PROBLEMS FOR AFTERNOON SESSION (GARLAT 2026)

DEBANJANA KUNDU

1. ELLipTiC CURVES OVER Q
Problem 1.1. Let d € Z\ {0} and let E be an elliptic curve given by the cubic equation
X} 4+Y3=dz®
with O = [1,~1,0].

(1) Show that E is a smooth curve.
(2) Find the Weierstrass equation for E.

Problem 1.2. Consider the curve
C/Q:V?=U*+1 and E/Q:y?=2>—4x.

(1) Find an invertible rational map v : C' — E defined over Q.
(2) Where does it send (U, V) = (0,£1)7

Problem 1.3. A positive integer n is called a congruent number, if there exists a right-angled
triangle with rational sides such that its area is n.
Define the following two sets

Cp={(a,b,c) cQxQxQ : a®>+b*=¢% ab/2=n}

Ep={(z,y) €QxQ : y*=2®—n’z, y#0}.
Show that there is a one-to-one correspondence between C,, and F, given by the following two

mutually inverse maps
b 2n?
w:<a,b,c>~><" ”)

c—a'c—a

x2 —n? 2nz 2+ n?
y y y '

(ls : ($7 y) H ( ) ?
Problem 1.4. In this exercise, we will work with the specific elliptic curve
E:y? =2 —2=2a(x—1)(z+1).

(1) What is the structure of E(Q)[2]?
(2) Define the map

5 E(Q) — Q%/(Q)% x Q% /(Q*)? x Q*/(Q*)?

(1,1,1) ifP=0
(xg,xz0 — L,xg+1) ifyo#0

P = (20,y0) = 6(P) = 4 (—=1,—1,1) it P = (0,0)
(1,2,2) if P=(1,0)
(—1,-2,2) if P=(-1,0).
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) Check that 6 is a homomorphism of groups.

) Show that if (5(P) = (51,52,(53) then §; X 9 X 63 = 1 in QX/<QX)2.
) What is the kernel of §7

) Let P = (x0,%0) € E(Q). Write

(a
(b
(c
(d

ro=au®, xo—1=W? zo+1=cw? yi=abcluvw)?

such that a, b, ¢ € Z are square-free and abc is a square in Z, whereas u, v, w € Q. Show
that an odd prime does not divide abc.

(e) Use this to show that each d; can be represented by elements in {£1,+2} = T".

(f) Let us denote the image of E(Q)/2E(Q) under the map § by 6(E). Show that §(E)
embeds in

e ={(1,02,03) e IV x IV x I : §; X dg X 63 = 1 modulo squares}.

(g) Conclude that E(Q)/2E(Q) is finite.

(3) What is the discriminant Ag?

(4) Find an upper bound on the rank of E(Q) in terms of the number of distinct prime divisors
of AE-

(5) Define the homogeneous space

—1=06Y2%2 -5, X2

O 82) {—2 = 0¥ = 616,22,

This is the intersection of two conics. Further define
H:={C(61,02) : 61,00 € T'}.

Some homogeneous spaces in ‘H have rational points that correspond to P € E(Q), whereas
other homogeneous spaces do not have points.
(a) If (81,02, 03) € §(E), show that C(d1,062) has a point with rational coordinates.
(b) If C(61,d2) has a rational point then find the corresponding point P in E(Q).
(c) Show that §(E) is a subgroup of I'g.
(6) Use the above exercise to conclude the size of 6(E).
(7) Use to find the rank of E.
(8) Define the 2-Selmer group as

Sely(E/Q) :== {C(d1,02) with points over R and Q, for all primes p}.

The Selmer group is the set of all homogeneous spaces that are solvable everywhere locally.
(a) What is the size of the 2-Selmer group?
(b) Show that the 2-Selmer group contains (a subgroup isomorphic to) E(Q)/2E(Q).

(9) Define the Shafarevich—Tate group as the quotient of Sela(E/Q) by its subgroup E(Q)/2E(Q).
(a) Write a description of I1I3(E/Q) as a subgroup of H.
(b) What is the size of III5(E/Q)?

The above problem is an example of 2-descent. This is a general technique to show the finiteness
of E(Q)/2E(Q) when an elliptic curve is written as y? = (z — e1)(z — e2)(z — e3) with ¢; € Z and
e1 + es + e3 = 0. This is a special case of the weak Mordell-Weil Theorem.

Problem 1.5. The purpose of this exercise is to justify the name ‘descent’.

(1) [Parameterization of Pythagorean triples| Suppose that z,y, z are relatively prime positive
integers such that

:C2+y2 = 22



Then one of x,y is even. Suppose that it is . Then there exist positive integers m,n such

that

r = 2mn, y:mz—n2, z =m? +n?.

Moreover, ged(m,n) = 1 and m Z n (mod 2).
(2) Consider the equation

at+ bt =% (*)
(a) Suppose there exist non-zero integer solutions (a,b,c). Show that (without loss of
generality)
a2 =2mn, b*=m?>-n% c=m?+n’

Conclude that n is even and m is odd.
(b) Set n = 2¢q. Show that m, ¢ must both be squares.
(c) Set m = t? and q = u? for positive ¢,u and rewrite
b =m? —n?=t"— 4t
Conclude that
2 =t 4 gt
for some r, s with ged(r, s) = 1.
(d) Show that ¢t < ¢. Use this to arrive at a contradiction to the existence of non-trivial
integer solutions (a, b, ¢).
(3) Suppose we do not know that (ED does not have non-zero integer solutions. Consider the
curves from Problem [[.2]

C:V?=U*+1and E:y? =23 — 4.
(a) In view of (), we may start with the following point on C

o= (5)

Show that it maps to the point Q such that

£(Q) = (t>2

(b) Find z(Q) £ 2. In particular note that both these expressions are rational squares.
(c) Define the map

§: E(Q) — Q*/(Q*)* x Q*/(Q)?* x Q/(Q*)?

((1,1,1) iftP=0
(l’o,l’o—Q,l’o—l—Q) ifyo#0

= (20, y0) = 6(P) = { (—4,—-2,2) it P = (0,0)
(2,8,4) if P =(2,0)
(—2,—4,8) if P = (—2,0).

Show that Q = 2P for some P € E(Q).
(d) Explicitly find the polynomial f(T') = ug + u1T + uaT? in Q[T such that
F0)?=2(Q), f2?=2(Q -2 [f(-2)°=2(Q+2
Show that

z(Q) =T = f(T)? (mod T3 —4T).
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Deduce that

() () ()

up 1
P= (xlayl) == <17 >
Uy U
satisfies 2P = Q.

(f) Use the inverse transformation found in Problem (1.2 from E — C to find the solution on
C' corresponding to P. This new solution will be in terms of (r, s,t). Given any rational
point P on E(Q) we can define a non-negative real valued function h called canonical
height such that iL(TLP) = n?nP for all n. In this exercise, we showed that Fermat’s
procedure can be interpreted as starting with a rational point on E and halving it. This
decreases the height by a factor of 4; so the process must stop. Once again, this means
we could not have started with a non-trivial solution.

(4) Show that 2 is not a congruent number.

(e) Show that the point

Problem 1.6. Prove or disprove the following assertion: 1 is a congruent number.
Problem 1.7. Let p be a prime and define

E,:y® =a° +p*
Show that E(Q)¢or = Z/3Z.

Problem 1.8. More generally, let k£ be any non-zero integer (assume it to be 6-th power free).
Consider the family of Mordell-curves

Ep:y? =23+ k.
Predict (and prove) the torsion structure of Ex(Q).
Problem 1.9. (1) Consider Montgomery family of elliptic curves (over Q) given by
Map:BY? = X3+ AX? + X such that A, B € Q and B(A* —4) # 0.

Perform a change of variables and write this in short Weierstrass form.
(2) Next consider the family of elliptic curve in the twisted Edwards form given by

Euq:ax® +y* =1+ da*y? where a,d € Q% and a # d.

Set A = 2(a7+j) and B = ﬁ. Show that E, 4 and My p are birationally equivalent.

po
See [1, Theorem 3.2 if you are interested in learning more.

2. ErLipTic CURVES OVER C

Problem 2.1. For any elliptic curve E, denote the n-torsion subgroup E[n] to be the set of points
on an elliptic curve of order dividing n. In other words,

En]={P€E :nP =0},

where O is the identity element under the elliptic curve group law (corresponding to the point at
infinity). We write P € E to mean P € E(C).

For any n, show that E[n] is isomorphic to the direct sum Z/nZ x Z/nZ by giving an explicit
map. We can say that E[n] is generated by two ‘basis’ elements P and Q and every element of E[n]
can be written as aP 4+ BQ for a unique pair of elements o, 8 € Z/nZ.
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Problem 2.2. An isogeny of elliptic curves Eq, E5 is a non-zero holomorphic group homomorphism
(equivalently, an algebraic homomorphism)

¢ZE1—>E2.

An endomorphism of an elliptic curve E is an isogeny from E to itself. The endomorphism ring of
E, denoted End(E), is the set of all endomorphisms of E, with addition being defined point-wise and
multiplication being defined by composition.

(1) Show that the set of all endomorphisms is indeed a ring.
(2) Show that the multiply-by-n map, which sends a point P € E to nP € E, is an endomorphism.

Problem 2.3. Consider the curve
E:y?=2%+2a.
(1) Show that ¢ : (z,y) — (—z,1y) is an endomorphism.
(2) 2-torsion points
(a) Find the set of points E[2].
(b) Set the notation Q(E[n]) to mean the field generated over Q by the = and y coordinates
of all the points in E[n]. Show that Q(E[2]) = Q(3).
(c) Write G = Gal(Q(E[2])/Q) = {e, ¢}, where ¢ denotes the complex conjugation. Let P
and Q denote the two generators of E[2]. Find ¢(P) and ¢(Q) in term of P and Q.
(d) Write the matrix associated to ¢ and denote it by M,.
(e) Show that the map

pa : Gal(Q(E[2))/Q) —> GLa(Z/2Z)

given by e — Iy and ¢ — M, is a one-to-one homomorphism.
(3) 3-torsion points
(a) Show that

P = (20, o) has order three <= 322 4+ 629 — 1 = 0.

(b) Find the set of points E[3].
(c) Show that the field generated by the coordinates of the set of points above is a (non-
abelian) Galois extension of order 16.
(4) 4-torsion points
(a) Show that

P = (20, y0) has order four <= x5 + 523 — 522 — 1 = 0.

(b) Find the complete set of points of order four on E.
(c) What is the field generated by these points?
(5) m-torsion points: In this exercise we will show that the field extension

is an abelian (Galois) extension of Q(7).

(a) Show that if 0 € Gal(Q(E[rn])/Q) and P € E[n] then o(P) € E[n]; i.e., o induces a
permutation on the set E[n]. Further show that each o € Gal(Q(E[n])/Q) gives a group
isomorphism from E[n] to itself.

(b) Fix generators P and Q for E[n|. From above, we can write define a matrix

(6% Ba



where 0(P) = a,P + 7,Q and o(P) = ;P + 6,Q. Show that the map
pn : Gal(Q(E[n])/Q) — GLa(Z/nZ)

given by o — M, is a one-to-one homomorphism. Such a map p, is called a Galois
representation.

(c) Show that K, /Q is a Galois extension. Hence, conclude that K,,/Q(7) is Galois.

(d) Counsider a different endomorphism

¢:E— E.

This gives a homomorphism ¢ : E[n] — E[n] to which we can associate a matrix, say
Ay. Show that if o € Gal(K,,/Q(i)) and P € E(K,) then

a(¢(P)) = ¢(a(P)).
(e) You may use the following facts without proof
e The matrix Ay € GL2(Z/nZ).
e Matrices that commute with A, also commute with one another.
Conclude that all matrices in the set

{pn(o) : o€ Gal(K,/Q(i))}

commute with one another.
(f) Conclude that Gal(K, /Q(7)) is abelian.
(6) Now, view E(C) ~ C/A and choose A = [w1,ws]. Take
P="" and Q= ©2
n n

as the generators of E[n]. Show that K, /Q(i) can be generated by using special values of
meromorphic functions.
Problem 2.4. Consider the elliptic curve
E:y?=2a%—2.

(1) Show that ¢ : (z,y) — (¢x, —y) is an endomorphism, where { = _1%\/?3 is a primitive cube
root of unity.

(2) Find the set E[2].

(3) Show that G = Gal(Q(E[2])/Q) is non-abelian of order six.

(4) Let o (resp. 7) be the order three (resp. two) element in G. Compute the matrices M,, M,
with respect to two fixed ‘basis’ elements P and Q.

(5) Is p2 surjective?

3. ErLLipTic CURVES OVER FINITE FIELDS

Throughout this section, we write IF, to denote a finite field with g = p* elements where k > 1.

Problem 3.1. Define

+1  if x is a square in F

( v ) =4 -1 if x is not a square in F
0 ifx=0.

(1) Show that if ¢ is odd then (Fiq) = 2(07D/2 a5 an element of F,,.

Let E : y? = 23 + Ax + B be an elliptic curve defined over F,,.
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(2) Show that
23+ Ax + B

z€Fy
Problem 3.2. Consider the rational elliptic curve
E:y?=2%+3.
Find a point P € E(Q).
Calculate the discriminant Ag.
Calculate the size of E(F5) and E(F7).
Let p be a prime such that p t 2Ag. Consider the reduction modulo p map

E(Q)tors — E(Fp)-
Show (abstractly) that this homomorphism is one-to-one.

(5) Conclude that #E(Q)tors is trivial. In particular, E has infinitely many rational points.

Problem 3.3. Consider the elliptic curve

E:y? =23 — 43z + 166.
(1) Calculate Ag.
(2) Calculate #E(F3).
(3) Use the Nagell-Lutz theorem to find a point P € E(Q) which might have finite order.
(4) Show that #E(Q)tors is non-trivial and calculate its size.

Problem 3.4. Consider the elliptic curves
E:y?=2a3+1.
Show that E/Fg, is an elliptic curve but E/Fg is not. The notation means that in the first case we

consider E (mod 5) and in the second case we take E (mod 3).

Problem 3.5. Find the reduction type at p > 5 for the following elliptic curves defined over Q by
looking at reduction modulo p curve E and determining the slopes of their tangent line(s) at a point
of singularity.

(1) E:y? =23 +p2® + 1.

(2) E:y? =23 +2% +p.

(3) E:y?=2%+p.
Problem 3.6. Fix an odd prime p =2 (mod 3).

(1) Show that every element of F,, has a unique cube-root in I,

(2) If a € F);, show that E : y?> = x3 + a is supersingular.
Problem 3.7. Let a prime p > 2 and an elliptic curve E : y? = z(x — 1)(x — \) with A € F,.
(1) Let n € Z~¢. Show that

. {0 if g —14n,
2=,

ocF, ifg—1]|n.

(2) Show that
Y (ala = 1)@ = A) 7 = —qy(E).
z€lFy

Conclude that a,(E) is the coefficient of z9~! of the polynomial (z(z — 1)(z — \))@~1/2),
7



(3) Show that a4(E) = 0 if and only if a,(E) = 0 in a field of characteristic p.
(4) Consider the polynomial ((z — 1)(x — A))®~1/2. Then, a,(E) appears as a coefficient of
what power of 2? Using the binomial theorem, express a,(E) as a polynomial in A.
(5) Show that E : y? = 23 + x over F,, is supersingular if and only if p = 3 (mod 4).
In the course of the next few exercises we prove a special case of the theorem of Hasse.
Theorem (Gauss): Let M, denote the number of projective solutions to the equation

X+ + 2723 =0
with X,Y,Z € F,. Then
o M,=p+1ifp#1 (mod 3)
e M,=p+1+Aif p=1 (mod 3) where A, B are integers satisfying 4p = A? + 27B? and
A =1 (mod 3). This A is unique.
Problem 3.8. We first see an application of this result.

(1) Show that the Fermat curve C'/Q : X3 + Y3 = 1 is birationally equivalent to E/Q : y? =
x3 — 432 using the transformation

1 C — E given by (X,Y)H( 12 36(X_Y)>

X+Y X+Y

(2) Show that the theorem of Gauss implies Hasse’s theorem for E.
We will now prove the theorem above via several exercises.

Problem 3.9. Suppose we are in the case that 3tp — 1.

(1) Check that z — 2® is an isomorphism from F)* to itself.
(2) Conclude that every element of I, has a unique cube root.
(3) Conclude that M, = p+ 1. [Hint: we are counting projective solutions]

Problem 3.10. Suppose we are in the case that 3 | p — 1. Write p = 3m + 1. For simplicity you
may take p = 13.

(1) Consider the homomorphism = — 3. Find the image of this homomorphism and denote it
by R. Further, find the kernel of this homomorphism. The elements of R are called cubic
residues.

(2) Find the other (two) cosets of R in F); and denote them by S and T'. Conclude that

F,={0}URUSUT.

(3) We introduce a new symbol: let X', Y, Z be subsets of F,,. We write [Y) Z] to denote the
number of triples (z,y,z) € X x Y x Z satisfying x +y + z = 0.
(a) Show (abstractly) that the number of projective solutions of X3 + Y3 4 Z3 = 0 where
XYZ #0is %. Do not explicitly calculate [RRR].
(b) Show that the number of projective solutions of X3+ Y3 + Z3 = 0 with one coordinate
zero is 9.
(¢) From the above two exercises conclude that

M=o (12280 11).
(d) Check that

[RRF,] = [RR{0}] + [RRR] + [RRS] + [RRT]

= [RR{0}] + [RRR] + [SST]| + [TTS]

:m2.



(e) Similarly, check

[F, 7S] = [{0}TS] + [RTS] + [STS] + [TTS]

= m2.

(f) Check that [{0}7'S] = 0 and [RR{0}] = m. Conclude that
m + [RRR] = [RTS].

Further conclude that M, = @.

(4) Let ¢ = e*™/P. Define

OCR:ZCT’ aS:ZCS> OZR:ZCt.

reR seS teT
(a) Show that ag + g+ ar = —1.
(b) If you are working with p = 13, you may prove this directly: Show that
QRos + agar + arag = —m
a%—l—a%—l—a%:l—i—Qm.
(b’) Alternatively: Write N, to denote the umber of pairs (s,t) € S x T such that s+t = .
(i) Show that
asar = Y Nu(*.

zelF,
(ii) Show that N, = N, for r € R. In other words, N, only depends on the coset R,

S, T in which x lies.
(iii) Conclude that mN, = [ST Z] if x is a coset representative of Z = {R,S,T'}. We

may therefore write [STZ] = mNz.
(iv) Show that

asar = Nrag + Nsags + Nrar,
arar = Nras + Nsar + Nrog,
apags = Nrpar + Ngagr + Nrag.
(v) Show that
aros +agar +ararp = —m
a%—ka%—ka?p:l—{—Qm.
(c) Show that
3aragar = Nr + (3Ng — m)m.
Define k :=3Ng — m.
(5) Set A=3k—2=1 (mod 3). Show that
M,=p+1+A.
(6) Define F(t) = (t — ar)(t — ag)(t — ar). Calculate D(F') which is the discriminant of the
polynomial F(t).
(7) Set
B« =1+ 3ay for x € {R,S,T}.
Define G(t) = (t —fr)(t— Bs)(t— Br). Calculate D(G) from the formula of the discriminant

of a cubic.
(8) Show that D(F) = (27)2D(F).



(9) Set B = Ng — Np. Conclude that
4p = A? 4+ 27B2.
(10) Show that A is uniquely determined by the conditions A =1 (mod 3) and 4p = A? +27B2.
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