1.

Le terme flky donne f. Pour calculer les autres termes, posons
p+1

g = flkW, et ecrivons Yj(1 < j < p) sous la forme WB j , ou

aj = (1~P j~p>. On a

c'est la fonction

p

r g Ik B
J
.;

j=1

-k/2
P

Or un calcul simple montre que

p

1:
j=1

P
t g(!-!-i) = p(gIU)(z).

j ~1 P

D'ou Ie lemme.

Remarques

1) Le calcul ci-dessus s'applique plus generalement aux fonctions

modulaires de poids k, non necessairement holomorphes; la seule diffe

rence est que lee series considerees peuvent ayoir des exposants nega-

tifs.

2) Le lemme 7, applique a fl k W donne

ce qui montre que flu est une forme modulaire de poids k sur ro(p).

Si de plus fest modulaire sur SL2(Z>, on a flk W = pk/2 flVcomme on

Ie voit en ecrivant W = (0' -1) (p 0) et en remarquant. que f est invariant1 0 0 1
o -1par (1 0). D'ou:
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On a ainsi ramene l'operateur de Hecke Tp a l'operateur Tr.

3) Supposons k > 4. Les formes modulaires f de poids k sur ro(p)

telles que Tr(f) = Tr(fl k W) = O'ne sont autres que les combinaisons

lineaires des "new forms" d'Atkin-Lehner [3] •

d) Proprietes de rationalite et d'integralite

Soit j = jlV la fonction z ~ j(pz). On sait que Ie corps des fonc-p

tions modulaires (de poids 0) sur rO(p) est le corps C(j, jp) et que j

et jp sont lies par une equation absolument irreductible a coefficients

dans Q. En d'autres termes, la courbe complexe YC compactifiee de

H/ro(p) provient par extension des scalaires d'une courbe Y definie sur

Q, caracterisee par Ie fait que son corps des fonctions rationnelles est

Q(j, jp). Si F est un sous-corps de C, on peut donc parler d'une fonction

(ou d'une forme differentielle) sur YC qui est rationnelle sur F. Ceci

s'applique en particulier aux formes modulaires de poids k, identifiables

a des formes differentielles de poids k/2 par f ~ f(dq/q)k/2. Comme

j et j ont des developpements en serie a coefficients rationnels, onp

verifie facilement qu'une forme modulaire f = ! anqn est rationnelle sur

F si et seulement si ses coefficients an appartiennent a F. De plus, Ie

corps de rationalite de flw est Ie meme que celui de f; cela resulte de

ce que l'automorphisme W de Yc est rationnel sur Q.

II resulte de ceci que les formes modulaires de poids k sur r (p) ont
o

une base formee de fonctions rationnelles sur Q. En fait, il existe meme

une base formee de fonctions dont les coefficients a sont entiers; ce
n -------.;..

resultat, nettement moins evident, peut se demontrer, soit en utilisant

l'~xistence d'un modele de Y sur Z pour lequel q est une uniformisante

a l'infini (Igusa, Deligne), soit en se ramenant au fait que les valeurs

propres des operateurs de Hecke sont des entiers algebriques (Shimura

[22], p.as, th.3.S2). Une consequence de ceci est que, si f = ! a qn
n

est une forme modulaire a coefficients rationnels, les denominateurs

des an sont bornes. {On notera que, si les coefficients an de f sont

entiers, il n'en est pas necessairement de meme des coefficients b
n

de
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fl k W : les bn sont rationnels, mais peuvent avoir pour denominateurs

des puissances de p.}

3.2. Passage de r (p)
o

~ \ n
THEOREME 10. Soit f = I anq une forme modulaire de poids k ~ ro(p}.

Supposons que les coefficients an soient rationnels. Alors f est une

forme modulaire p-adigue de poids k (au sens du nO 1.4).

(En d'autres termes, f est limite de formes modulaires f m sur SL 2(Z)

don~ les poids km tendent vers k dans l'espace X du nO 1.4.}

Choisissons un entier pair a > 4, divisible par p-l. Posons

g = E - pa/2 E I W = Ea - pa EaIV,a a a

ou E est la serie d'Eisenstein de poids a, cf. nO 1.1. II est claira
que g est une forme modulaire de poids a sur ro(p}, cf. nO 3.1. De

plus :

LEMME 8. On a g:: 1 (mod.p) et g I" W :: 0a
( d 1+a/2)mo .p •

(Precisons que, dans ces congruences, on considere g et gla W comme

des series en q, a coefficients rationnels.)

Le fait que g :: 1 (mod.p) provient de ce que Ea - 1 (mod~p).

D'autre part, on a

Comme E :: 1 :: E Iv (mod.p), on en deduit bien que gl West congru aa a a
o (mod. p1+a / 2) .

Passons maintenant a la demonstration du"th.l0. L'hypothese faite

sur f signifie que fest rationnelle sur Q, et il en est de meme de
m

flk W, cf. nO 3.1. Si m est un entier ~ 0, la fonction fgP est une

forme modulaire sur ro(p), de poids km = k + apm, et rationnelle sur Q.
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m
Sa trace f = Tr(fgP ) est done une forme modulaire sur SL2(Z), a coef-

--- m

ficients rationnels, et de poids ,km. Comme les km tendent vers k dans

X, Ie theoreme sera demontre si l'on prouve que lim.fm = f, i.e. que

v (f - f) tend vers l'infini avec m. Or cela resulte du lemme plusp rn
precis suivant

LEMME 9. On a v (f - f) ~ Inf(rn + 1 + vp(f),p m

(Noter que, si f ~ 0, vp(f) et vp(f1k W) sont finis, puisque les

series f et flk Wont des coefficients a denominateurs bornes, cf. nO

3.1. )
m m

Ecrivons frn - f sous la forme (fm - fgP ) + f(gP - 1). D'apres Ie

lemme 8, on a g _ 1 (mod.p) d'oll gP
m

= 1 (rnod.pm+1), et

m
v (f(gP - 1» > m + 1 + v (f).

P P

D'autre part, Ie lemme 7 montre que

f
m

m 1-k /2 m
fgP = P m (fgP Ik W)IU,

m

en appliquant Ie lemme 8, on en deduit

m
vp(fm - fgP ) > 1 - (k + apm)/2 + vp(f1k W) + pm(l + a/2)

Le lemme 9 resulte de ces formules et de l'inegalite evidente

m
vp(fm - f) > Inf(vp(fm - fgP ),

m
v (f(gP - 1»).

p
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Remarque

Nous avons suppose f holomorphe aux deux pointes DO et O. II suffirait

en fait que f soit holomorphe en ~ et meromorphe en O. La demonstration

est la meme que ci-dessus; on remarque que la forme g s'annule en 0,
m

donc que fgP est une forme modulaire pour m assez grand, et l'on a ici
m

encore f = lim.Tr(fgP ).

Ainsi, si l'on pose

j = Q3 /6 = q-l + r c(n) qn,
n=O

on peut appliquer Ie th.10 a la fonction f = jlU = I c(pn) qn, qui a

un pale d'ordre p a la pointe o. On en conclut que jlU est une forme

modulaire p-adique de poids 0; on retrouve - sous une forme plus faible 

un theoreme de Deligne ([6], §7).

3.3. Reduction (mod.p) des formes de poids 2 ~ fo(p)

Le th.l0 montre que la ,reduction (mod.p) d'une forme modulaire sur

fo(p), a coefficients p-entiers, est une forme modulaire (mod.p) sur

SL 2(Z), au sens du nO 1.2. Dans Ie cas du poids 2, on peut donner un

resultat plus precis :

THEOREME 11. On suppose p ~ 3. Soit f une forme modulaire de poids 2

~ fo(p), a coefficients rationnels p-entiers.

(a) On a fl 2 W = - flU; c'est une forme a coefficients p-entiers.

(b) La reduction f de f (mod.p) appartient a l'espace Mp+1 du

nO 1.2.

(e) Inversement, tout element de Mp+ 1 est reduction (mod.p) d'une

forme modulaire de poids 2~ ro(p), a coefficients p-entiers.

(En d'autres termes, il y a identite entre

reduction (mod.p) des formes modulaires de poids 2 ~ r o(p)

et

reduction (mod.p) des formes modulaires de poids p+l sur SL2(Z) • )
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L'assertion (a) est bien connue (Heeke (8), p.777).
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On la demontre

en remarquant que toute forme de poids 2 sur SL2(Z) est nulle, et que

l'on a done Tr(fl 2 W) : 0; or d'apres Ie lemme 7, Tr(fl 2 W) est egal a

fl 2 W+ flu.

Demontrons (b) et (c) en supposant d'abord p ~ 5. Posons

g : E - p(p-l)/2 E Iw: E - pp-l E Iv
p-l p-l p-l p-l '

ef. demonstration du th.l0. La fonetion fg est une forme modulaire de

poids p+l sur ro(p), a coefficients p-entiers; sa trace Tr(fg~ appartient

a Mp+1 • De plus, Ie lemme 9 du nO 3.2, applique am.: 0

montre que v (Tr(fg) - f) ~ 1, i.e. quep

et k: 2,

f - Tr(fg) (mod.p),

d'ou f E Mp+1 ' ce qui demontre (b) pour p > 5. Soit maintenant N le

sous-espaee vectoriel de Mp+1 forme des fonctions telles que f. La di

mension de Nest egale a la dimension de l'espace des formes modulaires

de poids 2 sur ro(p), i.e. 1 + g(Y) ou g(Y) designe Ie genre de la courbe

Y definie par ro(p). La valeur de g(Y) est bien connue (cf. par exemple

Heeke (8), p.Sl0) : si l'on ecrit p : 12a + b, avec b : 1,5,7,11, on a

g(Y) : a - 1, a, a, a + 1 respectivement. D'autre part, on sait que

[ k/12)

[ k/12)

si

si

k - 2

k ~ 2

(mod.12)

(mod.12).
(k pair ~ 0)

On en deduit que dim.Mp+1 = 1 + g(Y) = dim.N, d'ou le fait que N = Mp+1 '

ee qui demontre (c) dans Ie cas p ~ 5.

Reste Ie cas p : 3. L'espace M4 a pour base Q : 1. D'autre part, on

a g(Y) = 0, et les formes de poids 2 sur r 0 (3) sont simplement Ies mul-

tiples de Ia serie d'Eisenstein E- : P - 3plv, cf. Heeke (8) , p.8l7.2
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P = 1, les assertions (b) et (c) sont evidentes.

COROLLAIRE. Les valeurs propres de U~ Mp+1 sont egales a ~1.

-, 2 ~I 2 - - -
En effet, Ie th.11 montre que f U = f W = f pour tout f E Mp+1.

Remarque. Cette demonstration a egalement ete obtenue par Atkin.

Exemples

1) Pour p = 11, 17, 19, Ie genre de Y est 1. II existe une unique

forme parabolique de poids 2 sur ro(p)

avec a l
= 1.

La serie de Dirichlet correspondante r an/nS est essentiellement la fonc

tion zeta de Y ([ 22], p.182). D'apres Ie th.1.1, f p est congru (mod.p)

a une forme parabolique de poids 12, 18, 20 sur SL 2 (Z); on en deduit

les congruences :

f 11 - ~ (mod.11); f 17 - R6 (mod.l?); f 19 - Q2 6 (mod.19).

La premiere de ces congruences peut aussi se deduire de l'identite

n
n=1

cf. (22], p.~9.

2) Pour p = 23, 31, Ie genre de Yest 2. Le nombre de classes du

corps Q( A) est 3. Soit X un caractere d' ordre 3 du groupe des classes

~

d'ideaux de~orps, et posons

'4

(p = 23)
,

(p = 31)

la sommation etant etendue a tous les ideaux entiers d. II n'est pas

1
difficile de voir que gp = 2<8 1



231 Ser-4l

theta associee a la forme binaire m2 + mn + £!! n 2 (resp. a la forme
4

2m2 + mn + E;1 n 2). II en resulte (cf. (8), p.418-479) que gp est une

forme modulaire de poids 1 sur ro(p), de i'Nebentypus" au sens de Hecke

(cf. nO 3.4 ci-apres). Son carre est une forme de poids 2, commen~ant

par Ie terme q2. Appliquant Ie th.ll, on en deduit les congruences

(mod.23) et

d'ou, en extrayant les racines carrees,

- ~ (mod.23) et (mod.31).

La. premiere de ces congruences peut aussi se deduire de l'identite

= q n
n=l

n 23n(1 - q )(1 - q );

elle est due ~ Wilton; voir l~-dessus [27], p.34.

3.4. Formes de "Nebentypus" ~ ro(p)

On suppose p > 3. Soit £ un caractere (mod.p), i.e. un homomorphisme

du groupe multiplicatif (Z/pZ)- dans C·. Si n est un entier de reduction

mod.p egale a ~, on pose

£(n) = 0 si n = 0

On etend £ a ro(p) par

et sinon.

Cela a un sens puisque ad = 1 (mod.p).

si

Soit k E Z. Une fonction f sur H est appelee une forme modulaire de
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~ (k, £) sur ro(p) si elle est holomorphe sur H et verifie les deux

conditions :

(i) flky = e(y)f pour tout y e ro(p);

(ii) f est holomorphe aux pointes de ro(p).

Lorsque £ = 1 ("Haupttypus" de Hecke (8), p.809), on retrouve la no-

tion de forme modulaire de poids k, au sens du nO 3.1; Ie cas £ ~ 1 est

celui appele "Nebentypus" par Heeke.

Si f ~ 0, on a k > 0, et £(-1) = (_1)k; autrement dit, k est pair si

£(-1) = 1 et impair si £(-1) = -1.

Une telle forme f a un developpement en serie

avec an e C. Notons ~p-1 Ie groupe des racines (p-1)-iemes de 1. Nous

allons voir que, si les an appartiennent au corps Q(pp- 1)' la serie f

"est" une forme modulaire p-adique (ce qui generalisera Ie th.10). De

fa~on plus precise, on sait que p se decompose completement dans Q(pp- 1)

en ideaux premiers de degre 1 :

avec r = ~(p - 1) = [Q(pp- 1)

Choisissons un de ces ideaux premiers, ce qui definit un plongement a

de Q(~p-1) dans Ie corps p-adique Qp; comme Ie groupe des racines (p-l)

iemes de l'unite de Qp s'identifie canoniquement a (Z/pZ)· ("represen

tants multiplicatifs"), on voit que a definit un isomorphisme de ~p-1

•~ (Z/pZ) , et tout isomorphisme est obtenu ainsi (en choisissant con-

venablement Pi)' En composant £ : (Z/pZ)· ~ Vp- 1 et a: Vp- 1 ~ (Z/pZ)·

on obtient un endomorphisme de (Z/pZ)·, qui est necessairement de la

forme x ....... xa avec a e Z/(p-l)Z. Avec notations, on, ces a :

/ ,
l anqnTHEOREME 12. Soit f = une forme modulaire de type (k, £) ~

ro(p), telle gue an E Q(pp- 1 ) pour tout n. Alors la serie



233

a coefficients aO E Q ,
n p
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est une forme modulaire p-adigue de poids k + a.

(Precisons que a est identifie a l'element (0, a) du groupe des poids

X = Zp x Z/(p-1)Z, et k + a a (k, k+a). On peut supposer f ~ 0, d'ou

£(-1) = (_1)k, et il en resulte que k + a est un element pair de X.)

Lorsque £ = 1, fest combinaison Q(~ 1)-lineaire de formes modulairesp-
de poids k (au sens du nO 3.1) a coefficients rationnels, et Ie th.12

resulte du th.10; nous pouvons done supposer £ ~ 1.

Commen~ons par un cas particulier

LEMME 10. Si k > 1, et £(-1) = (_1)k, la serie

= ~ L(1 - k, £) + r
n=1

(L ted) d k - 1 ) qn

din

est une forme modulaire de type (k, £) ~ ro(p). Ses coefficients ap-

partiennent a Q(~ 1)' et l'on ap-

I(
ou Gh est la serie d'Eisenstein p-adique de poids h = k + a, au sens du

nO 1.6.

Le fait que Gk (£) soit de type (k, £) resulte de la determination par

Heeke des series d'Eisenstein de niveau p (cf. [8], p.461-486, ainsi que

l'Appendice du §S). De fa~on plus precise, avec les notations de [8},

loc.cit., on verifie que Gk (£) est egaIe, a un facteur scalaire pres,

a la fonction
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deduit, par un caIcul immediat, que Gk (£) Ik (~ ~) = £(d) Gk(E), ce qui

montre bien que Gk(E) e~t de type (k, E). Ses coefficients appartien

nent au corps engendre par les valeurs de E, qui est contenu dans

Q(pp- 1)' Montrons maintenant que Gk(E)O est egale a G~. Si n ~ 1, Ie

n-ieme coefficient a~ de Gk(E)O est egal a L E(d)o dk- 1 , la sornmation

portant sur les diviseurs d de n qui sont premiers a p. Ecrivons d dans

Qp sous Ia forme wed) <d), avec w(d)p-l = 1, et <d) = 1 (mod.p), cf.

Iwasawa [11], p.1S. On a alors E(d)o = w(d)a = da , vu la definition de

a. D'ou

° = ~ dk +a - 1 • ()an L = 0h-l n,

ce qui est bien Ie n-ieme coefficient de G~. D'autre part, L(l - k, c)o

est egal a - bk(wQ)/k = Lp(l - k, wk+
Q), avec Ies notations de (11),

S3. Vu Ie th.3 du nO 1.6, on a donc

Ie terme constant de Gk(E)O est egal

demonstration du lemme.

•a celui de Gh , ce qui acheve la

Revenons maintenant au th.12. Choisissons une suite d'entiers k > 1
n

tendant vers a dans X, et tels que kn - a E (p-1)X pour tout n. Posons

ou A est Ie terme constant de la serie Gk (E- 1), cf. lemme 10. Le pro-n n
duit fgn est une forme modulaire sur ro(p). de type (k + k n' 1) ; il en

resulte, comme on l'a dit plus haut, que f
O ° est une forme modulairegn

p-adique de poids k + kn • D'autre part, d'apres Ie lemme 10 applique a
k et -1 on a g~

• )5
ou h k Comme h tend vers a dansE , = Eh ' = - a.n n n nn

X, il en resulte que gO tend vers E- = 1, d'ou lim. fa g:o = fa, ce quin 0 n
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montre que fa est modulaire p-adique de poids k + a

acheve la demonstration.
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1 im. (k + k ) e t
n

Remarque

Sous les hypotheses du th.12, on peut demontrer que flk West de type
-1 2(k ,_ £ ); on a f Ik W = £ ( -1 ) f. '

S4. Familles analytiques de formes modulaires p-adiques

4.1. L'algebre d'Iwasawa (p ~ 2)

a) Notations

Si n > 1, on note Un Ie sous-groupe de z; forme des entiers p-adiques

u tels que u = 1 (mod.pn). On sait que

est isomorphe a Zp. Si s E Zp et u E U1 , on definit de fa~on evidente

uS E Vi' cf. nO 1.4, a).

On note F l'algebre des fonetions sur Z , a valeurs dans Z. Si
P P

u E U1 , on note f u la fonetion s ~us. Les fu(u E U1) engendrent un

sous-Z -module L de F, qui est une sous-algebre. D'apres le theoremep
d'independanee des caraeteres (Dedekind), les f u forment une base de L,

et l'on peut identifier L a l'algebre Zp[U1] du groupe U1 . Un element

de L s'eerit done, de fagon unique, sous la forme

avec A E Z ,
U P
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les Au etant presque tous nuls.
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b) L'algebre L

On definit t comme l'adherence de L dans F, pour la topologie de la

convergence uniforme. Notons d'ailleurs que les elements de L sont

equicontinus : si f E L et n ~ 0, on a

s - s' (mod.pn) ~ f(8) - f(s') n+l(mod.p ).

La meme propriete est donc vraie pour L; de plus, sur L, la topologie

de la convergence uniforme coincide avec celIe de la convergence simple

sur un sous-espace .dense, et cette topologie fait de r un espace compact.

c) L'algebre A

C' est I' algebre Zpl l U1]] = ~im. Zp[ U1 /Un] , cf. [10], [11]. On sait

qu'elle est isomorphe a l'algebre Zp[[T]] des series formelles en une

indeterminee T. L'isomorphisme s'obtient en choisissant un generateur

topologique U = 1 + W de U1 ' avec vpCw) = 1, et en associant a l'element

f u de Zp[U1] l'element 1 + T de Zp[[T]].

L'anneau A est un anneau local regulier de dimension 2; il joue un

role essentiel dans les travaux d'Iwasawa sur les classes d'ideaux des

extensions cyclotomiques (Ie groupe U1 intervenant alors co~e un groupe

de Galois). On notera que A est compact pour la topologie definie par

les puissances de son ideal maximal; lorsqu'on identifie A a Zp[[T]],

cette topologie devient celIe de la convergence simple des coefficients;

Ie groupe topologique A est done isomorphe a un produit infini de groupes

d) Identification de L ! A.

Les algebres L et A contiennent toutes deux L = Zp[U1] comme sous

algebre dense. II s'impose de les comparer

LEMME 11. II existe .un unique isomorphisme d'algebres topologiques
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dont la restriction a Zp[U1] soit l'identite.

L'unicite de £ resulte de ce que Zp[U
1

) est dense dans A. Pour en

montrer l'existence, identifions comme ci-dessus A a Z {(T]] au moyenp

du choix d'un generateur topologique u de U1 • Si f = r anTn est un ele-

ment de A, on definit £(f) comme la fonction

ce qui a un sens car uS - 1 = 0 (mod.p). II est clair que £ est un

homomorphisme continu de A dans F, et que £(fu ) = f u ; il en resulte que

£ est l'identite sur L; par continuite, on a donc £(A) = L. Le fait que

£ soit injectif est immediat; comme A est compact, c'est un homeomorphis-

me.

Remarques

1) Dans ce qui suit, nous identifierons A a L au moyen de £. Comme

on vient de Ie voir, cela revient a passer d'une serie en T a une fonc-

tion de s par Ie "changement de variables"

OU v = log(u).

2) II Y a une troisieme interpretation de A, due a B.Mazur, qui est

souvent utile: c'est l'algebre des "distributions" (ou "mesures") a
valeurs dans Zp sur l'espace U1 . On appelle ainsi toute fonction

U~ ~(U), definie sur les ouverts compacts de U1 , simplement additive,

et a valeurs dans Zp; une telle mesure se prolonge par continuite en une

forme lineaire

f ..... JU f(u)~(u)
1

sur l'espace des fonctions continues sur U1 a valeurs dans Zp. Si l'on

associe a ~ la fonction s ....... Ju uS ~(u),
1
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on obtient un element de A; tout element de A s'obtient ainsi, de rnaniere

unique; les elements de L correspondent aux mesures discretes.

e) Zeros d'un element de A

Tout element f '/. 0 de A = Zp((T)] a une "decomposition de Weierstrass"

canonique :

avec A, ~ > 0, v (a.) > 1, et u inversible dans A. En particulier, Iep ~

nombre de zeros de f(s) est fini et < A.

Comme application, signalons :

LEMME 12. Soit f 1 , •.• ,fn , ..• une suite d'elements de A. On suppose

que lim.fn(s) existe pour tout element s d'une partie infinie S de Zp.

Alors les f n convergent uniformement sur Zp vers une fonction f appar

tenant a A.

Sinon, vu la compacite de 'A, on pourrait extraire de la suite (fn)

deux suites convergeant vers des elements distincts f' et ftt de A. La

fonction f' - f" s'annulerait 'sur S, done aurait une infinite de zeros,

contrairement a ce que l'on vient de voir.

(La famille A se comporte conune une ufamille normale" au sens de Mon-

tel.)

~.2. L'algebre d'Iwasawa (p: 2)

On definit encore U comme Ie sous-groupe de Z· forme des entiers 2-n p

adiques u tels que u = 1 (mod.2n). On a
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et U2 est isomorphe a Z2; si u E U1 , on note w(u) sa composante dans

{±1} et (u) sa c6mposante dans U2, cf. [11], p.1S.

On definit les algebres L et A au moyen du groupe U2 (et ,non plus du

groupe U1). De fa~on plus precise, Lest l'algebre engendree par les

fonctions f u : s~ us, avec u E U2 • On montre, comme au nO 4.1, que

l'adherence L de L s'identifie a l'algebre d'lwasawa

lci encore, cette algebre est isomorphe a Z2[(T)], l'isomorphisme s'ob

tenant en choisissant un generateur topologique u de U2 et en associant

a I 'element f u de Z2( U2] 1 'element 1 + T de Z2[ [T]], cf. {11], p.69.

_.Les autres resultats du nO 4.1 se transposent de maniere evidente au

cas p = 2.

4.3. Caracterisation_Aes el€ments de A par leurs dev~loppements en serie

Nous allons voir que les fonctions f appartenant a A peuvent etre

caracterisees comme des series de Taylor convergentes

dont les coefficients an verifient certaines congruences. Pour ecrire

commodement ces congruences, definissons des entiers c in (1 < i < n)

par l'identite

nr c · yi = y (y - 1) (y - 2) ••• (Y - n + 1) = n! (Yn ) •
i=l ~n

On a alors :

, \

THEOREME 13. Pour gu'une fonction f E F appartienne a A, il faut et il

suffit qu'il existe des entiers p-adiques bn (n = 0,1, ••• ) tels que
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a) f{s) = I b pnsn/n! pour tout s E Z ,
n=O n p

n
b) v ( I c. b.) > vp(n!) pour tout n > 1.

P i=l J.n 1.

(Si p = 2, on doit modifier a) en rempla~ant pn par 4n .)

Remarques

1) Comme c nn = 1, la condition b) equivaut a dire que chacun des

bn est congru

j < n.

2) On a

(mod.n!Z ) a une certaine combinaison Z-lineaire des b.,
p ]

si p ~ 2

si p = 2.

II en resulte que la serie entiere donnant f converge dans un disque p

adique strictement plus grand que Ie disque unite; a fortiori, elle con

verge sur Zp' ce qui donne un sens a a).

Demonstration du th.13

Je me borne au cas p ~ 2; le cas p = 2 est analogue.

(i) Le developpement

avec v (v) = 1,
p

donne au nO ~.1 montre que T, ainsi que ses puissances, a un develop

pement en serie du type a). Par linearite et passage a la limite; on

voit qu'il en est de m@me de toute fonction f de A. De plus les coef

ficients bn = bnCf) de f dependent continQment de f. On en conclut que

l'application f~ Cbn(f» est un isomorphisme du groupe compact A sur

un certain sous-module ferme SA du Zp-module produit S = <Zp}N des suites
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(b ) Tout revient done a montrer que SA coincide avec Ie sous-
n n > 0

module Sb de S defini par les congruences b).

(ii) Tout element u de U1 s'ecrit exp(py), avec y E Zp. On en con

clut que

00

uS = exp(pys) = I ynpnsn/n!,
n=O

et l'on sait que (~) est un entier p-adique; cela montre bien que I cinyn

est divisible par n! dans Zp.

Par linearite et passage a la limite on conclut de la que SA est con

tenu dans Sb. 11 reste a voir que SA est egal a Sb; vu ce qui precede,

cela equivaut a dire que les suites de la forme (yn), avec y E Zp' en

gendrent un sous-Z -module dense de Sb.
p --

(iii) Soit m > 1 et soient bo ' ••. , bm E Zp satisfaisant aux congru-

ences b) pour n < m. Nous allons montrer qu'il existe f E A tel que

bi'f) = b. pour 0 < i < m, ce qui achevera la demonstration.
~

On procede par recurrence sur m, le cas m = 0 etant evident. Vu l'hy-

pothese de recurrence, il existe g E A tel que bi(g) = b. pour i <; m - 1;
J.

t'out revient a trouver h E A tel que b. (h) = 0 pour i < m - 1 et
~

bm(h) = bm bm(g)· On est done ramene au cas ou les b. sont nuls pour
~

i < m - 1; vu la congruence b) il en resulte que bm est de la forme

m! z, avec z E Z. On prend alors pour f Ie mon8me z(p/v)~m, avec lesp

notations de (i); il est clair qu'il repond a la question.

COROLLAIRE. Soit f E A, et soient bn les coefficients correspondants.

2n-! bn = bn + p _ 1 (mod.p) pour tout n > 1.

En effet, cette congruence est evidente lorsque la suite (bn ) est de

la forme (yn), avec y E Z , et Ie cas general s'en deduit par linearite
p
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et passage a la limite. (Bien entendu, on peut aussi utiliser b).)

Remarque

Signalons une autre propriete de stabilite de l'algebre A

si f E A, on a df E pA
ds si p '/. 2 et df E 4A

ds si p = 2.

Cela resulte de la formule ~; = dfv(l + T)dT.

Soient so' sl E Zp et f E F. Posons an = an(f) ~ f(so + ns i ) pour

n = 0, 1, ••• et designons par 00' 01' ••• , on' ... les differences suc

cessives de la suite (an) :

°0 = a0' °1 = a l - a 0' °2 = a 2 - 2a
i + a0' ... ,

n
(_1)i0 = I (~) a n-i·n i=O J.

I \
'rHEOREME 14. Posons

-et

Si f E A, on a

a) ° - an
(mod.pnh) pour tout n ~ 0,

b) ~ -ihv (L cin0J.°P ) ~ v (nI)
p i=1 P

pour tout n ~ 1.

(On rappelle que c in est Ie coefficient de yi dans Ie polynome

y{y - 1) ••• (Y - n + 1), cf. nO 4.3.)

II suffit de considerer Ie cas ou f(s) = US avec u E U1 (resp. avec

u E U2 si P = 2); Ie cas general s'en deduira par linearite et passage
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a
n

8 1 h
Or u - 1 est de la forme p y, avec y E Z. On a donc v (0 ) ~ nh, cep p n

qui prouve a). L'assertion b) provient de ce que

USo(t i) _ So )= L cinY _·u y(y - 1 ••• (y - n + 1)

- 0 (mod. n!Z ).
p

COROLLAIRE.

n ;> 1.

POBons e
n On a en - (mod.p) pour tout

La demonstration est la meme que celIe du corollaire au th.13.

En fait, les congruences de th.14 caracter'isent les elements de l'al

gebre d'Iwasawa A. De fa~on plus precise, prenons So = 0 et s1 = 1,

de sorte que an = fen), et que les on sont les coefficients d'interpola

tion usuels; on sait (critere de Mahler, cf. [1]) que, si f est continue,

les on tendent vers 0, et que lion a

f(s) = I
n=O °n

pour tout

" \THEOREME 15. Soit f une fonction continue sur Z , a valeurs dans Qp'
-- p

et soient on = r (-l)i(~)f(n-i) ses coefficients d'interpolation. Pour

que f appartienne a A, il faut et il suffit que

pour tout n ~ 0,

b) pour tout n ;;> 1.

(Si p = 2, on doit remplacer pn par 4n dans a), et p-i par 4- i dans

b) • )
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La necessite resulte du th.14.

24~

Prouvons la suffisance, en nous bor-

nant au cas p ~ 2 (Ie cas p = 2 est analogue). Soit Sb l'ensemble des

suites (bn ) d'entiers p-adiques tels que

v (L c. b.) > v (nI)p 1n 1 p pour tout n ~ 1.

On a vu au nO 4.2 que les suites de la forme (yn), avec y E Zp' engen

drent un sous-module dense de Sb pour la topologie produit. Par hypo

th~se, la suite (6 nP-n) appartient ~ Sb. Pour tout entier m on peut

donc choisir des elements A., y. de Zp' en nombre fini, tels que
1 ~

= r A·y~
1 1

pour tout n < m.

Posons

On a f m E A ~et meme f m E L); de plus les formules ci-dessus montrent

que les coefficients d'interpolation de f sont les memes que ceux dem

f jusqu'a l'indice m; on a done f (n) = fen) pour n < m, et la suite
m

(fm) tend vers f pour la topologie de la convergence simple sur l'ensem-

bel N des entiers > O. Comme R est dense dans Zp' cela entraine que

f = 1im.fm, cf. nO 4.1 b), et par suite on a bien f E A.

4.5. Exemple: coefficients des series d'Eisenstein p-adiques

Considerons la serie

k pair ~ 0)

d6finie au nO 1.6. Ecrivons k sous 1a forme k = (s,u), avec

S E Zp' U E Z/(p y l)Z, u pair (si p ~ 2), s pair (si p = 2).
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s,u

24S
Ser-55

a (G* ) = 12t *(1 - s, 1 - u)o S,u

II= °k_l(n) = I d k - 1

din
(d,p)=1

si n ;> 1.

Decomposons l'unite p-adique d en wed) (d), avec

w(d)p-1 = 1, si p ~ 2,

On a alors

wed) = !1, si p = 2.

(n ;> 1).

On en conclut que, pour u et n fixes (avec n ;> 1) la fonction

s ...... a (G- )
n s,u

appartient a l'algebre L du nO 4.1, et a fortiori a son adherence A.

(Noter que, si u = 0, cette fonction n'est definie que pour s # 0; si

p = 2, elle n'est meme definie que pour s E 2Z2' s ~ 0.)

On a un resultat analogue, mais beaucoup moins evident, pour Ie terme

*constant ao(Gs,u) :

THEOREME 16 (Iwasawa).

a) Si u est un element pair # 0 de Z/(p-1)Z, la fonction

- 1 •s ~ a (G ) = -2t (1-s, 1-u)o s,u

appartient a l'algebre A.
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b) Si u = 0, la fonction

246

.1.
s~ a (G ) = -2t (1-s, 1)o s,U

est de la forme T- 1g(T), au g est un element inversible de A.

(Dans b), on a identifie A a Z [[ T) 1 , cf • nOs 4. 1 et 4. 2 • )
P

Cet enonce est simplement une reformulation des principaux resultats

de [10] , compte tenu de ce que l;1II (1-8, 1-u) = L
p

(1-8; wU
), cf. nO 1. 6,

th.3 (i). Voir aussi [11], S6.

Remarques

1) Dans le cas u ~ 0, Ie th.16, combine avec le th.14 a) redonne

les classiques congruences de Kummer (cf. Fresnel [7] et Shiratani [23]);

le th.14 b) donne des congruences supplementaires, peut-etre nouvelles.

2) Dans Ie cas u = 0, le th.16 montre que la fonction

appartient a A et est divisible par T (elle a un "zero simple" en T = 0) •

•Il en resulte que les coefficients an(Es,O) de la serie

= 2 G*
Z;-(1-s, 1) s,O

appartiennent a A et sont divisibles par T si n > 1.

4.6. Familles de formes modulaires p-adiques (poids non divisible par

p - 1)

Considerons une forme modulaire p-adique f s dependant d'un parametre

s E Zp et de poids k(s) E 2X. On suppose que k(s) est de la forme

(rs, u), avec r E Z et u E Z/(p-1)Z independants de s. On suppose en

outre que u est ~ 0 (ce qui entraine p ~ 2, 3); Ie cas u = 0 sera traite

au nO suivant.
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THEOREME 17. Supposons que, pour tout n > 1, la fonction s~ an(fs )

appartienne a l'algebre d'Iwasawa A. II en est alors de meme de la

fonction s ........ ao(fs ).

Nous allons utiliser la serie d'Eisenstein p-adique E* de poids -rs,-rs
normalisee de telle sorte que son terme constant soit 1, cf. nO 1.6.

Ecrivons-la sous la forme

= l
n=O

avec e (s) = 1.o

On a vu au nO precedent que les coefficients de E- appartiennent a A;s

il en est donc de meme des en(s); on a de plus en(O) = 0 si n > 1 puis-

que E- = 1.o

La fonction f' = f E* est une forme modulaire p-adique de poidss s -rs
(O,u) independant de s. Ses coefficients sont donnes par:

e (s)a (f ) +m 0 s
m
l

i=1
e .(s)a.(f).
m-l. 1 s

D'apres le th.9 du nO 2.3, applique a k = (O,U), il existe une suite

(A) d'elements de Z , avec A = 0 pour m assez grand (de-
m,n ID,n ;> 1 p m,n

pendant de n), telle que

a (f') =o s lim. l
n -+ 00 m

A a (f').m,n m s

Comme f s et f~ ont meme terme constant, ceci peut se recrire
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est compact.

- t A e (s) Les fonctions gn appartiennent a A, qui- L m n m ·
m '

Quitte a remplacer la suite (n) par une sous-suite, on

peut done supposer que les gn(s) convergent dans A vers un element g;

comme gn(Q) = Q pour tout n, on a g(Q) = O. La formule ci-dessus peut

alors se recrire :

avec I
m,i > 1

A e .(s)a.(f).m,n m-1 1 s

Vu l'hypothese faite sur les ai(fs )' les fonctions bn appartiennent a
A pour tout n. Comme ces fonctions convergent simplement vers la fonc-

tion

on en deduit que cette derniere fonction appartient a A, cf. nO 4.1,

lemme 12. Mais Ie fait que g(Q) = Q entra1ne que g appartient a l'ideal

maximal de A, et 1.- g est inversible dans A. On en conclut ~ien que

4.7. FamilIes de formes modulaires p-adiques (poids divisible par p-1)

Considerons, comme au nO precedent, une forme modulaire p-adique f s
dependant d'un parametre s. Nous supposons maintenant que f s est definie

pour tout s ~ a de Zp (resp. pour tout s # 0 de 2Z2 si p = 2), et que

son poids k(s) est de la forme rs = (rs,Q) ou r est un entier non nul.

Convenons de dire qu'une fonction sur Zp - {oJ (resp. sur 2Z2 - {oJ)

appartient a A si elle est la-restriction d'une fonction de A.
, \

THEOREME 18. Supposons que, pour tout n > 1, la fonction s ~ an(fs )
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appartienne a A. II en est alors de meme de la fonction
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Identifions A a Zp[[T]] comme d'habitude. D'apres Ie th.16, la fonc-
• -1tion s~ 2r; (1 - s, 1) est de la forme T.h(T), ou h est un element

inversible de A. Conune s ......... rs correspond a 1 + Ta-+(l + T)r, on en

conclut que la fonction s~2r;·(1 - rs, 1)-1 est de la forme

«1 + T)r - l)g(T), avec g inversible dans A. D'ou:

COROLLAIRE. La fonction s~ ao(fs ) appartient au corps des fractions

de A; on peut l'ecrire c(T)/«l + T)r - 1),~ c E A.

Remarque

Si q est la plus grande puissance de p qui divise r, on peut mettre

(1 + T)r - 1 sous la forme u(T)«l + T)q - 1), ou u est un element in-

versible de A. On peut donc recrire la fonction s~ ao(fs ) comme une

fraction d(T)/«l + T)q - 1), avec d E A.

Demonstration du th.18

Choisissons un polyn8me H en U et les Ti , a coefficients entiers, qui

satisfasse aux conditions du th.8 du nO 2.3 pour tout k E Zp' on a

(i) E:l k H = c(k) E: avec c(k) inversible dans Zp'

(ii) lim. fl k Hn = 0 pour toute forme modulaire p-adique f de poids k
n ~ 00

qui est parabolique.

D'apres Ie cor. au th.8, on a

-n (I n)lim. c(rs) a 1 f s rs H ,
n ~ 00

et tout revient a montrer que les fonctions
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et

appartiennent a A (en effet, on sait qu'une suite de fonctions de A qui

converge en tout point d'une partie infinie de Zp converge uniformement

vers une fonction de A, cf. nO 4.1, lemme 12). Or on a Ie resultat

suivant :

LEMME 13. Soit R un polyn8me en' U et les TI , a coefficients dans Zp.

II existe une famille de fonctions k~ c .. (R,k) .. , 0' appartenant a1.J 1.,J '
sous-algebre L de A (cf. nO 4.1) et telles que, pour tout i ;> 0, on ait

a) c .. (R,k) = 0 pour j assez grand, pour j = 0 si i ;> 1, et pour1.J
j ;> 1 si i = 0;

b) ai(fl k R) = L c .. (R,k) a. (f) pour toute serie formelle p-adique f,
j 1.J J

et tout k E 2Z •
P

Larsque Rest egal a U, au a l'un des Ti , Ie Iemme resulte des formules

c~nnan~ flu et flk Ti , cf. nO 2.1. Le cas general s'en deduit en remar

quant que, si l'enonce est vrai pour deux polynomes R1 et R2, il l'est

aussi pour R1R2 et R1 + R2 -

Revenons a la demonstration du th.18. On a

L C
1J

o (Hn , rs) a.(f ),
j ;> 1 ,J s

et cette formule montre bien que s~ at(f I Hn ) appartient a A.
5 rs

On a d'autre part c(k) = ao(E~lk H) = coo(H,k), ce qui montre que

k t--+ c (k) appartient a L, et il en est de meme de s .....-.. c (rs) • De plus,

d'apres (i), les valeurs prises par c(rs) sont des unites p-adiques.

Si lIon ecrit s ~ c(rs) comme une serie en T, Ie terme constant de cette

serie est inversible dans Zp; Ia serie elle-meme est donc inversible dans

A = Z [[T]], et lIon en conclut que s ~ c(rs)-n appartient a A quel que
p

soit n, ce qui acheve· Ie demonstration du theoreme.
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Dans les ths.17 et 18, il n'est pas necessaire de supposer f definies
pour tout s E Zp (ou tout s ~ 0); il suffit de se donner les f s pour

s appartenant a une partie infinie S de Zp' et de fa ire lthypothese

suivante : pour tout n ~ 1, la fonction s~ anCfs ) est la restriction

a S d'une fonction appartenant a A.

§5. Fonctions zeta p-adiques

5.1. Notations

La lettre K designe un corps de nombres algebriques totalement reel

de degre r sur Q : K 8
Q

R est isomorphe a Rr • L'anneau des entiers de

K est note OK' sa differente (par rapport a Z) est notee d et son dis

criminant d.

Si x (resp. a) est un element (resp. un ideal) de K, on note Nx (resp.

Na) sa norme, qui est un element (resp. un element positif) de Q; par

exemple d = Nd. On note Tr(x) la trace de x.

Un element x de K est dit totalement positif si o(x) > 0 pour tout

plongement a K ~ R. On ecrit alors x » 0; on a Tr(x) > O.

La fonction zeta de K est definie par la formule

ou a (resp. p) parcourt l'ensemble des ideaux ~ a (resp. des ideaux pre

miers # 0) de OK. Cette formule vaut pour R(s) > 1. On prolonge ~K en

une fonction meromorphe sur C, ayant pour seul pole (simple) Ie point

s = 1. La fonction



Ser-62 252

est invariante par s t-+ 1 - s ("equation fonctionnelle"). On en deduit

que, si n est un entier ~ 1, on a

t K(l n) = 0 si n est impair (Ie cas r = 1, n = 1 excepte)

t K(l - n) ~ 0 si n est pair.

De plus, d'apres un theoreme enonce par Heeke ([8], p.387) et demontre

par Siegel [24], les t K(1 - n), n ~ 1, sont des nombres rationnels.

5.2. Formes modulaires attachees a K

Soit k un entier pair> 2. Definissons une serie formelle gk

ou x parcourt les elements totalement positifs de d- 1 de trace n, et a

les ideaux de OK contenant xd. (11 revient au meme de dire que l'on

somme sur les couples (x,a) tels que a sait entier, x e d- 1a, x» 0

et Tr(x) = n; c'est une somme finie.)

, \

THEOREME 19 (Heeke-Siegel). Mis a part Ie cas r = 1, k = 2, la serie

gk est une forme modulaire sur SL2(Z) de poids rk.
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(Pour I' = 1, i.e. K ~ Q, on a gk' = Gk , d'ou la necessite d'exclure

k = 2, cf. nO 1.1.)

Si U est un ideal fractionnaire de K, on trouve dans Siegel [25], p.93,

la definition d'une certaine fonction

Fk (U, z1 ' • • • ., zr)'

qui est une serie d'Eisenstein du corps K, au sens de Hecke [8], p.381-

404; c'est une forme modulaire de poids k par rapport au groupe SL2 (OK)

operant sur Ie produit HI' de I' demi-plans de Poincare. Si l'on restreint

Fk(u, z1' ••• ' zr) a la diagonale H de HI', on obtient une fonction

qui est une forme modulaire de poids rk, au sens usuel. Les coeffici-

ents de ~k(u,z) sont donnes dans [25], p.94, formule (19). Les fonctions

Fk(u, z1' •.• ' zr) et tk(u,z) ne changent pas lorsqu'on multiplie u par

un ideal principal. Posons alors

~k(z) = I tk(u,z),
u

ou u parcourt un ensemble de representants des classes d'ideaux de K.

Les formules (18) et (19) de [25] donnent :

ainsi que

pour n ~ 1, ou ( 27Ti) k)r
\<k-l) ! '

et l'equation fonctionnelle de ~K permet de recrire cette derniere for

mule sous la forme :
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On a donc gk

rk.

COROLLAIRE.

254

-1= ek ~k' ce qui montre bien que gk est modulaire de poids

(i) Si rk t 0 (mod.(p-l», CK(l - k) est p-entier.

(ii) Si rk - 0 (mod.(p-l», on a

(p -# 2)

v (C K(1 - k» ~ r - 2 - v (rk) (p = 2).P p

Cela resulte du cor.1 au th.1' du nO 1.5, compte tenu de ce que les

coefficients an(gk) sont entiers pour n > 1. (Voir aussi [20], th.6 et

the 6'.)

Remarques

1) Le corollaire ci-dessus fournit une estimation du denominateur de

t K(1 - k). Cette estimation est assez grossiere : elle ne fait inter

venir K que par l'intermediaire de son degre r; pour k = 2, elle est

moins bonne que celle donnee par la formule

cf. [19], nO 3.7, prop. 29-30.

2) Nous aurons besoin plus loin d'une variante du th.19, dans laquelle

on modifie gk en gardant uniqu~ment les termes "premiers a pIt. De fa~on

plus precise, soit S l'ensemble des ideaux premiers de OK qui divisent

p, et posons

(1 - Np-s) = n (1 - Np-s)-l
P fI. S

= I Na- S
•

(a,p)=l
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Definissons une serie formelle gk par les formules
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et L (Na)k-l
X,d

(n ;> 1),

ou la sommation porte sur les couples (X,d), avec a entier premier a p,

xed-la, x» 0 et Tr(x) = n.

On a alors

, \

THEOREME 19'. La serie gk est une forme modulaire sur ro(p) de poids

rk (cf. nO 3.1).

(Noter qu'ici Ie cas r = 1, k = 2 n'est plus exclu.>

La demonstration est analogue a celIe du th.19, a cela pres que lYon

doit utiliser des series d'Eisenstein de niveau p, cf. Kloosterman (14]

et Siegel [26]. Pour plus de details, voir l'exemple 2) de l'Appendice

place a fin de ce §.

5.3. La fonction zeta p-adique du corps K

Soit k un element pair de X tel que rk -# O. Nous allons associer a
k une forme d· d· • de poids rk, a la limitemo ula1re p-a 1que gk' par passage

a partir des formes gk du nO 5.2. Le procede est Ie meme que celui

utilise au nO 1.6 dans Ie cas de Q. On choisit une suite d'entiers pairs

k. ;> 4 tels que Ik. I ~ ~ et k. ~ k dans X. Si u est un entier p-adi111
que, on a

k.
lim.u 1 = 0 si u _ 0 (mod.p), et

k. k
lim.u 1 = u sinon,

la convergence etant uniforme en u. On en conclut que

L (Na)k-l,
X,d

(n ;> 1),
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ou la sommation porte sur les couples (X,4), avec 4 ideal de OK premier
-1a p, xed 4, x» ° et Tr(x) = n; de plus, la convergence est uni-

forme en n. Appliquant alors Ie cor.2 au th.l' du nO 1.5, on en deduit

que les gk. ont une limite g~ qui est une forme modulaire p-adique de
1 *poids rk, independante de la suite ki choisie. Le terme constant de gk

-r -sera note 2 t K(l - k), de sorte que l'on a

• 2-r t*(1 - k) 2-r .lim.tK(1 - k i ),ao(gk) = =K 1 .... 00

• r r (N4)k-1, n ;> 1.an(gk) =
Tr(x)=n alxd
x E d- 1 (a,p)=l
x » 0

La fonction t~ ainsi definie sera appelee la fonction zeta p-adigue du

corps K; elle prend ses valeurs dans Q .p
~ \

THEOREME 20. Si k est un entier pair;> 2, on a

t~(l - k) =

(Rappelons que S est l'ensemble des ideaux premiers p qui divisent p.)

En effet, revenons a la serie gk du nO precedent. D'apres 4le th.19',

cette serie est une forme modulaire sur ro(p) de poids rk, donc aussi

une forme modulaire p-adique de poids rk, cf. nO 3.2, th.l0. Comme

an(gk) = an(g~} pour n ;> 1, on en deduit que ao(gk) = ao(g:), d'oll Ie

theoreme.

Remargue

11 est immediat que t~ est continue sur l'ensemble des 1 - k, avec k

pair et rk # o. Le th.20 en fournit donc une caracterisation: c'est

Ie prolongement par continuite de la fonction
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definie sur l'ensemble des entiers impairs < O. (En particulier, lors

que K est abelien sur Q, t~ coincide avec la fonction zeta p-adique de

K au sens de Kubota-Leopoldt, cf.'[lll, p.62, puisque cette derniere a

la meme propriete.)

En fait, t~ est meme analytigue. De fa~on plus precise, decomposons

k E X en (s,u), avec s E Z, U E Z/(p-l)Z, de sorte que la condition
p

rk ~ a signifie simplement que s ~ a ou ru # o. Ecrivons t*(l - k) sous
K

la forme t~(l - s, 1 - u). On a alors :

THEOREME 21. Soit u.un element pair de Z/(p-l)Z, p ~ 2 .

(a) •Si ru ~ 0, la fonction s~ t K(l - s, 1 - u) appartient a l'alge-

bre d'Iwasawa A = Z [[Tl] du §4.p -
(b) Si ru = 0, la fonction s~ t~(l - s, 1 - u) est de la forme

h(T)/«l + T)r - 1), avec h E A.

I , •

THEOREME 21'. Si,p = 2, la fonction s ~ t K(l - s) est de la forme

2r h(T)/«1 + T)r - 1), avec h E A.

(Noter que, pour p = 2, ~~(1 - s) est defini pour s E 2Z2' s # 0.)

Posons k = (s,u). Si n > 1, la fonction s~ an(g:) est somme de fonc

tions de la forme s'~(Na)k-l, ou Na est une unite p-adique. En decom-

posant Na a la fa~on habituelle (cf. nO 4.5) en w(Na) (Na), on a

ce qui montre que st-+an(g~) appartient a l'algebre L du nO 4.1. Les

theoremes 21 et 21' resultent alors des ths.17 et 18 du §4, appliques a
•la famille (gk).

COROLLAIRE 1. Si ru ~ 0 et p # 2, la fonction s ~ Z;~(1 - s, 1 - u) est

holomorphe (au sens strict) dans un disque strictement plus grand que

Ie disque unite.

En effet, Ie th.21 (a), combine au th.13 du nO 4.3, montre que la fonc-

tion en question est donnee par une serie de Taylor
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avec

Une telle serie converge dans un disque strictement plus grand que Ie

disque unite.

COROLLAIRE 2. Si ru = 0, la fonction s ~ C~(l - s, 1 - u) est meromor

phe (au sens stricto) dans un disque strictement plus grand que Ie disque

unite; si elle n'est pas holomorphe, elle a pour unique pale Ie point

s = 0, et c'est un pale simple.

Cela se demontre de la meme maniere, en tenant compte du dencminateur

(1 + T)r - 1 = urs - 1, ou u est un generateur topologique de U1 (resp.

de U2 si p = 2); on verifie en effet que urs - 1 peut s'ecrire sous la

forme s/~(s), ou ~ est une serie de Taylor convergeant dans un disque

strictement plus grand que Ie disque unite.

COROLLAIRE 3. Soient a et b des entiers positifs. On suppose que a

est pair ~ 2, ra ~ 0 (mod.(p-1», et b = 0 (mod.(p-1». Les differen

ces successives on de la suite an = CK,S(l - a - nb) satisfont alors

aux congruences

0-0n
(mod. n !Zp) , cf. nO 4.4.

(Le fait que on - 0 (mod.pn) est une generalisation des congruences

de Kummer.)

Vu Ie th.20, on a a = C·(l - a - nb, 1 - a). Le corollaire resulte
n K

de la, et des ths.21 et 14.

5.4. Complement: caIcuI de.C~(l - k, 1 - u) pour k entier ~ 1

On suppose u pair et p # 2. Le cas ou k = u (mod.(p-1» est regIe

par Ie th.20 on a C;(l - k, 1 - u) = CK,S(l - k). On va voir qu'il y

a un resultat analogue dans Ie cas general, la fonction zeta etant rem-

placee par une fonction L.
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De fa~on plus precise, soit £ un homomorphisme de (Z/pZ)* dans C· tel

que E(-l) = (-l)K. Si a est u~ ideal premier ~ p. posons EK(a) = E(Na);

la fonction £K defi.nit un caractere du corps de nombres K; l'ensemble

des ideaux premiers eu ce caractere est ramifie est un sous-ensemble S£,

de S. Nous aurons besoin de la fonction L(s'£K) de £K' ainsi que de la

fonction LS(s, £K) deduite de L(s, E K) par suppression des facteurs non

premiers a p; on a

IT
P f1. S

Choisissons maintenant un plongement a du corps Q(~p-1) dans Qp' cf.

nO 3.4, 'de sorte que £ devient x..-.. xa , avec a E Z/(p-1)Z.

(Pour u, k et a donnes, il existe un £ et un seul tel que u = k + <l;

•Ie th.22 fournit donc bien un procede de caleul de ~K(1 - k, 1 - u).)

Considerons la s~rie f k donnee par :
,£

a (fk ) =
n ,£

n > 1,

ou la sommation porte comme ci-dessus sur les (x, a), avec a premier a
p, x E d- 1a, x» 0 et Tr(x) = n. La serie fest une forme modu-k,£
laire sur ro(p) de type (rk, £r) au sens du nO 3.4, cf. Appendice, Exem-

pIe 3). D'apres Ie th.12 du nO 3.4, il en resulte que la serie p-adique

fa est une forme modulaire p-adique de poids rk + rae Or, si n ~ 1,k,£
on a



Ser-70.

aa (fk ) =
n ,E

260

r E
K

(4)O (Na)k-1 =
x,a

r w(Na)a (Na)k-1
x,a

cf. nO 5.3.

Comme gk+a et f~,E ont meme poids, et que ce poids est non nul, les for

mules ci-dessus entrainent g~+a = f~,E. On a done

d'ou Ie theoreme.

Remarque

II resulte de l'equation fonctionnelle des series L que l'on a

L(1 - k, EK) ~ o. Vu la formule liant L et LS on en conclut que
)5

1 - u) est nul si et si s'il existet K(1 - k, seulement k = 1 et

p E S - S£ tel que EK(p) = 1. (L'existence d'un tel zero pour t- m'aK
ete s~ggeree par J.Coates - voir aussi [4], th.1.1.)

5.5. Complement: une propriete de periodicite de t~

On suppose p ~ 2. Soit K(~ ) Ie corps obtenu en adjoignant a K lesp

racines p-iemes de l'unite, et posons b = [K(~ ) : K]. Du fait que Kp

est reel, b est pair, et divise p-1.
I \ _ _

THEOREME 23. On a t K(1 - s, 1 - u) = t K(1 - s, 1 - u') si u' - u

(mod.b).

Notons Yb Ie sous-groupe de Z/(p-1)Z engendre par b, et identifions

Yb a un sous-groupe de x. II s'agit de prouver que r;-(1 - k) = r;J5(1-k' )
K K

si k' - k (mod.Yb ) •

Si a est un ideal de K premier a p, on verifie (soit directement, soit

par la theorie du corps de classes) que Nab = 1 (mod.p), i.e. que w(Na)

appartient au noyau de z ~ zb dans (Z/pZ)·. II en resulte que, si

k' - k (mod.Yb ), on a (Na)k' = (Na)k, d'ou an(g:,) = an(g:) pour n > 1.

On a d'autre part p - 1 = ab, ou a est Ie degre du corps K n Q(~p); il
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en resulte que a divise r = [K:Q], et, si t E Yb , on a rt = O.
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Les ser-

• •ies gk et gk' ont done meme poids rk. Vu les formules ei-dessus, on a

done g~ = g~" d'ou Ie theoreme.

Remargue

Notons Q(~) Ie corps engendre sur Q par toutes les racines pn-iemes

de l'unite (n = 1,2, ••• ). Le degre de K n Q(~) est de la forme a pm,

avec m ~ o. On peut montrer (par un argument analogue a ceiui du th.23)

que, pour tout u, la fonction

m
appartient au corps des fractions de Z [[T ]], ou T = (1 + T)P - 1.

P m m
Si ru ~ 0, cette fonction appartient meme a Zp[[Tm]].

5.6. Questions

•1) Comportement de t K(1 - s, 1 - u) pour s = 0
)J

Supposons d'abord ru ~ 0, de sorte que t K(l - s, 1 - u) est defini

en s = O. Peut-on calculer ce nombre (en termes de logarithmes p-

adiques d'unites de K(~p)' par exemple)? C'est Ie cas lorsque K est

abelien sur Q, en vertu d'un resultat de Leopoldt ([11], §5).

Lorsque ru = 0, on aimerait savoir si s = 0 est effectivement un pale.

II parait probable que ce n'est Ie cas que si au = 0, ou a est Ie degre

de K n Q(~p)' cf. nO 5.5; cela resulterait en tout cas des conjectures

fai tes dans [19], nO 3.7 et dans [4] •

Lorsque au = 0 (ou u = 0, cela revient au meme d'apres Ie th.23), on

peut esperer que Ie residu de t~(l - s, 1 - u) en s = 0 est lie au regu

lateur p-adique de K par la meme formule que dans Ie cas abelien ([ 11] ,

loc.cit.); en outre, on devrait pouvoir remplacer Ie denominateur
m

(1 + T)r - 1 du th.21 par (1 + T)P - 1, ou pm est la plus grande puis-

sance de p divisant Ie degre de K n Q(~), cf. nO 5.5.
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2) Generalisations

Le cas traite ici est seulement celui des fonctions zeta. II y a cer-

tainement des resultats analogues pour les fonctions L (abeliennes

d'abord,puis non abeliennes). II devrait etre possible de les demontrer

en utilisant des formes modulaires p-adiques sur d'autres groupes que

SL2(Z), cf. Katz [12]. Pour obtenir des resultats vraiment satisfaisants

(et en particulier pour se debarrasser des poles parasites, cf. ci-des

sus), il sera sans doute necessaire de travailler sur Ie groupe modulaire

du corps K (et non plus de Q), i.e. d'utiliser les fonctions

Fk(u, z1' ••• ' zr) et non pas seulement les fonctions d'une variable ob

tenues en faisant z1 = ... = zr. Le groupe z; (ou son sous-groupe U1)

serait remplace par Ie groupe de Galois G d'une certaine extension

abelienne de K (non necessairement cyclotomique); 1 'espace X serait rem

place par l'espace des caracteres p-adiques de G, et l'algebre A par

3) Relations avec la theorie d'Iwasawa

Du point de vue developpe dans [10], [11], les elements de A apparais-

sent, non pas cornme des fonctions, mais cornme des relations entre ele-

ments de certains modules galoisiens. Pour un corps K abelien sur Q, on

a des relations canoniques, les "relations de Stickelberger" qui con-

duisent aux fonctions zeta et L p-adiques (Iwasawa [10]). Dans Ie cas

general, on ne dispose que de relations definies a multiplication par

un element inversible pres (ce qui permet de parler de leurs zeros, cf.

Coates-Lichtenbaum [4]). II est probable que ces relations (ou fonc-

tions) sont essentiellement les memes que celles considerees ici; il

serait interessant de Ie demontrer.

4) Corps non totalement reels

Si K n~est pas totalement reel, on a t K(1 - n) = 0 pour tout entier

n > 2; ce fait pourrait laisser croire que K ne possede pas de fonction

zeta p-adique "interessante". Cependant, pour K = Q(i), Hurwitz [9] a

defini des nombres rationnels qui jouissent de proprietes analogues a
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celles des nombres de Bernoulli; les resultats de Hurwitz, ainsi que

d'autres plus recents ([5], [17]), laissent penser que les nombres en

question conduisent, eux aussi, a des fortctions analytiques p-adiques.

Peut-etre existe-t-il, plus generalement, une theorie p-adique des fonc-

tions L a Grossencharaktere de type (Ao )' au sens de Weil {28] ?

Appendice

Series d'Eisenstein de niveau 6

Notations

On se donne un ideal 6 # a de OK' Ie conducteur. On note S6 l'ensem

ble des diviseurs premiers de 6, et l'on ecrit

avec f(p) ~ 1.

Si a E K*, on dit que a est congru a 1 (mod.6), et on ecrit a = 1

(mod~o), si vp(a - 1) ~ f(p) pour tout p E S6' ou vp designe la valuation

discrete attachee a p.

Soient a et b deux ideaux fractionnaires de K, premiers a 6. On dit

que a et b appartiennent a la meme classe (mod.6) s'il existe a E K*,

a »0, a = 1 (mod~6), tel que a soit Ie produit de b par l'ideal

principal (a). Le groupe des classes d'ideaux (mod.6) sera note C
6

;

c'est un groupe fini.

Fonction zeta d'une classe

Soit c E Co. On lui associe la fonction zeta "partielle"



Ser-74 264

ou la sommation porte sur tous les ideaux de OK appartenant a la classe

c. Cette fonction se prolonge en une fonction meromorphe dans tout C,

et ses valeurs aux entiers negatifs sont des nombres rationnels (Siegel

[26], p.19).

Plus generalement, soit A une fonction sur C
6

a valeurs complexes; on

identifie A de fa~on evidente a une fonction sur les ideaux fraction-

naires premiers a 6. On pose

r
c E

r
(a,6)=1

lci encore, cette fonction se prolonge a tout C; ses valeurs aux en-

tiers negatifs sont des cornbinaisons Q-lineaires des A(C). (II Y a par-

fois interet a considerer des fonctions A a valeurs, non plus dans C,

mais dans une Q-algebre E - par exemple un corps .p-adique - et a definir

t K,A(1 - k) E E comme la somme des A(C) ~K,c(1 - k).)

Nous dirons que A est paire si

A«a)a) = A(a)

et que 1 est impaire si

A«a)a) = sgn(Na)A(a)

pour tout a et tout a - 1 (mod~6),

pour tout a et tout a - 1 (mod~6).

Forme modulaire definie par une fonction A

On se donne un entier k > 1, et une fonction A sur C
6

comme ci-dessus.

On suppose que A et k ont meme parite; on exclut les cas (k = 1, 6 = OK)

et (k = 2, r = 1, 6 = OK)' cf. [19], p. 48.

On associe a k,A la serie formelle Gk,A = r an(Gk,A)qn definie par
n=O

n > 1,

ou la sommation porte sur les couples (x,a) tels que a soit un ideal de

OK premier a 6, x E d- 1a, x» ° et Tr(x) = n.
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Soit d'autre part f Ie generateur > 0 de l'ideal 6 n Z de Z. Notons

ro(f) Ie sous-groupe de SL2(Z) forme des matrices (~ ~) teIIes que y = 0

(mod. f), et ri(f) Ie sous-groupe de ro(f) forme des matrices (~ ~) teIIes

que Q = ~ = 1 (mod.f).

I \

THEOREME 24 (Kloosterman-Siegel).

(i) La serie Gk,A definie ci-dessus est une forme modulaire de poids

rk sur f 1 (f).

(1-1-) S1.- (Q B) t- t a'y ~ appar 1en

ou A~ est definie par la formule A~(a) = sgn(o)rk A«o)a).

Remarque

La definition d.e AO peut aussi se presenter de la maniere suivante

on a un homomorphisme naturel p : (Z/fZ)- ~ C6 obtenu en associant a un

element ~ E (Z/fZ)* l'ideal principal (x) engendre par un element posi

tif x de t. Comme 0 est inversible mod.f~ on peut done parler de

p(o) E C6, et la definition de AO donnee ei-dessus equivaut simplement a

pour tout

Exemples

1) Prenons 6 = (1), A = 1, et k pair> 2 (resp. > 4 si r = 2). La

serie Gk,A n'est autre que la serie gk du nO 5.2; eomme f = 1~ on en

deduit que gk est une forme modulaire sur Ie groupe SL2(Z) : on retrouve

Ie th.19.

2) Prenons 6 = (p), A = 1 et k pair> 2. On a f = p. La serie Gk,A

est egale a la serie gk du nO 5.2. Comme AO = A pour tout 0 premier a
p, on en deduit que gk est une forme modulaire sur ro(p).

3) Les notations etant celles du nO 5.4, prenons 6 = (p), et choisis-

sons pour A la fonction a ~ £K(a) = £(Na); prenons k > 1 tel que
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k£(-1) = (-1) , ce qui assure que k et A ont meme parite. La serie Gk,A

coincide avec la serie f introduite dans la demonstration du th.22. k,£
du nO 5.4. Comme on a Ao = £(o)rA, on en deduit que f k ,£ est une forme

modulaire de type (rk, £1') sur ro(p).

Demonstration du th.24

Je me bornerai a indiquer comment on Ie deduit des resultats de Siegel

[26]. Choisissons des representants b1 , ... ,bh des elements de C6, et
-1 -1posons a i = bid 6 . A chaque ai' Siegel attache une certaine forme

modulaire <l>i = <l>a.' cf. [26], p.48, formule (98). Posons:
).

<l>A =

D'apres [26], p.49, <l>A est une forme modulaire de poids rk sur un cer

tain sous-groupe de congruence de SL2(Z). Son terme constant (avec les

notations de [26], loc.cit.) est

aO(<I>A) = l A(bi)Qk(ai ) = CK,A(l - k),
i

cf. [26], p.48 et 19.

D'autre part, un calcul sans grande difficulte, base sur les formules

(101) de [26], p. 48, montre que I 'on a

pour n > 1.

On en deduit que Gk,A = 2-r <l>A.

Si maintenant M = C~ ~) est un element de roCf), on verifie facilement

I rkque <l>oa M = sgn(o) cf>a. Or, on peut ecrire

puisque les obi sont des representants de C6. On en deduit

I rk t
~A M = sgn(o) ~ A(ob.) cf>a. =

). ). ).

ce qui etablit (i) et (ii).
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Introduction

Soient K un corps de nombres, totalement reel et abelien, et p un

nombre premier.

lytique p-adique

k ;> 1; on a note

facteur local en

Kubota et Leopoldt [12] ont construit une fonction ana

qui interpole les nombres 1;~P) (1 - k) pour k == 0 mod. p - 1,

l; (p) la fonction zeta du corps K debarrassee de son
K

p On renvoie Ie lecteur a l'excellent petit livre

d'Iwasawa [9] pour l'expose de cette theorie. Lorsque Ie corps K n'est

plus abelien, on savait par Siegel que les nombres l;K(1 -k) sont ration

nels pour k ;> 1 entier; Klingen [10] a etendu ce resultat aux fonctions

zeta associees aux classes d'ideaux, en interpretant les nombres l;K(1 -k)

comme termes constants de certains formes modulaires. Sa wethode a ete

approfondie par Serre, et l'on trouvera ses resultats dans ce meme volume.

Au debut de ses recherches, en fevrier 1971, Serre nous avait sugge-

re d'etudier numeriquement les fonctions zeta de certains corps non abe

liens, et d'en inferer la possibilite d'etendre a ce cas les resultats

de Kubota-Leopoldt et Iwasawa. A cette epoque, Y.Roy venait de mettre au

point un systeme (ecrit en langage assembleur) pour traiter des grands

entiers « 10 600 ) sur ordinateur. Le probleme de Serre nous sembla un ex

cellent test de l'efficacite de ce systeme. Les calculs furent done entre-

pris sur l'ordinateur modele IBM 360/44 du centre de calcul de l'Esplana

de a Strasbourg, et durerent de mars 1971 a avril 1972.

Les premiers resultats sur Ie corps cUbique de discriminant 148 depas

serent nos esperances, et nous firent entreprendre une etude systematique.

Des juillet 1971, nous disposions de tables etendues sur les corps

cUbiques. La critique de Weil, exprimee dans une lettre dosant artiste

ment Ie chaud et Ie froid, nous poussa a sortir franchement du cas abe-

lien en etudiant certains corps de degre 4 ou 5 a groupe de Galois non

resoluble. Dans les 80 cas etudies, les resultats sont frappants; ils
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semblent avoir encourage Serre dans sa recherche, et suggerent plus que

la theorie ne sait etablir aetuellement.

Le plan de ce rapport est Ie suivant. La premiere partie est un re

sume des resultats theoriques connus, y compris ceux de Serre. La deu

xi~ partie decrit les resultats et la troisieme la methode de nos ealculs.

Enfin nous donnons en annexe un extrait de nos tables, qui font environ

600 pages.

Nos remerciements ehaleureux vont a J.-P.Serre pour l'enthousiasme

avec lequel il a suivi nos efforts, et Ie soin qu'il a pris a nous ins-

truire de cette theorie. lIs vont aussi a W.Mereouroff qui n'a demantele

le.,centre de caleul de Strasbourg qu'apres l'aehevement de ce travail.

Notations generales.

On note Z l'anneau des entiers rationnels

Q le corps des nombres rationnels

R le corps des nombres reels

C Ie corps des nombres complexes

Re s la partie reelle du nombre eomplexe s

p un nombre premier

F Ie corps des entiers modulo pp

Zp l'anneau des entiers p-adiques

Qp Ie corps des nombres rationnels p-adiques

Cp la completion d'une cloture algebrique de Qp
0 l'anneau des entiers de Cpp
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un corps de nombres algebriques totalement reel

Ie discriminant de K

Ie degre de K (sur Q) (suppose fini)

l'algebre des series formelles a coefficients dans

l'anneau A.

l'algebre des polynomes a coefficients dans l'anneau A.
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S1. Sur la theorie des fonctions zeta p-adigues

1. Nombres de Bernoulli.

lIs sont definis par la serie generatrice

Car-5

(1)

d'ou les premiers nombres de la suite

(2) 1
= -30·

D'apres un resultat fameux d'Euler, on a

(3)

1 11'2
pour k = 1,2,.. et en particulier 1:1 -2 = -6 . La formule precedente

n= n

donne Ie signe et une bonne valeur approchee de B2k lorsque k ~ 10 par

exemple, la somme de la serie n¥l ~k differe de 1 de moins de 10- 6 . No
n

ter aussi qu'on a B2k+1 = a pour k ~ 1.

Le resultat precedent s'explique par la fonction zeta de Riemann,

definie t(8)
00 -s La formule (3)par = n~l n lorsque Re s > 1. montre en

particulier -2k t(2k) est nombre rationnel pour k;> 1. Pour de-que 11' un se

barrasser des puissances de 11', on utilise Ie prolongement analytique de

t(s) et l'equation fonctionnelle bien connue

(4) t(l-s) = 2.(211')-s f(s) cos 11'; t(s).

Les resultats du premier alinea sont alors contenus dans la formule d'Eu-

ler

(5) pour k ~ 2 entier.

Autrement dit, les valeurs de la fonction t aux entiers negatifs sont des

nombres rationnels, que lion peut calculer facilement au moyen de rela-
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tions de recurrence deduites de la serie generatrice des nombres de Ber-

noulli

Plus generalement, soit X un caractere primitif de Dirichlet, de con

ducteur f . La fonction L associee est definie par L(s;X) = n~l x(n)n- s

lorsque Res> 1. Lorsque f = 1, on retrouve la fonction ~ de Riemann; si-

non, L(s;X) se prolonge en une fonction holomorphe sur C, dont la valeur

aux entiers negatifs est donnee par la formule de Leopoldt [13]

(6) L(l-k;X) = -Bk /k, pour k ~ 1.,X
n n .

Le polynome de Bernoulli Bn(X) est egal comme' d'habitude a j~O (j)B/n- J

et les nombres de Bernoulli generalises sont definis comme suit

(7)

2. Interpolation p-adigue.

Avant de pouvoir formuler les resultats de Kubota-Leopoldt, Iwasawa

et Serre, nous devrons rappeler les principes generaux de l'interpolation

p-adique.

Choisissons un nombre premier p et notons Cp la completion d 'une

cloture algebrique du corps p-adique Q ; on normalise la valeur absolue
p

dans Cp par Ipi = p-1 et 1 'on note 0pI' anneau des elements x de Cp tels

que Ixl <; 1.

Soit par ailleurs b = (b O,b1 , .. ) une suite d'elements de Cp . On de

finit comme d'habitude les differences iterees de cette suite par les for-

mules

(8) (k ~ 0)
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(n ;> 1, k ;> 0)
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et leon definit les coefficients ·d'interpolation cn = ~nbO' soit plus ex

plicitement

(10)
n . n

cn = ·E 0 ( -1 ) n- J ( • ) b • •
J= J J

Pour tout entier n ;> 0, on a inversement

(11)
00 k

b k = EO c ( ).
n= n n

On a alors Ie critere de Mahler: pour qufil existe tine fonction continue

f : Zp ~ Cp telle que f(k) = bk pour tout entier k ;> 0, il faut et suffit

qu'on ait lim Ic I = O. La fonction fest definie par Ie developpement
n~ n

binomial

(12) f(x)

avec la definition usuelle des "puissances binomiales" (sous la forme ttdes-

cendante tt )

(13) (x)n = x(x-1) ... (x-(n-1».

Pour deduire de la un developpement en serie de puissances pour f(x),
(m)introduisons les nombres de Stirling Sn (pour 0 < m ~ n) par l'identite

(14)

on calcule ces entiers par la formule de recurrence usuelle

(15) SCm) = S(m-1) - n SCm)
n+1 n· n (1 <; m <; n)

et les conditions aux limites S(O) = 1 S(O) = 0 et Sen) = 1 pour n ~ 1.o 'n n

Posons alors q = p si p ¢ 2 et q 4 si p 2; de plus, posons
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ld.
R = pp-1 si p ¢ 2 et R = 2 si p = 2. Supposons que les coefficients

d'interpolation cn satisfassent a la congruence

(16)

On peut alors definir de nouveaux coefficients am par la serie convergen

te

(17) a = ! SCm) c In!
m n=m n n

et la fonction f d'interpolation definie par (12) admet Ie developpe-

ment en serie de Taylor

(18) f( ) =! mx m=O amx

de rayon de convergence;> R. Autrement dit, si I' on a cn == 0 mod. qn Op

pour tout n ;> 0, il existe une fonction fanalytique dans Ie disque ouvert

{x E cpl II xII < R} de Cp et telle que f(k) = bk pour k ;> o.

Les methodes d'Iwasawa [8] suggerent une notion plus restrictive

d'analyticite qui a ete etudiee systematiquement par Serre [15]. Notons

U1 Ie groupe multiplicatif des elements x de Zp tels que x == 1 mod q Zp.

Choisissons un isomorphisme de groupes topologiques ct> Zp ~ U1
4

, par exem-

x oo~ -~npIe .(x) = (l+q) = n~O n! (x)n ou ,(x) = exp qx = n~O n! x •

D' apres Serre on appelle algebre d' Iwasawa I' ensemble des fonctions

f : Zp ~ Cp de la forme

(19) f(x) = F(,(x)-l) avec F E Op [[ T] ] .

On voit facilement que l'algebre d'Iwasawa ne depend pas du choix de

l'isomorphisme ~.

On dira par abus de langage que la suite b = (b O,b1 , •. ) d'elements

de Cp appartient a l'algebre d'Iwasawa s'il existe une fonction f : Zp.Cp
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de la forme (19) et telle que f(k) = bk pour tout entier k > O. II re

vient au meme de dire qu'il existe une serie formelle F E 0p[[T]l telle

que bk = F(yk_ 1 ) pour tout k > 0, Ie nombre p-adique y etant choisi de la

forme y = 1 + q u avec une unite p-adique u. Par une generalisation fa

cile des resultats de Serre [15], on obtient Ie critere suivant : la sui-

~ b appartient a l'algebre d'Iwasawa si et seulement si l'on ales congru-

o mod.qn o d .... ·" rencontre"es plus haut , et si de plus les ele-~ c -n p e]a
n SCm)ments d = m~O cm/qm de 0 sont divisibles par n! ~ Ope En parti-

--- n n p
culier, la classe de cn/qn mod.pOp ne depend alors que de la classe de n

mod.p-1 (pour n > 1).

3. Les fonctions zeta p-adigues des corps abeliens totalement reels.

Tout repose sur les proprietes arithmetiques des nombres de Bernoul-

Ii. II est bien COnnu ("congruences de Kummer") que si n n'est pas divi-

sible par p-l, Ie nombre rationnel Bn/n est p-entier (autrement dit, de

la forme alb avec b ; 0 mod.p) et que sa classe modulo p ne depend que

de la classe de n modulo p-1. Plus generalement,posons

l; (p) (s) = (1 - P-s) r;; (s) et considerons les p-2 "sous-series" formees des

valeurs de r;;(p)(-n) sur les progressions arithmetiques de periode p-1 a
l'exception de la progression -n =1 mod.p-l, soit

Iwasawa a prouve que chacune des sous-series precedentes appartient a
l'algebre d'Iwasawa. Pour la sous-serie restante, il faut une petite mo

dification; c'est la suite des nombres (y(1+k)(p-l)-1)r;;(P)(1-(k+l)(p-1»

po~r k > 0 qui appartient a l'algebre d'Iwasawa.
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On peut generaliser ceci aux series L(s;X). Choisissons un isomor

phisme x~ xO du corps ~ des nombres algebriques dans Ie corps algebri-

quement clos C. II existe alors un unique caractere w , de conducteurp p

q, tel que wp (x)O == x mod q 0p pour tout x en-tier. De plus, si

L(s) = n~l an n-s est une serie de Dirichlet, on note L(P)(s) la serie de

Dirichlet (n,~)=1 an n- s d'ou l'on a ote lestermes an n-s avec n == 0

mod.p. En particulier, on a t(p)(s) = (1_p-s) t(s) comme plus haut et

L(P){s,X) = (1-X(p)p-s) L(s;X). Avec ces notations, Iwasawa a montre que

si Ie caractere X est distinct de w~l, la suite des nombres L(P)(-k;XW~k)a

pour k = 0,1,2, .. appartient a l'algebre d'Iwasawa. On en deduit que si

X est distinct du caractere w- j , la suite des elements L(P)(1-j-n(p-1);X>Op

pour n = 0,1,2, .. appartient a l'algebre d'Iwasawa (pour j = 1,2, .. ,p-1

fixe) .

Soit K un corps de nombres totalement reel, abe lien et de degre r

sur Ie corps Q des nombres rationnels et soit t K la fonction zeta du corps

K. D' apres la theorie du corps de classes, il existe r caracteres

X1'. ·,X dont Ie conducteur divise Ie discriminant D de K, et tels que
r r

tK(s) = .IT :L(s;X.). Posons L(s) = tK(s)/l;(s). Ce qui precede montre
J =1 J

alors que pour k ~ 0, Ie nombre L(-k) est rationnel et n'a en denomina-

teur que des nombres premiers divisant Ie discriminant D de K~. De plus,

si p ne divise pas D, les p-1 sous-series formees des nombres

L(P)(1-j-k(p-1» pour k = 0,1,2, .. (on fixe j = 1,2, •. ,p-1) appartiennent

a l'algebre d'Iwasawa.

4. Les resultats de Serre 115] .

Serre considere un corps K, totalement reel de degre r sur Q, et

les nombres rationnels t K(l-k) pour k = 1,2, ..• Les resultats sont de

deux ordres.
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THEOREME D'INTEGRALITE

~K(l-k) est p-entier ·

a) Si k ;> 1 est pair et I' k +0 mod.p-l,~

b) Si k;;l) 1 est pair et rk - 0 mod.p-l, alors

prk r;K(l-k) est p-entier pour p =1= 2.

c) Si k > 1 est pair, Ie nombre 22-rrktK (1-k)

est 2-entier.

INTERPOLATION p-ADIQVE : Supposons d'abord p =1= 2. Choisissons un genera

teur topologique y de V1 = 1 + q Zp' et un entier pair j compris entre

1 et p - 1.

a) Si I' j +0 mod.p-l, il existe une serie formelle F j E Zp ([ T]]

telle gue I;~P) (1-k) = Fj (yk - 1), pour tout entier k > 2 tel Que k == j

mod.p-l.

b) Si I' j == 0 mod. p-l, il existe une serie formelle F~ E Z [[ T] ]
-- (p) F·(yk_l) ] P

teIIe que t K (l-k) = ] pour tout entier k > 2 tel que
yrk _ 1

k == j mod.p-l.

Supposons maintenant p = 2. II existe alors une serie F E Z2[[T]]
(2) F-(yk_ 1 )

telle que 2-r t K (l-k) = - pour k > 2 pair.
yrk _ 1

Avec les notations de Serre, on a dans Ie cas a) 1;~(1-X;1-U) =F!yX- 1 )

pour x E Z , en notant u la classe de j modulo p-l. II faut remplacer
p F~(T)

F.(T) par ] dans Ie cas b); modification analogue pour p = 2.
] (1+T)r- 1



280
Car-12

S2. Resultats numeriques

5. Description des corps etudies.

Nous donnons d'abord la description precise des 63 corps totalement

reels de degre 3,4 ou 5 que nous avons etudies.

A) Corps cycligues de degre 3 et discriminant < 900.

Si K est un tel corps, son discriminant est un carre D = d 2 , Ie
. 21Ti/dcorps K est contenu dans Ie corps cyclotom1que Q(e ) et il existe

un sous-groupe H du groupemultiplicatif (Z/dZ)x avec les proprietes sui-

vantes :

a) la classe de -1 modulo d appartient a H;

b) il n'existe aucun diviseur d' ¢ d de d tel que H contienne toutes les

classes modulo d des entiers a premiers a d et tels que a =1 mod.d';

c) H est d' indice 3 dans (Z/dZ) x;

d) notons Co = H, C1 et C2 les classes de (Z/dZ)x modulo H, et posons

Zj = a~ c.e2nia/d pour j = 0,1,2. Si d n'est pas divisible Ear 3, alors
]

(zO' z1' z2) est une base sur Z de I' anneau des entiers de K.

Les proprietes a), b) et c) montrent que d est de l' une des formes

32 P1·· Pr ou P1 .• Pr' ou P1, .. ,Pr sont des nombres premiers congrus a 1

modulo 6, et deux a deux distincts. Les nombres premiers p =1 mod.6

au plus egaux a 30 sont 7, 13, 19 et par suite les discriminants D < 900

sont 34 = 81, 72 = 49, 13 2. = 169, 192 = 361. Dans chacun de ces cas, Ie

groupe (Z/dZ)x est cyclique et contient donc un seul sous-groupe H d'in-

dice 3; choisissons uneracine primitive g modulo d et notons C. I' en
]

semble des entiers congrus modulo d al'un des entiers gj+3n pour n;> O.

On a Ie tableau suivant (avec g = 2 pour d ¢ 7 et g = -2 pour d = 7).
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D 81 49 169 361

Co 1 1 1,5 1,7,8

C1 2 2 2,3 2,3,5

C2 4 3 4,6 4,6,9

Pour· chaque classe C., on a donne la liste des elements a compris entre
]

1 et d;1 ; les autres elements sont les nombres de la forme nd ± a avec

n entier.

Le tableau precedent donne immedia"tement la valeur de x = zO. NOllS

y avons adjoint l'equation irreductible satisfaite par x.

D = 49 x = 2cos 211' x 3 + x 2 - 2x - 1 = aT

D = 81 = 2cos 211' x3 - 3x + 1 = ax 9

D 169 2cos 211' + 2cos 1011' 3 + x 2 - 4x + 1 = a= x = 13 13 x

x3 + x2 - 6x - 7 = o.D = 361 x = 2cos 211' + 2cos 1411' + 2cos 1611'
19 19 19

2On peut montrer qu.e (1,x,x ) est une base des entiers de K.

B) Corps non abeliens de degre 3 et discriminant < 1257.

II y a 28 corps de cette classe; la table 1 donne pour chacun d'eux

Ie discriminant et sa decomposition en facteurs premiers, et l'equation

irreductible satisfaite par un element x tel que K = Q(x). On 3. choisi

x de sorte que les monomes 1,x,x2 forment une base sur Z de I 'anneau des

entiers de K. La table 1 est copiee de Delone et Faddeev [6].

C) Corps non abeliens de degre 4 ne contenant aucun sous-corps non

trivial, et de discriminant < 8069.

II Y a 9 corps de cette classe; la table 2 donne pour chacun d'eux

Ie discriminant et sa decomposition en facteurs premiers, et une equation

definissant Ie corps. Si Lest la cloture galoisienne de K, Ie groupe
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de Galois de L sur Q est Ie groupe symetrique S 4 d' ordre 4!. Dans cha

cun des cas,le generateur x de K est tel que (1,x,x2 ,x3) soit une b·ase

sur Z de l' anneau des entiers de K.

D) Corps non abe1iens K de degre 4, contenant un sous-corps guadra

tigue E, et de discriminant < 8112.

11 Y a 18 corps de cette categorie, decrits par 1a table 3. Dans

chaque cas, on a donne 1e discriminant D de K, 1e discriminant d de

E , un generateur n de E et un generateur x de K. Dans tous 1es cas,

1a fami11e (1,n,x,xn) est une base sur Z de l'anneau des entiers du corps

K , et 1a cloture galois ienne L de K est de degre ·8 sur Q, de groupe

de Galois diedral d'ordre 8.

E) Le corps de degre 5 et discriminant 114 = 14641.

C'est 1a partie ree11e du corps cyc1otomique Q(e2ni/l1). II est en

2ngendre par X.= 2cos 11 dont l'equation irreductible est

234L'anneau des entiers admet (1,x,x ,x ,x ) pour base sur Z.

F) Corps de degre 5 non abe1iens.

11 s'agit de 3 corps, dont nous donnons Ie discriminant et l'equa-

tion irreductible satisfaite par un generateur x

24217

36497

38569

x2 + 4x - 1 = 0

+ 4x - 1 = o.

On a 24217 = 61.397 et les nombres 36497 et 38569 sont premiers. Comme

1e discriminant n'est.pas divisible par un carre, l'anneau des entiers

ad~et (1,x,x2,x3,x4) pour base sur Z.
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B~~erg~~ 1 : Les corps de degre 4 ont ete pris dans la table de De

lone et Faddeev [6] pages 199-200. Cette table comprend trois erreurs

d'impression :

a) Les coefficients s,p,q,n sont tels que l'equation est

x4 sx3 + px2 - qx + n = 0 avec + px2 et non - px 2•
. p3+ p2+ p _p3+ p 2+ p 2

b) Pour Ie corps de discriminant 2225, 11re - 2 - et non --~2-----

c) Pour Ie corps de discriminant 7625, l'equation est

x 4 - x3 - 9x2 + 4x + 16 = 0 avec Ie terme constant 16, et non 1.

Enfin, Ie corps de discriminant 7260 n'existe pas; l'equation pro-

posee n'est pas irreductible, car on a

A titre de controle, tous les discriminants des corps de degre 3 et 4 ont

ete recalcules.

g~~erg~~ 2 : Les corps de degre 5 ont ete pris dans Ie travail de

H.Cohn (5]. Pour les discriminants indiques, cet auteur donnent d'autres

equations, mais no~s avons verifie qu'elles engendraient Ie meme corps.

Nous publierons par ailleurs [3] nos resultats numeriques sur les corps

de degre 5, et la methode utilisee.

6. Description des tables.

Pour chacun des 63 corps decrits ci-dessus, nos tables imprimees

(dont on trouvera un extrait plus loin) contiennent les renseignements

suivants

a) La loi de decomposition .explicite des nombres premiers p en ideaux

du corps K, pour p < 2500 environ. Nous possedons des renseignements

analogues pour p < 50000 environ, stockes sur cartes perforees.

b) Pour chaque corps K , nous avons pose L(s) = 'K(s)/,(s), sauf

dans Ie cas D, eu nous avons pose L(s) = 'K(s)/'E(s). NOllS avons calcu-

Ie les nombres L(-n) dans les limites suivantes :
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- pour 1 .- n < 57 si K est de classe A , sauf pour Ie plus grand

discriminant 361, ou nous avons seulement 1 .- n < 53

- pour 1 .-" n .- N si K est de classe B , l'entier N etant donne par

Ia table 1

- pour 1 .- n <; 29 si K est de classe C

- pour 1 .- n <; 39 si K est de classe D

- pour 1 .- n .- 17 si K est de degre 5 (classes E et F) •

Noter qu'onaL(-n) = 0 si n;> 0 est pair.

c) Pour chaque entier L(-n), ses facteurs premiers < 10000 avec

leur exposant.

d) Coefficients d'interpolation : on forme d'abord des sous-series

comme suit: si p = 2, une seule sous-serie formee des nombres L(2)(-1-2n)

pour n = 0,1,2, .. dans les limites de la table b). Si P ¢ 2, soit t l'un

des nombres 1,2, .. ,P;1; la t-ieme sous-serie se compose des nombres

an = L(P)(1-2t-n(p-1» pour n = 0.1.2 •.. dans les limites de la table b).
n n-j n .

On forme les coefficients d'interpolation cn = .~O (-1) ()a., qU1 sont
J = j J

entiers si K n'est pas abelien. On determine ensuite la plus grande

puissance de p divisant cn . La suite d' expos ants obtenue peut avoir

jusqu'a 29 termes pour p = 2 et les corps de degre 3 et discriminant as-

sez petit.

e) Valeur extrapolee de L(P)(l) : considerons la derniere sous-serie

definie par an- 1 = L(P)(l-nCp-l» pour n = 1,2, .. ,N; definissons les coef

ficients d'interpolation cn comme plus haut et soit ph la plUS haute puis-
N-1 -1 h

sance de p divisant cN- 1 . On a calcule l = n~O cn ( n) modulo p. Si

les resultats mentionnes en 7, B) ci-dessous sont exacts, la fonction

analytique p-adique L-, telle que L-(l-k) = L(P){l-k) pour k > 0, k - °
mod.p-1, satisfait a L-(1) = l mod pN-l pour p ¢ 2, et a L~(l) = i

mod 23(N-l) pour p = 2. Nous n'avons pas interprete les resultats obte-

nus pour i, mais nous pensons qu'ils pourront servir a tester les conjec-

tures a faire sur Ie regulateur p-adique dans Ie cas d'un corps non abelien.
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Les corps cycliquesde degre 3 et Ie corps de degre 5 et de discri

minant 11 4 sont abeliens, et la theorie d'Iwasawa fournit tous les ren-

seignements cherches sur eux. Nous n'avons fait les calculs de tels

corps quIa titre de contraIe de nos methodes. En particulier, nous avons

verifie que les nombres L(-n) obtenusn'etaient pas toujours entiers, mais

n'avaient en denominateur que les diviseurs premiers du discriminant.

A ) Integralite : II faut distinguer deux cas.

Ai) Lorsgue Ie corps K ne contient aucun sous-corps abelien =l=Q

(classes B,C et F), les nombres L(-n) = 7;K(-n)/c(-n) sont entiers et di-

visibles par 2r - 1 pour n ;> 0 entier (dans la limite des tables) .

A2 ) Pour les corps K de classe D, les nombres l;K(-n)/l;(-n) ne sont

pas toujours entiers, mais par contre les nombres L(-n) = l;K(-n)/l;E(-n),

ou E est Ie plus grand sous-corps abelien de K, sont entiers et divisi-

bles par 4 (pour n ;> 0).

Dans ces deux cas, la fonction L consideree est une serie L d'Artin

associee a une representation ~ductible du groupe de Galois Gal(~/Q),

de degre 6 = 2,3,2,4 pour les classes B,C,D,F respectivement. Ces cas

suggerent l' €nonce suivant : si L est une serie d' Artin associee a une

representation du groupe de Galois Gal(Q/Q), de degre 6, definie sur Q,

et sans composante absolument irreductible de degre 1, alors L(-n) est un

entier rationnel divisible par 26 (pour tout entier n ;> 0). Voir [4]

pour des conjectures analogues.

B) Interpolation p-adigue : nous nous interessons aux corps non abe

liens (classes B,C,D,F). On peut resumer comme suit les resultats obte-

nus :

- Supposons p =1= 2 et fixons l'entier t £.:1.1,2, .. , 2 ; dans la limite



Car-18 286

des tables, on a une formule d'interpolation

(20)

- Supposons p = 2; on a une formule d'interpolation

(21)

avec u O,u1 , .. entiers (dans la limite des tables).

Pour les corps K de la classe C qui contiennent Q(v'2) , on peut meme

remplacer 2° + 3j par 2° + 4j dans (21); ceci se produit pour les corps

de discriminant 2624, 4352, 7168 et 7232.

Pour p ¢ 2, l'enonce precedent signifie que les coefficients d'in

terpolation c n de la sous-serie L(P)(1-2t-k(p-1» (t fixe egal a
n-11,2, .. ,~, k prenant les valeurs 0,1,2, .. ) satisfont aux conditions

cn - 0 mod pn Ope Nous avons verifie pour Ie corps cubique de discrimi

nant 148 que les autres congruences de Serre sont satisfaites dans la li

mite des tables, de sorte que chaque sous-serie est Ie debut d'une suite

appartenant a l'algebre d'Iwasawa; nous projetons de verifier systemati-

quement de telles proprietes sur nos tables. II est facile en'tout cas

de verifier une des consequences de l'appartenance a l'algebre d'Iwasawa,
n+1a savoir que si cn est divisible par p ,la propriete analogue a lieu

dans la limite des tables pour les entiers n' = n mod.p-1 (lorsque n ~ 1

et n' > 1).

8. Series de Dirichlet tordues.

Si F(s) = n~1 an n- s est une serie de Dirichlet et X un caractere,

on definit la serie de Dirichlet F(s;X)

serie F tordue par x.

00 -s= n~1 anx(n)n et on l'appelle la
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Le caractere wp est defini comme au nO 3. Serre a demontre Ie re

sultat suivant dans [15, thm. 22); si a est un entier pair tel que

ra ; 0 mod.p-l. la suite des elements ~~P)C-k; W~-k-l)a de Cp Cpour

k = 0,1,2, .. ) appartient a l'algebre d'Iwasawa. II en est de meme de

CyrCk+l)_l)~~P)C_k; W~-k-l)a. si ra == 0 mod.p-1. Lorsque K = Q. done

r = 1, ceci se reduit a un resultat d'Iwasawa mentionne au nO 3.

Par analogie, nous conjecturons Ie resultat suivant : soient K un

corps de nombres totalement reel, et E Ie plus grand sous-corps abelien

de K. Posons L(s) = tK(s)/tE(s). Alors pour tout entier a, la suite

des elements L(P)(-k; wa - k- 1 )O de C (pour k = 0,1,2, .. ) appartient a
p - p --

l'algebre d'Iwasawa. On pourrait plus generalement considerer des series

L ", d' Artin (?).

Examinons quelques cas particuliers de cette conjecture. Tout

d'abord pour p" = 2, on trouve que Ia suite des nornbres entiers

appartient a l'algebre d'Iwasawa. On montre facilement que ceci entraine

que Ie n-ieme coefficient d'interpolation de la suite L(P)(-1),L(P)(-3),

L(P)(-S), .. est divisible par 23n • Par contre, nous n'avons pas d'expIi-

4n _Mcation pour Ia divisibilite par 2 Iorsque E = Q(v2) et (K : Q] = 4.

caractere de Legendre

£:.1
Supposons maintenant p * 2; Ie earaetere wp 2

a ~ (~), a valeurs dans
p

particulier I'enonce conjectural suivant : si p = 1
n-1des nornbres t = 1,2, .. ,~, les suites

n'est autre que Ie

{1,-1}. On a done en

mod 4, pour ehaeun

LCP)Cl-2t), LCP)(1-2t_E;1; Xp )' L(P)(1-2t-Cp-l». L(P)(1-2t-3 E;l; Xp)'"

LCP)(1-2t; Xp)' LCP )(1-2t-P;1). LCp)Cl-2t-(p-l); Xp )' L(P)(1-2t-3 p;l) •..
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appartiennent
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a l'algebre d'Iwasawa; en particulier, Ie n-ieme coefficient

d'interpolation de ces suites est divisible par pn.

Pour tenter de verifier une telle propriete, nous avons calcule pour

certains corps cubiques les nombres L(-n;X5) pour 1 < n < N; voici une

table des discriminants etudies

D = 148, 229, 257, 316, 321, 404, 469, 473

D = 564, 568, 621, 697, 733

N = 29

N = 23.

Nous avons verifie pour ces fonctions L(s;X5) les proprietes usuelles

d'integralite et d'interpolation p-adique (pour p ¢ 5); de plus, nous

avons forme par intercalement les deux suites suivantes (lorsque N = 29 par

exemple)

L<S)<-1), L<S)<-3;XS)' L<S)<-S), L<S)<~7;XS),..• ,L<S)<-29)

L<S)<-1;XS)' L<S)(-3), L(S)(-S;Xs), L(S)(-7), ••• ,L(S)(-29;XS)

et verifie que Ie n-ieme coefficient d'interpolation est divisible par 5n .

Nous avons aussi calcule les nombres L(-n;X13) pour 1 < n < 19 lors

que K est Ie corps cUbique de l'un des discriminants 148, 229, 257 et 316.

Les proprietes d'integralite et d'interpolation p-adique pour p ¢ 13 sont

comme d'habitude. Nous avons ensuite forme par intercalement le~ 6 sous-

series

L(13)(_1), L(13)(-7;X
1
3)' L(13)(-13), L(13)(-19;X13)

L(13)(-1;X
13

); L(13)(_7), L(13)(-13;X
1
3)' L(13)(-19)

L(13)(_3), L(13)(-9;X
13

), L(13)(-1S)

L(13)(-3;X
1
3)' L(13)(_9), L(13)(-1S;X

1
3)

L(13)(_S), L(13)(-11;X13)' L(13)<-17)

L(13)(-S;X
13

), L(13)(-11), L(13)<-17;X
13

)



289 Car-21

et verifie que dans chacune des sous-series, Ie n-ieme coefficient d'in

terpolation est divisible par 13 n .

§3. Calcul numerique des fonctions zeta

9. Methode generale.

Notons K un corps de nombres totalement reel, de degre r et dis

criminant D. La fonction zeta de K a ete definie par Dedekind au moyen

de la formule

(22)

(23)

lorsque 1S~ s > 1; la somme est etendue a tous les ideaux entiers a de K

et Ie produit a t.ous les ideaux premiers p de K. II est commode d' ecri

re Ie produit infini sous la forme d'un prod~it etendu aux nombres pre-

miers p

. -s -1
tK(s) = IT ~ (p ) ;

p. .

pour chaque p, Ie facteur ll>(p-S) est Ie produit des nombres 1-(N p)-s

pour tous les ideaux premiers p de K au-dessus de p. De plus, ll> est

un polynome de degre < r.

On sait par Hecke que la fonction t K se prolonge en une fonction

meromorphe sur C, avec un pole simple pour s = 1, et une equation fonc-

tionnelle

(24)

on a pose

(25) CCs) = 21- s n- s fCs) cos n:.
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Lorsque K = Q, on retrouve la fonction zeta de Riemann et ses proprietes.

Notre but est Ie calcul des nombres L(-l), L(-3), L(-S), ... pour di-

verses fonctions L liees etroitement a la fonction ~K. La methode gene

rale est la suivante :

a) Repartition des nombres premiers en classes: dans chaque cas, on

peut repartir les nombres premiers p en un nombre fini de classes

(Re s > 1).L(s)

D1 , .. ,Dh et determiner des polynomes M1 , .. ,Mh tels que l'on ait

h
= IT IT M.(p-S)-l

j=l pED. ]
]

(26)

b) Calcul des nombres L(2), L(4), ... par Ie produit infini prece-

dent.

c) Determination d'une equation fonctionnelle,donnant a priori les

nombres L (-1) L(- 3) L(- 5) f d' d t d
~ '~ ' ~ , ... sous une orme ne epen an que u

degre 'et du discriminant du corps considere, nombres qu'on peut calculer

une fois pour toutes.

10. Le cas des corps abeliens.

4

Parmi les corps que nous avons etudies, il y a 4 corps cycliques de

degre 3 et un corps cyclique de degre 5. Dans cescas la loi de recipro

cite permet de determiner les nombres ~K(-l), ~K(-3), .. par des calculs

faciles, qui permettent Ie controle de nos methodes.

Considerons un corps K totalement reel, cyclique, de degre 3, et

reprenons les notations du nO 5, A. II Y a trois classes de nombres pre-

miers :

a) celIe des diviseurs premiers de n,soit D
1

rob () 3.... . d' 1 . dno re, on a p = p ou p est un 1 ea premler e

si p est un tel

K de norme p. Po-

sons M1 (T) = 1.
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b) La classe Co = H = D2 : pour p dans CO' on a la decomposition

(p) = Pi P2 P3' avec trois ideaux premiers distincts Pi' P2' P3, de nor-

me p.

c) La classe C1 u C2 = D3 : pour p dans C1 u C2 , on a (p) P ou

p est premier de norme 3 On M
3

(T) = 1 + T + T 2 .P pose

Posons L(s) = l;K(s)/l;(s) et L (s) = M.(p-s)-l si pED .. On a alorsp ] J

(27) L(s) = n L (s) = L(s;X) L(s;X)p p

ou X est Ie caractere primitif de conducteur d = D1 / 2 defini par

x(n) = pn
j

pour nEC. (on note P¢l une racine cubique de I'unite).
J

Soit par aiIIeurs r ¢ 1 une racine l1-ieme de I'unite et K : Q(r +r- 1 )

(degre 5, discriminant 11 4'). On a de meme les lois de decomposition

a) On a (11) 5= p avec N P = 11, et Ie facteur local L (s) = 1.
P

b) Si P - ± 1 mod 11, l'ideal (p) est produit de 5 ideaux premiers

de norme p, et l'on a Ie facteur local L (8) = (1_p-s)-4.
p

5c) Dans les ~utres cas, (p) est premier de norme p dans K, et l'on

a le facteur local Lp(S) = (1 + p-s + p-2s + p-3S + p-4S)-1.

La fonction L(s) = l;K(s)/l;(s) admet alors les representations

(28) L(s)
4

~ Lp(s) = j~1 L(S;Xj)

ou Xl' X2' X3' X4 sont les caracteres non triviaux modulo 11 tels que

Xj (-1) = 1.

II reste a donner une methode de calcul de a k = L(-k;X) pour tout

entier k > 0 et tout caractere X non trivial de conducteur f tel que

X(-1) = 1. Le plus commode est d'utiliser la serie generatrice

(29)
f nX

r Xk/k t• = n~l x(n)e
k =O ak fX1-e
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qui fournit les relations a O = a 2 = a 4 = = 0 et les formules de recur-

rence

2 f
x(n)n 2(l)f a 1 = - n~l

(4)f3 4 f 4a 1 + ( )f a 3 = - n~l x(n)n
1 3
6 6 6 f

x(n)n 6( )fS a 1 + ( )f3 a 3 + (S)f as = - n~l1 3

..............................................

11. Lois de decomposition, facteurs locaux, equation fonctionnelle.

Soient K un corps de nombres, r son degre, D son discriminant et

o l'anneau de ses entiers. La repartition des nombres premiers en clas-

ses se fait comme suit :

a) pest ramifie s' il divise D et non ramifie s' il ne divise pas

D

b) si l'on a dans
e 1 en

K la decomposition (p) = P1 ...Pn avec

e 1 > l, .. ,en > 1 et des ideaux premiers distincts Pl, .. ,Pn tels que
f j. . el en

N p. = P ,on dl.t que p appartl.ent a la classe C(f1 , ••• ,f ).
) n

La classe C(f~l, .. ,f~n) est dite non ramifiee si l'on a e 1 - .. - en = 1;

alors tous les nombres premiers appartenant a cette classe sont non rami-

fies. Si au contraire l'un des exposants e i est different de 1, la clas-
el en

se C(f l , .. ,fn ) est dite ramifie~, elle ne se compose que de nombres pre-

miers ramifies.

Une classification plus grossiere est fournie par les familIes et

salls-familIes. La sous-famille Fs,j est la reunion des classes non-rami

fiees C(f1 , .. ,fn ) pour lesquelles Ie nombre 1 apparait s fois et Ie nom

bre 2 apparait j fois dans la suite (f1 , .. ,fn ); la famille f s est la re

union des sous-familles F 0' F 1' ... On definit de maniere analogues, s,

les familIes et sous-familles ramifiees Fs et F ..
S,)
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Dans tous les cas, Ie corps etudie est donne sous la forme K = Q(x)

ou x est un entier algebrique. r r-1Notons F(X) = X + c1X + •• + cr Ie po-

lynome minimal de x; ses coefficients c 1 , .• ,cr sont entiers. Posons

N = (0 Z [x] ); alors Ie discriminant du polynome F est donne par

~ = N2D. On dira qu'un nombre premier est exceptionnel (pour x) s'il di

vise N. Soit p un nornbre premier non exceptionnel, et soit Fp la reduc

tion de F modulo p. Alors p appartient ala classe C(f~1, .• ,f~n) si et

seulement si Fp se decompose dans l'anneau de polynomes Fp[X] en
el enFp = H1 ..• Hn ou H1 , .. ,Hn sont irreductibles, deux a deux distincts et

ou H. est de degre f ..
] ]

NOllS examinons maintenant en detail les divers cas.

A) Determination de L(s) = ~K(s)/~(s). On a l'equation fonctionnelle

(30)

Le facteur local associe

est

el ena un nombre premier p de la classe Cef1 , .• ,fn )

(31)
-s

L (s) = 1-p
P _fl s _fns

(l-p ) .... (1-p )

Voir les tables 4 et 5 pour les classes et les facteurs locaux en degre

3,4 ou 5. On constate qu'en degre 3, il y a. au plus une classe par famille.

En degre 4, la famille FO contient deux classes, qui correspondent cha

cunea une sous-famille; pour les classes ramifiees, la famille F1 se scin

de en deux sous-familles comprenant chacune une seule classe; la famille

F2 contient une seule sous-famille et deux classes, mais celles-ci ont

meme facteur local. En degre 5, on cons tate aussi que les sous-familles

ramifie€s F1,o' f 1 ,1' F2,o et la famille F3 = f 3,o contiennent chacune

deux classes; ceci n'introduit aucune ambigulte pour Ie facteur local, a
l'exception de la sous-famille Fi ,a = C(i 5) u C(3,i 2). Ce cas se ren

contre une seule fois, pour D = P = 38569 ou p est de classe C(3,1 2); il

a requis Ie calcul du p.g.c.d. de Fp et Fp .
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Enfin, pour tous les corps etudies, l'anneau des entiers est Z[x] et il

nly a done pas de nombre premier exceptionnel.

En resume, la connaissance des familIes suffit en degre 3, et pour

les corps etudies de degre 4 et 5, la connaissance des sOlls-familles suf-

fit a tine exception pres.

B) Series L tordues.

Comrne en A), on pose L(s) = ~K(s)/~(s)~ et l'on note Lp(S) Ie fac

teur local associe ape Soit par ailleurs d Ie discriminant d 'un corps

reel.
00 -s serie torduequadratique Si lion a L(s) = n~l c n , la estn

L(s;Xd)= n~l (£) -s Ie symbole de Jacobi (£) e Chaque classe Cc n avec sen n n

decompose en 3 sous-classes Cot C+, C- selon que (~) vaut 0, +1 ou -1; Ie
p

facteur local est 1 si p E CO' c' est celui de la classe C si p E C+ et en

fin, il s'obtient en changeant p-s en _p_s si pEC_e La table 6 donne

les sous-classes et les facteurs Iocaux lorsque K est de degre 3.

Pour obtenir l'equation fonctionnelle, on introduit les corps

K' = Q(Vd) et K" = K(ver), et l'on utilise la relation

(32)

Dans les cas etudies, d est premier au discriminant D de K; par sui

te, Ie discriminant de K" est D2d 3 (et celui de K' est d). On obtient

donc l'equation fonctionnelle

(33)

C) Corps de degre 4 avec sous-corps quadratigue.

Soit K un corps totalement reel de degre 4, avec un sous-corps qua

dratique E; on note D Ie discriminant de K et d celui de E, et l' on

suppose que K n'est pas abelien sur Q. On pose L{s) = Z;K(s)/Z;E(s), d'oll
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l'equation fonctionnelle
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(34) L(1-s) = (D/d)s-1/2 C(s)2 L(s).

La repartition en classes se fait en tenant compte des lois de de-

compos i tion d' un nombre premier p a la fois dans E et dans K. On sait

que la decomposition dans E est de la forme C(1 2), e(1,1) ou C(2) selon

que Ie symbole de Jacobi (~) est egal a O. + 1 ou - 1. On ajoute donc

aux symboles de classe dans K un indice 0, + ou - donnant Ie signe de

(£), indice sous-entendu s'il n'y a pas d t ambigu1te. La table 7 a etep

determinee en remarquant qu' un ideal premier p dans E a une decomposi-

tion de l'une des formes p = p2, P = PQ ou P = P dans K.

Dans la table 3, on a donne deux nombres x et n tels que E = Q(n) ,

K = Q(x) et que (1,x,n,xn) soit une base sur Z de l'anneau des entiers de

K. II est alors facile de determiner les nombres premiers exceptionnels.

Cornme x et n satisfont a des equations du type

(35)

on a

n2 = an + b x 2 = a' + b'x + c'n + d'xn

(36) x 3 = (a'b' + bc'd') + (a' + b,2 + bd,2)x + (b'c' + a'd' + ac'd')n

+ (2b'd' + c' + ad,2)xn.

L'indice du sous-groupe Z{x] = Z + Zx + Zx 2 + Zx3 dans l'anneau des en

tiers 0 = Z + Zx + Zn + Zxn est egal a la valeur absolue du determinant

de la matrice formee des coefficients de n et xn dans l'expression de

x 2 et x 3 , d'ou

(37) (0 f
'2Z[ xl) = d ' (a' d' - b' c') -c f.

Prenons par exemple Ie corps 1 +V5K de discriminant 2225, avec n = --2---
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et x n + v'Tl+9 On a (2x-n)2 + 9, d'ou= 2 = n

(38 ) n 2 = n + 1 x2 = 2 + xn,

et la matrice (~: ~~ est egale a (~ ~). On a alors (0 : Z[x]) = 2 et 2

est Ie seul nombre premier exceptionnel. Comme 2 ne divise pas Ie dis

criminant, il n'est pas ramifie. Comme Ie polynome H2 - H - 1 est irre-

ductiblemodulo 2, et qu'on a x(x-n) == a mod.20 d'apres (38), en obtient

immediatement la decomposition (2) = (x)(x-n) de (2) en produit de deux

ideaux premiers de norme 22 . Autrement dit, 2 est dans la classe C(2,2)

pour K; comme on a aussi (t) = -1, Ie nombre premier 2 appartient a la

classe C(2,2)_.

Avec un peu de patience, on traite de maniere semblable les autres

corps de la table 3, et l'on obtient Ie tableau suivant (il n'y a pas de

nombre premier exceptionnel dans les autres cas) :

Discriminant 2225 4525 5225 5725 7232 7625

Nombre premier exceptionnel 2 3 2 3 2 2

Clas se C(2 , 2) _ C(2 ,2) _ C(2 ,2) _ C(2, 2) _ C(12, 12)0 C(2 ,2) _

12. Algorithme de decomposition des polynomes modulo p.

Un tel algorithme, prevoyant tous les cas de decomposition possibles,

a ete mis au point par Y. Roy [14]; il s'agit d'une modification de la

methode de Berlekamp [2] et Knuth (11, p.389], interessante si Ie degre

est petit et p grand. Cornme on I' a note plus haut, nous n' avons besoin

que de la repartition en familIes et sous-familles; nous nous contenterons

done d'exposer la partie correspondante de l'algorithme.

Soient p un nombre premier et

un polynome de degr€ r a coefficients dans Ie corps Fpap elements.
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Pour tout entier n > 1, on sait que Xpn- X est Ie produit des polynomes

irreductibles (dans F [Xl) dont Ie degre divise n, chacun avec multipli-p

cite 1. Nous voulons determiner Ie nombre s de facteurs de degre 1 de

H(X) et Ie nombre j de facteurs irreductibles de degre 2 de H(X) (comp

te non tenu des mUltiplicites). Pour tout entier n > 1, soit Gn(X) Ie

p.g.c.d. de H(X) et Xpn - X dans Fp[X] , et soit gn son degre. II est

immediat qu'on a

(39) s + 2j = &2'

et tout revient a determiner gl et g2. Nous decrivons maintenant Ies

diverses parties de l'algorithme.

A) Algorithme de division modifie.

II s'agit de la methode classique, modifiee pour ne pas avoir a
faire de division dans Ie corps F p . Soient

H(X) =

N(X) =

deux polynomes dans F [Xl.
p

Initialisation : So(X) = M(X)

- deg N

fin de procedure

Boucle : e. = deg S •l. l.

si e. < 0
l.

si e. > 0
l.

f i coefficient dominant de Si(X)
eiSi+1(X) = nOSi(X) - fiX N(X).

La procedure s' arrete pour une valeur q de i et il existe un entier

h ~ 0 tel que Sq(X) soit Ie reste de la division euclidienne de n~M(X)

hpar N(X); on a nO * 0 dans Fp .

B) Calcul du reste R1 (X) de la division de xP par H(X).

On definit les matrices
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Vi 1 0 a 0 a Vi

V2 a 1 0 a 0 v 2

v 3 a a 1 0 0 v
3

A = , v =

vr - 1 a a a a 1

vI" a a a a 0

puis I'on effectue Ie calcul matriciel w = AP-r v . Si w1 ,···,wr sont les

elements de w , on a

(40) R1 (X) r-l + w
2
xr - 2 + ••. + wr _1X= w1X + wr

Nous avons eu a considerer des nombres premiers p de l' ordre de

450 aa et I" vaut 3,4 ou 5. Le calcul par recurrence de Ia puis sance AP-r

est tres onereux; voici une methode qui requiert O(log p) operations et

qui nous a permis (en degre 5) de traiter en 3 minutes environ les nom-

bres premiers contenus dans chaque tranche de 1000 nornbres.

(41)

Si P r, on a w = v. Sinon, on ecrit

avec des Yi egaux a a ou 1 et Ym = 1. On definit ensuite les matrices

B1 , .. ,Bm de type I" x I" par

B = B2 •m+1 m

Les matrices va' v1 , .. ,vm+1 de type rx1 sont definies par

si Yj-1 a

va = v, v. =J
B.v. 1 si Yj - 1 = 1.

J J-
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C) Calcul du reste R2 (X) de'la division de R1 (R1 (X» par H(X).

II s'agit en fait du schema de Horner applique a I'anneau quotient

Fp[X] ;(H(X». On definit les polynomes TO(X), T1 (X), ... ,Tr _1 (X) de de

gre <: r - 1 par

Ti(X) est Ie reste de la division de XTi _
1

(X) par H(X) pour

l<:i<:r-l.

On pose ensuite, avec les notations de (40),

(42)

et si

(43)

on pose

II est immediat que modulo H(X) on a Ti(X) - Xi R1 (X) d'oll

Ui +1 (X) =Ui (X)R1 (X) + wi +2 et done Ur _l (X) - Rl (R1 {X». On a par con

sequent R2 = Ur - 1 .

Par construction, on a xP =R1 (X) mod.H(X), d'oll

(45) mod.H(X)

pour tout polynome G(X) dans Fp[X]. RempIa~ons successivement G(X) par

xP et R1 (X); on obtient

(46)
2

xP - R1 (X)P mod.HeX)



Car-32

(47)

(48)
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R1 (X)P, on a finalement

X
P2 _ _

R1 (R1 (X» R2 (X) mod.H(X).

n
Par suite, Ie p.g.c.d. Gn(X) de xP - X et H(X) est aussi celui de

Rn(X) - X et HeX) (pour n = 1,2). Pour calculer Gn(X), on utilise l'al

gorithme classique d'Euclide et l'on voit immediatement qu'on ne change

pas Ie resultat (a mUltiplication pres par un element non nul de r ) si
p

l'on utilise partout l'algorithme de division "modifie" decrit en A).

13. Calcul numerique de L(1-2n).

On note K un corps totalement reel de degre r = 3,4 ou 5, et de

discriminant D, et l'on suppose connue la repartition des nombres pre-

miers en classes; on pose L(s) = CK(s)/C(s). Les autres cas sont ana

logues. Le calcul de L(1-2n) se fonde sur les formules suivantes :

(49) L(1-2n) = (_1)n(r-l) c L(2n)
n

(50) L(2n) = j~2 Lj (2n)

t
(1_p-2n) k~1 (1_p-2n fk )-1 si

(51) L. (2n) =J
1 si j n'est pas premier.

(52) c 1 = D VD
(21T 2)r-1

(53) = D 2
B B [ (n-1) (2n-1)] r-1.c

(21T 2)r-l
c n-l avec =n n n

Enfin, on note r p (2n) et sp(2n) Ie numerateur et Ie denominateur du nom

bre rationnel L (2n).
p ..
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Nos calculs ont ete effectues en "arithmetique entiere", c'est-a-

dire que l'on connait exactement la valeur de la somme, de la difference

ou du produit de deux nombres entiers, et la partie entiere a + b du quo-

tient de l'entier a par l'entier b Nous pouvions en principe traiter

des entiers compris entre - 10 600 et 10 600 ce qui excedait largement les

besoins du calcul.

Detaillons maintenant les calculs et l'estimation de l'erreur. On

choisit des entiers strictement positifs P,a,B,y et l'on pose

(54) r-l -E = E
(2n_l)p2n- l '

On s'est arrange pour avoir toujours E < 50~O' ce qui permet de negliger

en toute securite E
2 dans les calculs qui suivent. Nous definirons des

nombres F,Z, ... dont les valeurs approchees calculees sont notees F*,Z·, ...

a) Calcul de F = lOa L(2n) : on tronque Ie produit infini en posant
P

L1 = j~2 Lj (2n). Si un nornbre premier p appartient ala classe

e
1

e t t
C(f1 , ... ,ft ) on a r = k;l ekfk , d'ou f 1 + ••• + f t < r; de plus, on a

o < p- 2nfk < 1 et comme 0 < t < 1 entraine 1 <~ < l=t' on obtient
1-t

l'estimation suivante du facteur local (voir (51»

(55) 1 - 2n < L (2n) "( 1 ) r-1 •
- p p - 2n

l-p

(56) [ J
-1

IT 1
-2np > P l-p

L(2n)

~
..; [II 1_ 2nJr-1

P > P l-p

or l'unicite du developpement en facteurs premiers entraine

II 1
p>P l_p-2n

= 1:
aES

a-
2n

" 1 + r
a=P+l

-2n
a

00

~ 1 + f x- 2ndx = 1 +
P

1

(2 n_l)p 2n- 1 1 + -'"'r-1
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(on note S l' ensemble des entiers a ;> 1 sans facteur premier <; P). En

conclusion, on a

(57) (1 + _E_)-l_ 1 < L(2n) - 1 <; (1 + _£_)1'-1_ 1 •
1'-1 L1 1'-1

La valeur approchee F- de lOa L l est calculee par Ie schema

F l = lOa

F. = [F. 1 r.(2n») sj(2n) pour j = 2,3, ... ,P
] J- J

F* = Fp

En ajoutant a l'erreur de troneation donnee par (57) l'erreur d'arrondi

due aux divisions, on obtient l'estimation suivante de l'erreur

(58)
F- _ _ P 1
I-F -11 <E + (1 + E) ---r;(2n).

lOa

b) Calcul de Z = lOB v'D : soit u la partie entiere de vD, d 'au

D = u2 + v avec 0 < v < 2u. On pose

(59) +.::!...
2

u

et l'on developpe Ie racine carree par la serie d~ binome. Voici Ie

schema du ealeul

Go = 10B+
6

u

Gk = ( (3-2k)v Gk- l ] + 2ku 2

N plus petit entier k tel que Gk+1 = 0

Z· = [GO + G1 + ••• + GN] + 10
6 ·

On a l'erreur

pour k > 1

z~ 1 t<a +
10g10 u) + 50 ~(00) 1-- 11 <--

106 . + 1
Z 10 By'D

c) Caleul de K = 10 B(2n 2)r-l : au moyen d'une table donnant n avec

200 decimales, on definit V
l

= 10B+6~. On calcule suecessivement
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U2 = (2U~) 10B+6

U3 = (U 2U2) 10B+6

U4 = (U 2U3) 10B+6

Us = (U 2U4 ) 10 B+6

Car-35

et lIon pose K- = Ur

(61)

10 6 si Ie degre est ega1 a r. On a l'erreur

•If.. - 11 < _~2 _
K 10B(2~2)r-1

D ·· 11 .. "f· _IF' (2 2)r-1 tans les cond1t1ons usue es, ceC1 s1gn1 1e que vu et ~ on

calcules a 2.10- 8 pres.

d) Calcul de C = 10Ycn n

et (53) sous la forme suivante

on utilise les formules de recurrence (52)

(valeur approchee de. A

L'erreur se calcule selon la formule

(62)

c'est-a-dire

IC* I I * I 1 1 1 Z·c~ -1 .;; n ~ - 1 + n~ + C
1

+ n~2 + Iz - 1/ ,

(63)

+

e) Calcul de L = lo 10 IL(1-2n)1 : on utilise l'equation fonctionnelle

(49), sous la forme de la valeur approchee

(64)
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Dans les cas etudies, on a D ~ 49 droll A ~ 6.10 8 , C1 ~ ~.10Y, et lIon n'a

considere que Ie cas n ~ 29. Les nombres Q, S, y de decimales retenues

sont definis en fonction de P par

B =y=a-6 et
2n-1a - 9 = partie entiere de log10 r _ 1 + (2n-1) logiO P.

Les formules (58) et (63) montrent que dans ces conditions et pour

P < 45000, l'erreur d'arrondi est inferieure au dixieme de 1'erreur de

troncation, d'ou l'estimation finale de l'erreur

(65) IL* - 11 ~ 2£ = 2(r - 1) .
L (2n_l)p2n-1

14. Caractere significatif des resultats obtenus.

Les fonctions L considerees ont un developpement en serie de Dirich-

let

(66) L( ) = ~ -ss n=l c n n ,

dont les coefficients c n sont "petits". 11 en resulte que pour s ~ 10 par

exemple, la serie precedente converge tres rapidement et a une somme tres

voisine de c 1 = 1. Mais l'equation fonctionnelle introduit un facteur

fl
s
-

1/2
C(s)d qui croit tres rapidement avec s, et ceci d 'autant plus que

fl et d sont plus grands. Dans certains des cas etudies, ce facteur est

de l'ordre de 10 17 °, et il nous faut donc sommer la serie (66) (ou Ie pro-

duit infini equivalent) avec une erreur inferieure a 10- 18 °; ceci requiert

environ 45000 termes de la serie.

Les nombres L(l-2n) ont ete calcules avec 10 chiffres apres la vir-

gule, et la formule (65) montre qu'avec un P convenable (choisi en fonc

tion de n), on peut faire en sorte que IL* - LI < 10- 5 (sauf pour n = 1,

ou nous n'avons que fL* - LI < 10- 3). Par suite, les 5 premiers chiffres

apres la virgule (sauf pour n = 1) sont exacts. Dans tous les cas
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etudies, ces chiffres sont tous egaux a 0 eu tous egaux a 9. Autrement

dit, nous avons preuve que L(1-2n) differe d'un entier de meins de 10- 5 .

Cemme ces nombres sent calcules de maniere independante, l'existence des

congruences tres precises sur les differences iterees ne laisse aucun

doute sur l'integralite des nombres L(1-2n).
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TABLE 1

Corps de degre 3 non cycliques'

Discriminant Equation N

148 = 22. 37 3 2 - 3x + 1 57x - x

229 3 - 4x - 1 55x

257 x 3 2 - 4x + 3 55- x

316 2 2 .79 3 x 2 4x + 2 53x

321 = 3.107 3 2 - 4x + 1 53x - x

404 = 22 .101 x 3 2 5x 1 53- x

469 = 7.67 3 2 5x + 4 51x - x

473 = 11.43 3 - 5x 1 51x

564 = 22. 3 . 47 x 3 2 5x + 3 51- x

568 2 3 .71 x 3 x 2 6x 2 51

621 = 33. 23 x 3 6x 3 29

697 = 17.41 3 - 7x 5 "x
733 x 3 2 - 7x + 8 "- x

756 = 22. 3 3. 7 3 - 6x 2 "x

761 x 3 2 - 6x - 1 "- x

785 = 5.157 3 x 2 6x + 5 "x

788 = 2 2 .197 x 3 2 7x 3 "- x

837 33.31 3 6x 1 "x

892 = 2 2 ,,223 3 2 8x + 10 "x - x

940 2 2 .5.47 3 7x 4 "x

985 = 5.197 3 2 6x + 1 "x - x
993 3.331 x 3 x 2 6x + 3 "

1016 = 2 3 .127 x 3 2 6x + 2 "- x

1076 = 22. 269 x 3 8x + 6 "
1101 = 3.367 x 3 2 9x + 12 n- X

1129 x 3 - 7x - 3 "
1229 x 3 2 - 7x + 6 "- x

1257 = 3.419 x 3 x 2 8x + 9 "
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TABLE 2

Corps de degre 4 a groupe de Galois symetrique

Discriminant Equation

1957 = 19.103 4 4x 2 + x + 1x

2777 4 3 - 4x 2 + x + 2x - x

3981 = 3.1327 4 3 4x 2 2x + 1x - x +

5744 = 24 .359 4 5x 2 + 2x + 1x

6224 = 24 .389 4 2x 3- 4x 2 + 2x + 2x

6809 = 11.619 4 5x 2 + x + 1x

7053 = 3.2351 4
2x

3
- 4x 2 3x + 3x +

7537 4 3 - 5x2 + 4x + 3x - x

8069 4 3 - 5x 2 + 5x + 1x - x

Car-41
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TABLE 3

Corps de degre 4 contenant un sous-corps quadratique

D d n x Equation

725 5 1 + V5 n + v'n+5 4 3 3x2 + x + 12 2 x - x

2225 5 1 + V5 n + v'n+9 4 3 5x 2 + 2x + 42 2 x - x

2525 5 1 + ~ 1 + v'4n+9 4
2x

3
- 4x 2 + 5x + 52 2 x

2624 8 v'2 n + 1 + v'2n+7 4
- 2x

3
- 3x2 + 2x + 12 x

4205 29 1 + V29 n + v'n+3 4 3 5x 2 12 2 x - x x +

4352 8 v'2 n + v'-4n+ 10 4 6x 2 + 4x + 22 x

4400 5 1 + Y5 v'T)+3 4 7x 2 + 112 x

4525 5 1 + ~ n + v'n+13 4 3 7x 2 + 3x + 92 2 x - x

4752 12 V3 1 + v'4n+9 4 2x 3- 3x 2 + 4x + 12 x

5125 5 1 + .J5 1 + v'4n+13 4-
2x

3
- 6x 2 + 7x + 112 2 x

5225 5 1 + V5 n + v'5n+13 4 3 8x2 + • x + 112 2 x - x

5725 5 1 + V5 n + v'-3n+17 4- 3 8x 2 + 6x + 112 2 x - x

7168 8 .J2 v'T)"+3 4- - 6x 2 + 7x

7232 8 V2 n + 1 + v'2n+11 4 2x 3- 5x2 + 4-x + 42 x

7488 12 V3 n + 1 + v2n+8 4- - 2x 3- 4-x 2 + 2x + 12 x

7600 5 1 + ,/5 VTi+LT 4 9x 2 + 192 x

7625 5 1 + Y5 n + ~/n+17 4 3 9x 2 + 4x + 162 2 x - x

8112 13 1 + Yf3
VTi+LT 4 - 5x 2

2 x + 3
D discriminant du corps K = Q(x)
d discriminant du corps E Q<n)
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TABLE 4
Facteurs locaux associes aux classes non ramifiees

Car-43

Degre Cla8se ·Famille Facteur local

C(3) Fa
p2s

p2S+ p 8+ l

28
r = 3 C(2,1) Fl

~
28 1P -

2s
C(l,l,l) F3

P
p28_ 2p 8+ l

C(4) F0' 0 )
p38

p3S+ p 28+ p 8+ 1
Fa

38
C(2,2) Fa ,2

p
38+ 28 8 1P P -p-

r = 4 C(3,1) Fl
~

38 1P -

C(2,1,1) F2
p38

38 28 _p8+ lP -p

38
Cfl,l,l,l) F4

P
38 3 2s+ 3 s 1P - P p-

C(S)
F0,0 1

p4S

p4S+ p 38+ p 28+ p 8+ l
>Fa

48
C(3,2) Fo,1 )

P
p4s+ p 38_ p 8_ l

F1,0 '

48
C(4,1) ~

48 1

} F1
P -

48
r = 5 C(2,2,:l) F P

1,2 ) p48_ 2p2s+ l

C(3,1,1) F2
p4s

48 38 _ps+lP -p

48
C{2,1,1,1) F3

P

I
48 2 38+ 2 8 1

I p - p p-

48
C(l,l,l,l,l) FS

P

P 48_4p38+6p28_4p8+1
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TABLE S

Facteurs locaux associes aux classes ramifiees

Degre Classe Famille Facteur local

C(1 3 ) F1
1

r = 3

C(1 2 ,1) F2
L
pS_l

C(22)
s

Fo -E.-
pS+l

C(2,1 2 ) :1,1\11 ~
2s 1P -

C(1 4 ) F1 ,0 1
r = 4 J

C(1 3 ,1) } ~.
1 2

pS _ 1

C(1 2 ,1 2 ) --L
pS _ 1

C(1 2 ,1,1) 7=3
p2S

(ps_l)2

C(l S) } '" 1
f 1 ,o

--ICC(3,1 2 )
f 1

p3S_ 1
j

C(2 2 ,1) } ~

11 ,1
p2s_ 1

r = 5 C(2,1 3 ) ~
p2S_ 1

C(1 4 ,1) }
8

- I -E.-
F2 0 pS_l

C(1 3 ,1 2 )
, ( 8

F
..L-

2 p8_ 1

2
F2 ,1

p3S
C(2,1 ,1) 38 28 8+ 1P -p -p
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TABLE 5 (suite)

Facteurs locaux associ€s aux classes ramifi€es

Car-45

Degr€ Classe Famille Facteur local

C(1 3 ,1,1)
, p2s

~
(ps_1)2

F3

C(1 2 ,1 2 ,1) J
2s

r = 5 P
(ps_1)2

C(1 2 ,1,1,1) F4
p3S

(ps_1)3



Car-46 316

TABLE 6

Facteurs locaux pour L(s;Xd) avec L(s) = ~K(s)/~(s)

Sous-classes Facteur local

1

C(2,1)O 1

C(2,1)+
p2S

p2S_ 1

C(2,1) ~- 2s 1P -

C(1,1,1)O 1

C(1,1,1)+
p2s

(ps_1)2

C(1,1,1)_
p2S

(ps+1)2

1

1

1
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TABLE 6 (suite)

Facteurs locaux pour L(s;Xd) avec L(s) = ~K(s)/~(s)

Car-47

Sous-classes Facteur local

2C(1 ,1)0 1

2 LC(l ,1)+
pS_1

C(1 2 ,1) L- pS+1
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TABLE 1

Facteurs locaux pour L(s) = tK(s)/~E(s)

Classes non ramifiees Classe du sous-corps Facteur local

C(4) C(2) ~
p2S+1

C(2,2)+ C(l,l)
p2S

(ps+l)2

C(2,2)_ C(2) ~
p2s_ 1

C(2,1,1) C(l,l) ~
p2s_ 1

C(l,l,l,l) C(l,l)
p2S

(ps_l)2

Classes ramifiees

C(2 2 )O C(1 2 ) L
pS+l

C(2 2 ) - C(2) 1

C(2,1 2 ) C(l,l) L
pS+l

C(1 4 ) C(1 2 ) 1

C(1 2 ,1 2 )O C(1 2 )
s

--E.-
pS_l

C(1 2 12 ) C(l,l) 1, +

C(1 2 ,1,1)
s

C(1,1) --E.-
pS_l
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TABLE 8

FONCTION Z~TA DU CORPS DE DEGRE 3

ET DISCRIMINANT 148

(groupe de Galois non cyclique)

Car-49

1) Repartition en classes des nombres premiers < 2000

2) Valeurs de L(1-2n) pour 1 < n < 29, avec L(s) = ~K(s)/C(s)

3) Valuation des differences iterees

4) Valeurs extrapolees de L(P)(1)

5) Valeurs de L'(1-2n)pour 1 < n < 15, avec L'(s) = L(s~X5)

6) Valuation des differences iterees pour L'(s)

7) Intercalement de L(s) et L'(s)
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TABLE 9

FONCTION ZETA DU CORPS DE DEGRE 4

ET DISCRIMINANT 1957

(groupe de Galois symetrique)

1) Repartition en classes des nombres premiers < 5000

2) Valeurs de L(1-2n) pour 1 < n < 15, avec L(s) = ~K(s)/~(s)

3) Valuation des differences iterees

4) Valeurs extrapolees de L(P)(l)
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TABLE 10

FONCTION ZETA DU CORPS DE DEGRE 4

ET DISCRIMINANT 725

(groupe de Galois diedral)

1) Repartition en classes des nombres premiers < 3000

Car-67

2) Valeurs de L(1-2n) pour 1 < n < 20, avec L(s) = ~K(s)/~E(s)

3) Valuation des differences iterees

4) Valeurs extrapolees de L(P)(1)
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TABLE 11

FONCTION ZETA DU CORPS DE DEGRE 5

ET DISCRIMINANT 24217

1) Repartition en classes des nombres premiers < 5000

2) Valeurs de L(1-2n) pour 1 < n < 9, avec L(s) = tK(s)/t(s)

3) Valuation des differences iterees

4) Valeurs extrapolees de L(P){1)
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