GROWTH OF p-PARTS OF IDEAL CLASS GROUPS AND FINE SELMER
GROUPS IN Z,-EXTENSIONS WITH p # ¢

DEBANJANA KUNDU AND ANTONIO LEI

ABsTrACT. Fix two distinct odd primes p and q. We study "p # ¢" Iwasawa theory in two
different settings.

(1) Let K be an imaginary quadratic field of class number 1 such that both p and ¢ split in K.
We show that under appropriate hypotheses, the p-part of the ideal class groups is bounded over
finite subextensions of an anticyclotomic Z4-extension of K.

(2) Let F' be a number field and let A, be an abelian variety with A[p] C A(F). We give sufficient
conditions for the p-part of the fine Selmer groups of A over finite subextensions of a Z4-extension
of F to stabilize.

1. INTRODUCTION

Let F//Q be an algebraic number field and F./F be a Galois extension with Galois group iso-
morphic to the additive group Z, of g-adic integers. For each integer n > 0, there is a unique
subfield F,,/F of degree ¢". Let h(F,,) be the class number of F,,. K. Iwasawa showed that if ¢°» is
the highest power of ¢ dividing h(F},), then there exist integers A, i, v independent of n, such that
en = ug" + An+v for n > 0. On the other hand, in | , |, L. C. Washington proved that
for distinct primes p and ¢, the p-part of the class number stabilizes in the cyclotomic Z,-extension
of an abelian number field. Washington’s results have been extended to other Z,-extensions where
primes are finitely decomposed. In particular, J. Lamplugh proved the following in | |: if p,g
are distinct primes > 5 that split in an imaginary quadratic field K of class number 1 and F/K
is a prime-to-p abelian extension which is also unramified at p, then the p-class group stabilizes in
the Z,-extension of F' which is unramified outside precisely one of the primes above q. There have
also been speculations by J. Coates on the size of the whole class group in a cyclotomic tower; see
[ |, especially the discussion in §3 and Conjecture D.

Let p and g be two distinct odd primes and K an imaginary quadratic field of class number 1 in
which both p and ¢ split. We write pOx = pp and ¢O = qq. Given an ideal b of Ok, we write Z ()
for the ray class field of K of conductor h. In the first half of this article, we study the growth of the
p-part of the ideal class group in a Z,-anticyclotomic tower. This generalizes | , Theorem 1.3],
where the stability of the p-part of the class numbers Z(gq™) is studied. More precisely, we prove
the following result.

Theorem A. Let K be an imaginary quadratic field of class number 1. Let p and q be distinct primes
(> 5) which split in K. Let v be a fized ideal of Ok coprime to pq such that v is a product of split
primest. Let F = %(vq). We assume that p{ [F : K|. Let Z(xq™)*/F denote the anticyclotomic
Zy-extension and write F,, for the unique subextension of Z(vq®)*°/F whose degree is q". Then
there exists an integer N such that for allm > N,

ord,(h(Fy,)) = ord,(h(Fn)).
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n this article, a split prime of K refers to a prime ideal of O that lies above a rational prime that splits in K.
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The hypothesis on t being a product of split primes is crucial for the use of a theorem of H. Hida,
which guarantees the non-vanishing modulo p of the algebraic L-values of anticyclotomic characters
factoring through 2(r¢>)*° (see Theorem 3.2). To prove Theorem A, we link this non-vanishing to
the stabilization of the p-class groups via the (p-adic) Iwasawa main conjecture proved by K. Rubin
[ |. Our strategy is inspired by the work of Lamplugh | |, which we outline below.

In §2, we introduce an auxiliary elliptic curve E, i with CM by O such that the conductor
f of its Hecke character is a product of split primes in K with p { [Z2(f) : K]. Let g = lem(f, ¢).
By a result of Lamplugh, when the algebraic L-value of certain Hecke character is nonzero modulo
p, the corresponding modules of local p-adic units and elliptic units over an extension generated
by E[p*] coincide after taking appropriate isotypic components (see Theorem 4.2 for the precise
statement). Combining this with Hida’s theorem, we prove in Theorem 4.3 that the p-primary
Galois modules featured in the Iwasawa main conjecture stabilize in the anticyclotomic Z,-extension
(9q>)*°/%(gq). This can be translated into a statement on p-class groups, proving a special case of
Theorem A, where the ideal ¢ is divisible by f (see Theorem 4.4). To complete the proof of Theorem A,
we bound the p-class groups over the tower Z(tq>)*° /% (xq) by those over Z(gq>)>/%(gq).

In the second half of the article, we prove a general statement (see Theorem 5.3) which shows that
in certain Z4-extensions of a number field F', the growth of the p-part of the class group is closely
related to that of the p-primary fine Selmer group of an abelian variety A,p. This subgroup of the
classical p-primary Selmer group is denoted by Selg(A/F), and is obtained by imposing stronger
vanishing conditions at primes above p (the precise definition is reviewed in §5.1). The following
result is an application of the aforementioned theorem to the growth of the p-part of fine Selmer
group of a fixed abelian variety A over a Zg-tower (which is not necessarily anticyclotomic).

Theorem B. Let p and q be distinct odd primes. Let F' be any number field and A,p be an abelian
variety such that Alp] C A(F). Let Fo/F be a Z,-extension where the primes above g and the
primes of bad reduction of A are finitely decomposed. If there exists N > 0 such that for alln > N,

ord,(h(F,)) = ordy(h(FN)),
then there exists an integer N' > N such that for all n > N', there is an isomorphism
Selo(A/Fn) >~ Selo(A/FN/).

In particular, Theorem B applies to the setting studied by Washington | , |. Finally,
we remark that unlike what we have found for fine Selmer groups in Theorem B, it has been shown
by T. Dokchitser and V. Dokchitser that the p-part of the Tate-Shafarevich group of an abelian
variety in a Z,-tower can be unbounded; see | , Example 1.5].
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2. FINDING AUXILIARY CM ELLIPTIC CURVES

Let K = Q(v/—d) be an imaginary quadratic field of class number 1. As discussed in the intro-
duction, we shall work with an auxiliary CM elliptic curve E/ in order to prove Theorem A. Recall
that the imaginary quadratic fields of class number 1 are precisely the following

Q(V 71); Q(V 72)7 Q(V 73); Q(V 77)7 Q(V - 1)3 Q(V - 9), Q(V - 3),Q(V - 7)7 Q(V *163)
For each choice of K, we shall write down an explicit elliptic curve E, g such that
(a) E has CM by Ok;
(b) If § denotes the conductor of the Hecke character ¢ attached to E, then f is only divisible by
split primes of K;



p #q IWASAWA THEORY OF CLASS GROUPS AND FINE SELMER GROUPS 3

(¢) The rational primes dividing [#Z(f) : K] are either 2,3 or primes that are non-split in K.
We remark that condition (c) ensures that the prime p in the statement of Theorem A does not
divide [Z(f) : K].

If £k is an elliptic curve with CM by an order O in K, the j-invariant j(£) is an integer in this
case, so I/ must be a twist of the base extension of an elliptic curve A ,g. For d > 3, A is uniquely
determined (up to isomorphism over K) by the condition that it has CM by Ok and its base change
to K has bad reduction at the ramified prime ¢ = (v/—d). For d = 1,2, and 3 there are several
choices for the elliptic curve over Q (see | , Remark 3.1]).

When d > 3, it follows from | , Theorem 3.3] that if we twist A, by a character correspond-
ing to K (y/a) where a = PQ such that Q is a prime of K distinct from B satisfying Q = u?v/—d
mod 40k for some u € O, then the twisted elliptic curve (over K) has good reduction everywhere
except at Q. Therefore, for our purposes, it is enough to find such Q that is a split prime in K.
Indeed, we may choose 7 € Z such that (47 4+ +/—d)(4r — v/—d) = 161> + d is an odd rational prime.
Such r exists for all possible values of d. For example, we may take r to be 1 when d = 43,67, 163.
Then 4r + v/—d is a split prime of K and 4r + v/—d = 12v/—d mod 40g. In particular, we may
apply | , Theorem 3.3] with Q = (4r ++/—d) and u = 1, resulting in a CM curve E satisfying
properties (a) and (b) above.

When d < 43, we find E, i by inspection using the data available on | ]. In all our examples
below, E, i has bad reduction at one or two split primes which are coprime to 6. In particular, the
conductor of E,k is given by square of the product of the bad prime(s), whereas the conductor
f of the Hecke character ¢ attached to E is given by the product of the bad prime(s) (see | ,
Theorem 12]). The ray class group Gal(Z(f)/K) (and hence [Z(f) : K]) is computed using MAGMA

[ J

d A base change curve A,k | twisted curve E/x | bad prime(s) of E/x | [%(]) : K]
1 64.a4 2.0.4.1-256.1-CMal 2.0.4.1-25.1-CMal 24+ +/—1 1
2 256.d1 2.0.8.1-1024.1-CMb1 2.0.8.1-9.3-CMal 1— Jj2 1
3 27.a4 2.0.3.1-81.1-CMal 2.0.3.1-2401.3-CMal 2++/-3 6
7 49.a4 2.0.7.1-49.1-CMal 2.0.7.1-1849.1-CMal 6 —v—7 21
11 | 121.b2 | 2.0.11.1-121.1-CMal | 2.0.11.1-9.1-CMal “loy-ll 1
19 | 36l.a2 | 2.0.19.1-361.1-CMal | 2.0.19.1-49.3-CMal —l4y=19 3
43 | 1849.b2 2.0.43.1-1849.1-CMal a=—43+4/—43 4+ +/—43 29
67 | 4489.b2 2.0.67.1-4489.1-CMal a=—67+4v/—-67 44/ —67 41
163 | 26569.a2 | curve not in database | o« = —163 + 4v/—163 44 +/—163 89

3. A RESULT OF HIDA ON L-VALUES OF ANTICYCLOTOMIC HECKE CHARACTERS

Throughout this section and the next, K is a fixed imaginary quadratic field of class number
1. We fix an elliptic curve E,x with CM by O as given in §2. Recall that ¢ denotes the Hecke
character over K with conductor § attached to E.

We review a special case of a result of Hida from |

of Theorem A.

Definition 3.1. Let b be any integral ideal of K and let € be any Hecke character of K. The
b-imprimitive L-function of € is defined as follows

e(v)
Ly(e,s) = 1- -
’ H)( (Nv) )
_ e(a)
- Z (Na)s’

| that will play a crucial role in our proof
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where the product runs over prime ideals v of K coprime to b, and sum is taken over integral ideals
a coprime to b.

Fix an integral ideal g of K which is divisible by f, relatively prime to pg, and such that only
split primes of K divide g. Let F = Z(gq) be the ray class field of K of conductor gg and write
A = Gal(F/K). Set Foo =J,,51 #(gq¢"); this is a Z2-extension of F. We fix an isomorphism

Gal(Fy/K) ~ Gal(F/K) x Gal(K/K) = A x Z.

Let € be a character of Gal(F,,/K). For our purpose, € will be of the form ¢iF, where ¢ is a
finite-order character and k is an integer between 1 and p— 1. Denote by L(e, s) the primitive Hecke
L-function of e. Recall that the imprimitive (or partial) L-function differs from the primitive (or
classical) L-function by a finite number of Euler factors. Let Ng /g denote the norm map. We can
further define the primitive algebraic Hecke L-value,

kN R0
alg ik a L (67 k) L (‘PUJ K/Q )
LM (p0F) = LM8(e) i= T = — g
Here, Q. denotes a complex period for E/c. Similarly, given an integral ideal h of K, we define the
h-imprimitive algebraic Hecke L-value,

— k
— Ly (o) _ Lo (PP Nfo.0)
1 1 )
L; g((pwk) = L; g(e) = leéo - Q]Oco *
Note that L and Ly differ by the omission of the Euler factors at primes dividing b.
In what follows, we say that a Hecke character € of K is of infinity type (a,b) if its infinity
component sends = to 2°Z°. Under this convention, 1) has infinity / type (—1,0), whereas the norm
map Nk q is of infinity type (—1,—1). Thus, the Hecke character wkNI;fQ is of infinity type (k,0).

Henceforth, we fix a prime v | p of F and an embedding Q C @, so that v is sent into the maximal
ideal mg~ of Og . This allows us to consider Lzlg(gm/ﬂf ) as elements of Q,. Throughout,  is a fixed

uniformizer of F, and we write ord, for the valuation on @ normalized so that ord,(7) = 1.
Theorem 3.2 (Hida). For all but finitely many characters o that factor through %(gq™)>°, we have
alg ~ L
ord, (L(qf)%(gpwk)) —0.

Proof. For each ¢, we have = ¢n, where ¢ is a character of A and 7 is a character of the
Galois group Gal(Z(gq>)*/F). We may further decompose ¢ into ¢'v~!, where v is a character of
Gal(F/%(g)) and ¢’ is a character of Gal(#(g)/K). We have the field diagram:

H(9q>)*
A n
#(9q) = F
\; ****************** vl
N %(9)
S ¢’
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We take the CM field M in | | to be the imaginary quadratic field K. We take the CM type ¥
there to be the one that corresponds to the infinity type (1,0) and x = 0. Then the infinity type of
the character A in op. cit. becomes

EX +0(1 —c) = k(1,0) + (0,0) — (0,0) = (k,0).
The condition (M1) in | , Theorem 4.3] does not hold since K/Q is not unramified everywhere

(it ramifies at the primes dividing the discriminant of K, which is nontrivial). Hence, we can apply
the aforementioned theorem with A\ and x~! taken to be ®* N~*¢’ and n, respectively. O

Remark 3.3 (| , proof of Theorem 3.1.9]). Let g be a fixed ideal as before. Fix an ideal h of
Ok which is coprime to p and divisible by gq. Recall that the h-imprimitive algebraic L-value of

oYk is given by

Ly (oyF, k) .

Ly#(pgF) = 1

Then, for almost all characters of Gal (%Z(gq>)*/F) = Z4, we have that
alg L alg 7 1
ord, (L(qf(gowk)) = ord, (Lz, g(‘»m/)k)) .

This follows from the observation that for a given prime ideal a of K that is coprime to g, for almost

all characters 7,
(p'L/)k (Cl)
d. | 1-— =
o ( (Na)k 0

since 1 sends a to a g-power root of unity, and the images of g-power roots of unity under the
reduction map on O@ modulo mg - are distinct.

4. CONSEQUENCES ON CLASS GROUPS

We now use Theorem 3.2 to study the growth of the p-part of the class group in an anticyclotomic
Zg-extension. Let us introduce the necessary notation. Throughout, p { 6¢ is a fixed prime that is
split in K and E/k is a fixed CM elliptic curve as in the previous section (with Hecke character v
whose conductor is f). Let Ky be any finite abelian extension of K such that p is unramified in Ky and
p1[Kp : K] (in the next subsection, we will let K{ vary inside the anticyclotomic tower Z(gq>)>°).
Fix a prime p of K lying above p. Set L = K(E,) and Lo, = L(Ep~). Let A = Gal(L/K) and
I'=Gal(Loo/L) ~ Z,. Let G = Gal(Loo/K) 2 A x T and A = Z,[F].

Following | ], we write C(Ls) (resp. U(Ls)) for the inverse limits over all finite sub-
extensions inside Lo, of the completion of the elliptic units (resp. local principal units) at p.

Fix an ideal h of Ox which is coprime to p, is divisible by f, and is such that Ky C K(Ey) = Z(b).
Let pux be the group of roots of unity of K and A € Ok \pux such that A =1 mod b with (X, 6hp) = 1.
We let o) € Gal(K/K) denote the Artin symbol associated to A.

We further decompose A as H x I, where H = Gal(Ky/K) and I = Gal(Ko(E,)/Ko). Here, I is
the inertia subgroup at p inside A. Let 8, denote the canonical character given by the Galois action
on Eye restricted to I. Given a character y of A, we write it as pf%, where ¢ is a character of H
and 1 < k < p—1. We have the following diagram:
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Loo = L(Ep)
ZP
L = Ko(Ey)
N o
A K()
S ®
K
\
Q

Before proceeding, we need to introduce the notion of an anomalous prime.

Definition 4.1. Fix a prime p and a number field K. Let v be a prime above p in K and write &, to
denote the corresponding residue field. In the sense of Mazur (see | , p- 186]), E is anomalous

at v if E(k,)[p] # 0.

Let w be a prime in L., which lies above v. Denote by Z the decomposition subgroup at p inside
G. Since ged(p,|A]) = 1, the action of AN 2 on pipee(Loo,w) = ppm gives a Zy-valued character
which we denote by Xc¢ye : ANZ = pp_1 C Z;.

We now record a theorem of Lamplugh which will be important for our discussion.

Theorem 4.2. Let x = (p@’g be a character of A. When E/Ky is anomalous at a prime above p,
we assume that x|anz is not the cyclotomic character. Let § and X be as above. If

ond (N () = Neplo)) - LG ) =0,

then C(Loo)X = U(Lso)X. Here, MX denotes the x-isotypic component of a A-module M.
Proof. See | , Theorem 7.7]. O

4.1. Variations of class groups. Let F' = %(gq) for some ideal g of Ok such that g is divisible
by f, is a product of primes that split in K, p is unramified in F/K, p 1 [F : K|, and is coprime
to pg. Furthermore, we assume that both q and q are tamely ramified in F. Then Z(gq™)?° is a
Zg-extension of F, and for integers n > 0, let F),/F be the n-th layer of this Z,-extension. Note that
only primes above q ramify in F,,/F, p{ [F, : K] (since ¢ # p), and F,, C Z(gq"""). Therefore, we
may take K and b in the previous section to be F,, and gg"*?, respectively.

For n > 1, just as before we define L,, = F},(Ey), Ln,oc = Fp(Ep~), Ay = Hy X I, G, = Ay, X T,
Un,co = U(Lp o), etc. As mentioned previously, we now let Ky vary inside the anticyclotomic tower
Z(99>)?°. Note that I = Gal(Ky(E,)/Ky) = Gal(L,/F,). Define X,, o, to be the Galois group of
the maximal abelian p-extension of L,, o which is unramified outside p. By global class field theory
we have the following four-term exact sequence

(1) 0— En.oo/Crnioo = Unoo/Crico = Xnoo = Anoo — 0.

Here, £, 00 = E(Lp o) is used to denote the global units of L,, «. Finally, A, <o = A(Lp ) is the
inverse limit of the p-part of the class group for each finite extension of F;, contained inside L, .
In other words, A, o can be identified with the Galois group of the maximal abelian unramified
p-extension of L, . We now prove the key result which will be required in proving Theorem A.
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Theorem 4.3. There exists an integer N > 0 such that Xi’oo = XII\,’Oo for alln > N, where MI
denotes the subgroup of M fized by I.

Proof. Let n > 0 be an integer and consider a character n of Gal(F,/F) = Z/q". Let ¢y be a
character of Gal(F/K) and k an integer that is a multiple of p— 1 so that 6} is the trivial character.
Set ¢ = ngg. We draw the following field diagram for the convenience of the reader.

Ly
k_ I
O — 7
F
R L LR z/q" L |Ameeeo- X = donby = o0y
F
o~ .
K
|
Q

Let O denote the ring of integers of the unique unramified Z,-extension of F,. In other words,
O = Op,(u,)- Let X € O \ px such that A =1 mod b and (A, 6bp) = 1 (where h = g¢"*'). We
have
()\X - )\kgo(op\))) =0 (mod 70) & p(o(x) = A'"F  (mod 70)
& ngo(on)) = ANF (mod 70)
e nlon) =o' (o))  (mod 7O).
Note that 7 has exact order ¢"™ for some m > 1. Therefore, 7(0(y)) is a primitive ¢"*-th root of unity.
But in O/7O, the g-power roots of unity are distinct. Therefore, by the same argument outlined

in Remark 3.3, there exists an integer N7 such that for all characters n of Gal(F,,/F) which do not
factor through Ay, (with n > Ny),

(2) ordx (Nie/q () = M(o) ) = 0.
By Theorem 3.2 and Remark 3.3, one can choose a sufficiently large N such that
(3) ordy (L®(0%)) =0

for all characters ¢ of A,, which do not factor through Ay, (with n > Ny).
Set N = max(Ny, No). If x = ¢ is a character of A, which does not factor through Ay (with
n > N), then (2) and (3) imply that

ond (Mg () = Nep(ow) - Ly5G0) ) =0

Take Ky in Theorem 4.2 to be F,,. Since the restriction of the character ¢ to [ is trivial, the
hypothesis regarding E/K, when a prime above p is an anomalous prime always holds. Therefore,
we deduce that

U oo = Cryoe
for all characters x of A,, that do not factor through Ay with x|; = 1. This implies

—I —I
len,oo/cn,oo = UJ{/',oc/CN,oo'
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Next, via the main conjecture of Iwasawa theory for imaginary quadratic fields (see | , Theo-
rem 4.1(i)]) we can conclude that there exists an integer N > 0 such that
charA(Xfl,oo) = charA(X]IV)OO)
for all n > N. Now, consider the restriction map
TN @ XL o — XJIV’OO.

,O0
Since characteristic ideals are multiplicative in short exact sequences, the kernel of the above sur-
jective map must be finite. However, a theorem of R. Greenberg (see | , Theorem §1]) ensures
that there are no non-trivial finite submodules inside X7Iz,oo' This forces the kernel to be trivial, i.e.,

I I
Xn,oo = XN,oo'
The proof of the theorem is now complete. O

We can now state and prove the auxiliary result that will allow us to conclude Theorem A. Our
proof follows the proof of | , Theorem 7.10] very closely. We repeat the statement below for
the convenience of the reader.

Theorem 4.4. Let K be an imaginary quadratic field of class number 1. Let p and q be distinct
primes (> 5) which split in K. Let g be a fized ideal of Ok coprime to pq such that g is a product
of split primes and is divisible by the conductor of an elliptic curve over K with CM by Ok . Let
F = %(vq). We assume that p{ [F : K|. Let Z(vq™)*°/F denote the anticyclotomic Z,-extension
and write F,, for the unique subextension of Z(vq>)2¢/F whose degree is q". Then, there exists an
integer N such that for allm > N,

ord,(h(F,)) = ord,(h(Fn)).

Proof. Let the p-class group of F,, (resp. Fix) be denoted by A(F,) (resp. A(Fn)). Since p does
not divide [F), : Fiv], we have an injection

(4) A(FN) = A(Fy).
It follows from global class field theory that for all n > 0, we have the identification
An,oo =~ Gal(Mn,oo/Ln,oo)a

where M,  is the maximal abelian unramified p-extension of L, . Consider the following diagram

I N I
AN,oo An,oo

L

A(Fn) —— A(F,)

where the vertical maps are given by restriction and are surjective because the extension L, o /F),
and Ly ./Fn are totally ramified at primes above p. Furthermore, the top horizontal map is
surjective by Theorem 4.3 and the exact sequence (1). Therefore, the bottom row is a surjective
map as well. When combined with (4), we see that the bottom row is in fact an isomorphism. This
completes the proof of the theorem. O

The following lemma allows us to complete the proof of Theorem A via Theorem 4.4.
Lemma 4.5. Let a and b be ideals of O. If pt [#(a) : K- [#(b) : K], then p 1 [#Z(lcm(a, b)) : K].

Proof. Let us write a = [[p;"*, b =[] p;*, where p; are distinct prime ideals of Of. Recall that K
is of class number 1. By the theory of complex multiplication, if I is an ideal of O, we have

Gal(#(1)/K) = Gal(K (E[I]))/K) = (Ox /1)
Thus, by the Chinese remainder theorem,

p (O /p7) |, p1|(Ok/p?)"|
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for all 4. As lem(a, b) Hpmax ™) we deduce that
p1](Ok/lem(a,b))*| = [%Z(Icm(a, b)) : K]. O

We can now prove Theorem A from the introduction.

Theorem. Let K be an imaginary quadratic field of class number 1. Let p and q be distinct primes
(> 5) which split in K. Let ¢ be a fized ideal of O coprime to pq such that v is a product of split
primes. Let F = Z(vq) and write Z(vq®>)*°/F for the anticyclotomic Z,-extension. Assume that
p1|F : K|. Then, there exists an integer N such that for allm > N,

ord,(h(Fy,)) = ord,(h(Fn)).

Proof. Let E; i be a CM elliptic curve of conductor f such that all the prime divisors of § are split
in K but the prime divisors (which are > 5) of [Z(f) : K] are not split in K. Such elliptic curves
exist as we have seen in §2.

Let v be any ideal of O and p, ¢ be two distinct primes satisfying the hypotheses in the statement
of the theorem. Set g = lem(f, v) and define F' = #(gq). By assumption, p { [Z(rq) : K] and we have
chosen our auxiliary CM elliptic curve so that p { [Z(f) : K]. Thus, it follows from Lemma 4.5 that
p1[#(gq) : K]. Furthermore, both f and v are only divisible by split primes. Therefore, Theorem 4.4
holds for the ideal g.

Since p 1 [F), : Fp] and pt [Fpy1 @ Fp) for all n > 0, we have

A(F,) — A(Fy), A(Fn) — A(Fnt1)-

Theorem 4.4 asserts that ord,(h(F,)) stabilizes as n — co. Hence, the same is true for ord, (h(F,)).
]

5. ASYMPTOTIC GROWTH OF FINE SELMER GROUPS OF ABELIAN VARIETIES

5.1. Definition of fine Selmer groups. Suppose I’ is a number field. Throughout, A, is a fixed
abelian variety. We fix a finite set S of primes of F' containing p, the primes dividing the conductor
of A, as well as the Archimedean primes. We write Sy to denote the set of finite primes. Denote
by Fg, the maximal algebraic extension of F unramified outside S. For every (possibly infinite)
extension L of F' contained in Fys, write Gg (L) = Gal (Fs/L). Write S (L) for the set of primes of
L above S. If L is a finite extension of F' and w is a place of L, we write L,, for its completion at
w; when L/F is infinite, it is the union of completions of all finite sub-extensions of L.

Definition 5.1. Let L/F be an algebraic extension. The p-primary fine Selmer group of A over L
is defined as

Selp(A/L) =ker | H' (Gs (L), A]p™]) - @ H' (L., A]p™])
veS
Similarly, the p-fine Selmer group of A over L is defined as

Selo(A[pl/L) =ker | H' (G5 (L), Alp]) = ED H" (Lv, Alp))

ves
Note that Selg(A/L) is independent of the choice of S, whereas the definition of Selo(A[p]/L)
depends on S; see for example | , Lemma 4.1 and p. 86]. Since our main result concerns

Selp(A/L), we suppress S from the notation of Sely(A[p]/L) for simplicity.
It is easy to observe that if F,/F is an infinite extension,

L L

where the inductive limits are taken with respect to the restriction maps and L runs over all finite
extensions of F' contained in F,. Next, we define the notion of p-rank of an abelian group G.



10 D. KUNDU AND A. LEI

Definition 5.2. Let G be an abelian group. Define the p-rank of G as
rp(G) = rp(Glp)) := dimg, (G[p]) .

5.2. Growth of fine Selmer groups in Z,-extensions. In this section, we prove the following
theorem which essentially says that the p-part of the class group and the p-primary fine Selmer group
have similar growth behaviour in Z,-extensions. Our result is motivated by | , Section 5.

Theorem 5.3. Let A be a d-dimensional abelian variety defined over a number field F'. Let S(F')
be a finite set of primes in F' consisting precisely of the primes above q, the primes of bad reduction
of A, and the Archimedean primes. Let Fo/F be a fived Zg extension such that primes in Sy(F)
are finitely decomposed in Foo /F and suppose [F,, : F| = ¢q"™. Further suppose that Alp] C A(F).
Then as n — o0,

r (Selo (A/Fn)) — 2dr, (Cl(Fn))‘ = 0(1).

If Alp] C A(F), then the action of Gr on A[p] is trivial. Let AV be the dual abelian variety. The
action on the dual representation, AY[p] is also trivial. This tells us that AV [p] C AY(F). Therefore,
Theorem 5.3 allows us to deduce the following result.

Corollary 5.4. With the same hypothesis as in Theorem 5.3

ry (Selo (A/Fn) ) =7 (Selo (AV/Fn)>‘ —0(1).
To prove Theorem 5.3, we need a few lemmas.
Lemma 5.5. Consider the following short exact sequence of co-finitely generated abelian groups

P—-Q—-R—S.

Then,
|7 (Q) — 7 (R)| < 21y (P) + 1 (5) .

Proof. See | , Lemma 3.2]. O

Lemma 5.6. Let F, be any Z,-extension of F such that all the primes in Sp(F) are finitely
decomposed. Let F,, be the subfield of Fuo such that [F,, : F| = ¢". Then

‘r,, (CU(E,)) — rp (Cls(F, )_

Proof. For each F,,, we write Sy (F},) for the set of finite primes of F}, above Sy. For each n, we have
the following exact sequence

751 ED] 5 CUF,) 22 Clg(F,) — 0

(see | , Lemma 10.3. 12]) Since the class group is always finite, it follows that ker(c,) is finite.
Also, 7, (ker o)) <|S¢(F,)| and 1y, (ker(an)/p) <|Sf(F,)|- By Lemma 5.5,
7y (CUFR)) = 7y (Cls(Fa))| < 2|8 (Fu)| = 0

Lemma 5.7. Let F /F be a Z,-extension and let F, be the subfield of Fs, such that [F), : F] = ¢".
Let A be an abelian variety defined over F. Suppose that all primes of Sy(F') are finitely decomposed
in Foo/F. Then

Iy (Selo(Alp)/ F) = 1y (Selo(4/F,)) | = O(1)
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Proof. Consider the commutative diagram
0 — Selo(Alpl/Fn) —  HYGs(Fn),Alpl)  — Doesr) H' (Fuw, Alp])
Sn fn Tn
0 — Selo(A/F,)lp] — HYGs(Fn), Ap™))lpl — D,,esm) H (Fapw,. Alp™)Ipl.
Both f,, and 7, are surjective. Since A[p] C A(F,), the kernel of these maps are given by
ker(fu) = A(F)[p>]/p = (Z/pZ)™,
ker(va) = @ AFELIP¥/p= @ (@H2)*,

v €S(Fy) vn €8¢ (Fn)

]
]

where the last isomorphism follows from our assumption that p is odd.

Observe that r, (ker (s,)) < rp (ker (fn)) = 2d and that r, (ker (v,)) = 2d|S;(F,)|. By hypoth-
esis, Sy(F,) is bounded as n varies. It follows from the snake lemma that both r, (ker (s,)) and
Tp (coker (sn)) are finite and bounded. Applying Lemma 5.5 to the following exact sequence

0 — ker(s,) — Selg(A[p]/F,) — Selg(A/F,)[p] — coker(s,) — 0
completes the proof. O
Proof of Theorem 5.3. By hypothesis, A[p] C A(F). Therefore, A[p] ~ (Z/p)??. We have
H' (Gs(F,), Alp]) = Hom (Gs(Fy), Alp)).
There are similar identifications for the local cohomology groups. Thus,
Sely (A[p]/Fy) = Hom (Cls(Fy), Alp]) = Cls (F,)[p]**

as abelian groups. Therefore,

Tp (Selo (A[p]/Fn)) = 2dr, (Cls(Fn)) .
The theorem now follows from Lemmas 5.6 and 5.7. O

Let p°» be the largest power of p that divides the class number of F,,. If e,, is bounded then it
follows (trivially) that the p-rank is bounded. Thus, the following corollary is immediate.

Corollary 5.8. Let p # q. Let F/Q be any finite extension of Q and Fs/F be any Z,-extension of
F. Let p*~ be the exact power of p dividing the class number of the n-th intermediate field F,,. Let

A/ be an abelian variety such that Alp] C A(F). If e, is bounded as n — oo, then ), (Selo (A/Fn))
is bounded independently of n.

In addition to Theorem A, there are some other results in the literature where it is known that
the p-part of the class group stabilizes in a Z,-extension (when p, ¢ are distinct primes). These were
discussed briefly in the introduction and are recorded here more precisely.

(1) (] , Theorem|) Let F/Q be an abelian extension of Q and F,/F be the cyclotomic
Zg-extension of F. If p°» be the exact power of p dividing the class number of the n-th
intermediate field F,,, then e, is bounded as n — co.

(2) (] , Theorem 7.10]) Let p, ¢ be fixed odd distinct primes both > 5, K be an imaginary
quadratic field of class number 1 where p and ¢ split, and E/ i be an elliptic curves with CM
by Ok and good reduction at p,q. Let K be the Z, extensions of K which is unramified
outside q (resp. q). Let g be a fixed ideal of Ok such that it is coprime to pqg and F' = %Z(gq)
is of degree prime-to-p over F'. Then, the p-part of the class number stabilizes in FF K, =
Z(9q9>). However, since p is assumed to be unramified in F' in loc. cit., the hypothesis
Alp] C A(F) in Theorem 5.3 is unlikely to hold. The same can be said regarding the setting
studied in Theorem A.
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Theorem 5.9. With notation as above, suppose that the p-rank of the fine Selmer group, denoted by
rp (Selo(A/F,)) stabilizes in a Zq-extension of F. Then there exists n > 0, such that for allm > n,
the restriction map induces an isomorphism

Sely(A/F,) ~ Selg(A/F,,).

Proof. The following argument is similar to the one presented in | , p- 15], where instead
of classical Selmer groups, we consider fine Selmer groups. Consider the extension F,,/F,,. Then
[Fr : By =q™ ™ =t (say). The restriction map

Gal (F/Fn) — Gal (F/Fm)
induces the restriction homomorphism
res : Sely(A/F,,) — Selg(A/Fy,).

Since ged(g, p) = 1, this maps is an injection. Moreover, we have

—1
Selg(A/F,) = Sely(A/F) <2 Sely(A/F,) ~—— Sely(A/F,,)
where cores ores = t. The composition resocoresot™! is the identity map; thus, the exact sequence
0 — Selp(A/F,) — Selg(A/F,,) — SelO(A/Fm)/Selo(A/Fn) —0

is split exact.
Let us write Selo(4/F,) = (Qy/Zy,)* & T, where s, > 0 and T,, is a finite p-group. Then,

Tp (Selo(A/Fn)) = sp + 1p(Th)-

The injection Selg(A/F,) < Selo(A/Fy,) tells us that s,, > s,. If the p-rank r, (Selo(4/F,))
eventually stabilizes it follows that s, also stabilizes. Denote the cokernel of the injection by C, .
By duality, we have the short exact sequence

0= Chppn—=Zym®T,y =L ®T, —0.

When s, = s, Cy, ,, must be finite. Consequently, the image of Cy, ,, in Selo(A/F,)" is contained

m,n

inside 7,Y. Furthermore, since the short exact sequence splits, we deduce the isomorphism

As s, stabilizes, r,(T},) also stabilizes. Therefore, C,, ,, has to be 0 eventually. O

Theorem B is now an immediate corollary of Theorems 5.3 and 5.9.

Corollary 5.10. Let p,q be distinct odd primes. Let F' be any number field and A,r be an abelian
variety such that Alp] C A(F). Let F/F be a Zg-extension where the primes above g and the
primes of bad reduction of A are finitely decomposed. If the p-part of the class group stabilizes, i.e.,
there exists N > 0 such that for alln > N,

ord, (h(F,)) = ord,(h(Fy)),

then the growth of the p-primary fine Selmer group stabilizes in the Z,-extension as well, i.e., there
exists an integer N' > N such that for all n > N', the restriction map induces an isomorphism

Selg(A/F,) ~ Selo(A/Fn).
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