GENERALIZED MAZUR’S GROWTH NUMBER CONJECTURE

DEBANJANA KUNDU AND ANTONIO LEI

ABsTRACT. Let F be a totally real field. Let A be a simple modular self-dual abelian variety
defined over F. We study the growth of the corank of Selmer groups of A over Zp-extensions of a CM
extension of F'. We propose an extension of Mazur’s growth number conjecture for elliptic curves to
this new setting. We provide evidence supporting an affirmative answer by studying special cases
of this problem, generalizing previous results on elliptic curves and imaginary quadratic fields.

1. INTRODUCTION

Let p # 2 be a fixed prime number. Let A be a simple modular self-dual abelian variety over a
totally real field F', so that F' is isomorphic to a subfield of End(A) ® Q, with d = dim(A) = [F' : Q.
In particular, A is a simple quotient of the Jacobian of a Shimura curve over F', corresponding to a
Hilbert modular form. Let oa denote the weight 2 and level 91 cuspidal automorphic representation
attached to A. Since A is self-dual, the central character of op is trivial.

Throughout, we assume the following hypothesis holds.

(ORD) A has potentially good ordinary reduction at all primes above p.

Let K be a CM extension of F' and suppose that the Leopoldt conjecture is satisfied, i.e., the
compositum of all Z,-extensions of K, which we denote by K, is a (d 4+ 1)-dimensional abelian
p-adic Lie group. Let T'o, = Gal(K /K) = Z?(dﬂ).

Let p | p be a fixed prime of F, which induces an embedding ¢, : Q < Q,. The ring of integers of
the completion F}, is denoted by O,. We are interested in the growth of the Op-corank of p-primary
Selmer groups of A over Z,-extensions of K. When F' = Q and A is an elliptic curve, it is predicted by
B. Mazur [Maz83, §18] that the Selmer coranks of A over finite extensions of K inside a Z,-extension
should be bounded, except possibly the anticyclotomic Z,-extension when A/K has root number —1.
More generally, in [MRO03, Question 2.13], B. Mazur-K. Rubin asked whether it might be possible
to use towers of Heegner points in Shimura curves over totally real fields to account for (at least
some of) the expected Mordell-Weil growth as one ascends the finite intermediate extensions of the
anti-cyclotomic hyperplane.

Our results are inspired by the aforementioned question raised by Mazur—Rubin, the recent devel-
opments on the p-adic Gross—Zagier formula on Shimura curves by D. Disegni [Dis17], and the works
of J. Nekoval [Nek07, Nek08] which show that growth in the anticyclotomic direction can indeed
be accounted for by Heegner points. More precisely, we study the following analogue of Mazur’s
Growth Number Conjecture.

Growth Number Problem. Fiz a prime p # 2. Let A be a simple modular self-dual abelian
variety over a totally real field F with potentially good ordinary reduction at p | p. Let K/F be a
CM extension and KC/K be a Zy-extension. Write IC,, to denote the unique subfield of degree p™ of
K in K. Then forn>0

corankp, Selpe (A/KC,,) = cp™ + O(1),
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where the growth number c is given by

0 i KZ K, or (A K) has ‘sign” + 1
c=1¢1 fKC Ky, (A K) has ‘sign’ — 1 and is ‘generic’
2 if K C Ka, (A K) has ‘sign’ — 1 and is ‘exceptional’.

Here, K, denotes the compositum of all anticyclotomic Z,-extensions of K and Gal(Kao/K) ~ fod.
The pair (A, K) is called ‘generic’ if A has no complex multiplication (CM), or the CM field of A
is different from K. On the other hand, the pair (A, K) is called ‘exceptional’ if A has CM by (an
order in) K. The sign of (A, K) is defined analogous to [Maz83, § 6]) to mean

e the sign of the functional equation of L(A/K,s) in the ‘generic’ case and
e the sign of the functional equation of L(p,s) in the ‘exceptional’ case, where ¢ is the Hecke
character of K satisfying
L(A/F,s) = L(yp,s).

1.1. Progress towards this problem. As per our knowledge, the Growth Number Problem has
been previously studied mainly in the case when F' = Q and A is an elliptic curve. The original
conjecture is completely settled for CM elliptic curves in the ‘exceptional case’; see [Gre99, Theo-
rems 1.7 and 1.8]. In a recent preprint by H. Li-R. Xu (see [LX25]), the authors study the growth of
Mordell-Weil ranks of CM abelian varieties associated with Hecke characters of infinite type (1,0)
over an imaginary quadratic field K along the anticyclotomic Z,-extension of K.

In the last few years, there is increased interest in understanding the original conjecture of Mazur
for non-CM elliptic curves. In particular, we mention the following articles [KMS23, GHKIL25,
KL25]. Each of them takes a different approach to solve special cases of the problem, but somewhat
surprisingly a solution is provided only when the Mordell-Weil rank of the elliptic curve over K is
at most 1. These results also focus on the case that p is a prime of good ordinary reduction, which
is precisely the setting in which Mazur first formulated his conjecture.

1.2. Main Result I. The first result of this article gives an affirmative answer to the Growth
Number Problem under the generalized Heegner hypothesis:

(GHH") ex/p(MN) = (—1)?~1, where €x/F is the quadratic character attached to the extension K/F.
Furthermore, all primes of F' lying above p split into two distinct primes in K.

The proof is analytic in nature, relying on Heegner points attached to A over K and their relations
with the derivative of a multi-variable p-adic L-function (see §3). Furthermore, we assume one
inclusion of the Iwasawa main conjecture of A over K, holds, which allows us to study the growth
of the Selmer corank via the analytic p-adic L-function. It generalizes our previous result [KL.25,
Theorem A| wherein we proved Mazur’s Growth Number Conjecture in Z,-extensions of an imaginary
quadratic field K for non-CM elliptic curves E/Q at primes p > 5 of good ordinary reduction under
(comparable) technical hypotheses.

Theorem A (Theorems 5.3 and 5.4). Fiz a prime p # 2. Let A be a simple modular self-dual
abelian variety of GLa-type over a totally real field F with trivial central character satisfying (ORD).
Let K/F be a CM extension such that A(K)[p] is trivial and that the p-primary Selmer group
Selpos (A/ Koye) is a co-torsion Agyc-module. Suppose that (GHH™) and one inclusion of the Iwa-
sawa main conjecture for A over Ko, holds; see (h-IMC). Writing zheeg to denote the Heegner
point of A over K, if the p-adic height (ZHeeg, ZHeeg) k& 1S NONZETO, then the Growth Number Problem
has a positive solution.

1.3. Main Result II. The second result of this article is purely algebraic in nature, where we study
the growth of the Selmer corank using characteristic ideals. It generalizes [GHIKT.25, Theorem A]
where Mazur’s Growth Number Conjecture for elliptic curves over Z,-extensions of an imaginary
quadratic field K is studied under a hypothesis on the structure of the Selmer group over the unique
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Z;‘,ﬂ—extension of K. In particular, we extend the aforementioned result to the setting of abelian
varieties. Although we follow a line of argument similar to that presented in [GHKL25|, we give a
(slight) simplification of the result and remove the non-anomalous hypothesis.

In what follows, Kcy. denotes the cyclotomic Z,-extension of K with I'cye = Gal(Keyc/K). Let
O, denote the ring of integers of the completion of F' at p and write A, (resp. Agyc) for the Iwasawa
algebra Op[T's] (resp. Op[Leyc])-

Theorem B (Theorems 6.1 and 6.2). Fiz a prime p # 2. Let A be a simple modular self-dual abelian
variety of GLa-type over a totally real field F with trivial central character satisfying (ORD). Let
K/F be a CM eatension such that Selye (A/Kcye)Y is Acyc-torsion. Suppose that one of the following
conditions hold:

(i) the order of vanishing of chary_ Selyes (A/Keye)" at the trivial character of Teye is 0.
(ii) (GHHT) holds, the order of vanishing of chary_ Selyoc (A/Keye)Y at the trivial character of
Leye is 1, and Sely (A/Kx) is a direct sum of cyclic Aso-modules.

Then the Growth Number Problem has a positive answer.

1.4. Organization. Including this introduction, the article has six sections. Section 2 is preliminary
in nature; we introduce the notation that is used throughout the paper. We remind the reader of
some definitions and fundamental results that are used several times in our arguments. In Section 3,
we review Disegni’s result on the p-adic L-function attached to A and the relation between its
derivative and Heegner points proven in [Dis22]. Furthermore, we carry out calculations on the
specialization of the p-adic L-function to a Zy,-extension of K, reducing its non-vanishing to that
of the p-adic height of zgeeg, Which is crucially utilized in the proof of Theorem A. Another key
ingredient of this proof is to show that Selps (A/K )" admit no non-trivial pseudonull submodule;
this is done in Section 4 utilizing the main result of [Grel6] by R. Greenberg. We complete the proof
of the theorem in Section 5. In Section 6, we prove Theorem B, providing evidence for the Growth
Number Problem using algebraic tools under a slightly different set of hypotheses.

1.5. Outlook. As has been pointed out previously, the higher rank case is still out of reach. The
supersingular case would also require more work and new ideas. One may hope to utilize results
on supersingular abelian varieties [BL17, BL15, Pon20, LP20, IL.25] combined with earlier works of
elliptic curves [IP06, LL22, 1520, HL20].

When the corank of Sely~ (A/K) is one, our approach for studying the Growth Number Problem
hinges on the results of Disegni and Nekovar; therefore, the setup in which we can answer the
question is dictated by their work. In particular, our method of proof cannot be used to address
the question of Selmer rank growth in Z,-extensions of a general CM field K of an abelian variety
A that does not have real multiplication by the maximal real subfield of K. On the other hand, if
Selyos (A/K) is finite, then standard arguments involving (Mazur’s) Control Theorem that we use to
prove Theorem B under the condition (i) can be adapted readily to obtain an answer.

Let A be an abelian variety over a number field K and K/K be a Z,-extension. One can ask
about the Selmer corank growth of Sely~(A/K,) as n — oo, where K,, denotes the n-th layer of
K/K. In the context of this paper, when K is a CM field and A has real multiplication by the
maximal real subfield of K, we see that

Selpe (A/Kn) = EP Selp (A/Kn)
plp
under appropriate hypotheses. Thus,
corankz, Sely~ (A/KC,,) = cdp™ + O(1),

where c is the ‘growth number’ in the Growth Number Problem and d = dim(A). One may speculate
that such a formula might hold for more general number fields K.
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2. NOTATION AND PRELIMINARIES

2.1. Iwasawa algebras and projections. Recall from the introduction that F is a totally real
field of degree d and K is a CM extension of F'. The compositum of all Z,-extensions of K is denoted

by Ko and Ty = Gal(Ko/K) = Z;‘?(dﬂ) Let K¢y be the cyclotomic Z,-extension of K and K,
the anticyclotomic extension of K inside K,. Write

I'w = (00,01,-..,04)

such that Gal(Kcy/K) is generated by oy and Gal(K,./K) is generated by o1,...,04. This gives
rise to the following isomorphism

Ase = Op[Tec] = Op[Xo, .. ., Xd],

sending o; to X; — 1.
Given a Z,-extension /K with I'x = Gal(K/K), we have a natural projection

7TIC3F<X> —>FK:,

whose kernel is isomorphic to Z;‘?d. We can write

d d
ker mic = Hofii E aici =0,
i=0 i=0

for some a; € Z, such that not all a; are zero. This allows us to identify the set of Z,-extensions of
K with P4(Z,). After scaling if necessary, we may assume that c; € 7, for some j = j(K). Then,

for all i € {0,...,d},
mic(oi) = T (Jﬁ) .

In particular, we see that I'x is topologically generated by mx (0 (k). We shall denote this element
by ox and write X = ox — 1.

Set Ax = Op[Tk] = Op[Xk]. The natural extension of mx to Asw — Ax (which we still denote
by the same symbol) can be realized as

e - Op[[Xo,...,Xd]] —)Op[[X)C]],
f(Xo,...7Xd)Hf<(1+X,c)%?7c> 1 (14 X)) —1>.

Therefore,

d
dr (f) ¢ -1 0f o =
= E 14+ Xi) %00 14+ X)) —1. ... (14+ X9 —1

which tells us that
d

(2.1) drie(f) = % .9 .. 0.
dX)C Xx=0 =0 Ci(K) 8Xi ’ ’
Note that if K = Kcye, then j(Kcy) = 0, corresponding to (1 : 0 : ...0) € P4(Z,). We

write Ty for Tk, which is given by f(Xo, X1,..., Xq) = f(Xo,0,...,0). Furthermore, we write
Acye = Op[Teyc] for the corresponding Iwasawa algebra.
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Throughout this article, we often consider K to be a non-anticyclotomic Z,-extension of K, i.e.
K & Kac. Such K corresponds to (cg : -+ : ¢q) € P4(Z,), where cg # 0.

2.2. Control Theorems and Rank Growth in Z,-Extensions of Number Fields. Let A/F
be a simple abelian variety of GLs-type and level 9 over a totally real field F' with potentially good
ordinary reduction at all primes above p. Let X(F) be a finite set of primes in F' containing p and
all primes of bad reduction for A; in other words X(F) 2 {p}U{v: v | 91}. For any field L/F, define
(L) to be the set of places of L lying above those in X(F'), and write Gy (L) for the Galois group
of the maximal extension of L that is unramified outside of X(L). Furthermore, for any v € X(F)
and any finite extension L/F, write

Jo(A/L) = €D H' (L. A)[p™].
wlv
When £/L is an infinite extension of L, set
JAA/L) = Tl J,(A/L),
LCcL'cc

Definition 2.1. Let A/F be a simple abelian variety of GLa-type over a totally real field F with
potentially good ordinary reduction at all primes above p. Let 3(F) be any finite set of primes
containing those dividing pM. For any extension L/F, define the Selmer group

Sely (A/L) :=ker | H'(Gx(L),Alp™]) — [] J.(A/L)

We now recall the statement of Mazur’s Control Theorem, which allows us to study the growth
behaviour of Selmer groups in Z,-extensions.

Theorem 2.2 (Mazur’s Control Theorem). Fiz an odd prime p. Let F be a totally real field number
field and let A/F be an abelian variety of GLa-type which has potentially ordinary reduction at all
primes of F lying over p. Let K/F be a quadratic extension of F which is a CM field. Let KC be any
Zy-extension of K and IKC,, denote the n-th layer of this extension with Gal(KC,,/K) ~ Z/p™Z. Then
the kernel and cokernel of the natural map

Selpos (A/KC,) — Selyee (A/KC) G210/ Kn)
are finite and of bounded order independent of n.

Proof. This is proved in the same way as [Gre03, Proposition 5.1]; see also [MO06, Theorem 2]. O

Corollary 2.3. Suppose that the assumptions of Theorem 2.2 hold. Set r = coranka, (Sely~ (A/K)).
Then as n — o0,

corankop, (Selp (A/KC,)) = rp™ + O(1).
In particular, if Sely (A/K) is finite then as n — oo,
coranko, (Selpe (A/KC,)) = O(1).
Proof. The arguments for both assertions are standard. They are recorded in [Gre99, Corollaries 4.9

and 4.12] for Z,-coranks of p>°-Selmer groups of elliptic curves, but the proofs go through for the
current setting. O

3. p-ADIC L-FUNCTIONS

Throughout this section, we assume (GHH™) holds. We review results of Disegni [Dis17] that
will be utilized in our proof of Theorem A. For each place of F' lying above p, we fix a level 0 additive
character (see the end of p. 1993 in op. cit.).
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Theorem 3.1 ([Dis17, Theorem Al). Let p be a place of F lying above p where A has potentially
good ordinary reduction. There exists a unique p-adic L-function' Ly(A) € F, ® Ao such that for
all finite characters x of I',
L(A/K, x,1)

Q
L(A/K, x,1)

for some constant C, and a period €). Here, Q

s an algebraic number, which is regarded

as an element of Q, through lp-

The sign of the functional equation of L(A, K, x,s) at s = 1 is constant for all finite characters
x of Gal(K,./K); see discussion in [Disl7, top of p. 1999]. In particular, since A is assumed to be
self-dual, L, (A)(x) = 0 for all such x under our running hypotheses. If we consider L, (A) as a power
series in Xo, X1,...,Xq, we have L, (A)(0, X1,...,Xq) = 0. Consequently, we can expand L,(A) as a
power series in X with coefficients in Aac ®z, Qp, where Aye := Oy [Gal(Kao/K)] = Op[ X1, ..., X4].
More specifically, we have

(3.1) Ly(A) = Gy(A)Xo + O(X2),
where G, (A) € Ape ® Qp.

Proposition 3.2. Let IC be a non-anticyclotomic Zy-extension of K. If G,(A)(0,...,0) # 0, then

dri(Lo(A)|
dXx X0
Proof. Recall that K corresponds to a Z,-extension such that (co : -+ : ¢g) € P4(Z,) with g # 0. Tt
follows from (2.1) and (3.1), that
d
drg (Ly (A oG
Tk (Lp(A)) __% - Gy(A) Z ( p(4 )X()) (0,...,0),
dXk Xe=0 Cj(K) -1 CJ(’C)
which is a non-zero multiple of G,(A)(0,...,0). Hence, the lemma follows. O

By [Dis17, Theorem C(4)], Gy (A) is described via the A,c-adic heights of the Heegner points on A
defined over finite sub-extensions of K,./K. In particular, G,(A)(0,...,0) is a non-zero multiple of
the p-adic height of the Heegner point zpeegs attached to A/K. The reader is referred to [Dis17, §1.1]
for the definition of zpeeg (Where the character x in loc. cit. is taken to be the trivial character)

We use the notation (—, —)k to denote the p-adic height associated with p over K as given in
[Dis22, §1.3]. We consider the following hypothesis:

(HGT) <ZHeeg7 ZHeeg>K # 0.
From Proposition 3.2 we can deduce the following:
Corollary 3.3. Let K be a non-anticyclotomic Z,-extension of K. If (HGT) holds, then

A7 (Ly(A))

0.
dXe |y 7

In particular, (L, (A)) # 0.

1Many authors, including [Dis17] refer to it as a p-adic L-function; but, to highlight the dependence on p | p, we
refer to it as p-adic L-function.



4. NON-EXISTENCE OF NON-TRIVIAL PSEUDONULL SUBMODULES

In this section, we review a special case of a result of R. Greenberg [Grel6, Proposition 4.1.1]
regarding sufficient conditions for Selps(A/K+)Y to admit no non-trivial pseudonull submodule.
Throughout this section, we keep the notation introduced previously. We further assume that

(CYC) Selye(A/Keye)Y is Acyc-torsion.

In view of [HO10, Lemma 2.6] (which is based on the ideas in [BH97]) we can conclude that (CYC)
implies that Selye (A/Koo)Y is Aso-torsion.

Let 7 =T,(A) ® AL, where ¢ is the involution on A, sending a group-like element to its inverse
and set D =T ®4__ AY,. Throughout this section, we will be consistent with the notation of [Grel6,
§2.1] as much as possible.

The condition RFX (D) asserts that 7 is a reflexive As-module; in our setting this condition
holds since it is free over A.

In the context of our setup, the condition LEO(D) asserts that

ker | H*(Ks/K,D) — [[ H*(K,,D)
VED

Al

is a cotorsion A(Gg)-module. Recall from [Gre06, Theorem 3] that there is an isomorphism of
A(Gx )-modules H2(Kx/K, D) 22 H?(Ks /Koo, Alp™]).

Since our hypotheses imply that Selps (A/Kx )Y is Aso-torsion, we know (using arguments anal-
ogous to [OV03, Theorems 3.2]) that

(4.1) ranky  H'(Kyx /Ko, A[p™])Y — ranky  H?(Kx /Koo, A[p™])Y = ro(K) x 7
where r is the Op-corank of A[p*>°]. We also know that
(4.2) ranka,, €D Jo(A/Ks)" = ranka,, @) H' (Koo w, A)p™]" = ra(K) x 1,
lex w|l
lex

by combining [CG96, Proposition 4.8] and [OV03, Theorem 4.1]|. A standard argument with Poitou—
Tate exact sequence implies that H?(Kg/K s, A[p®]) is co-torsion over Ay, and H'(Kg /K, A[p™])
is of corank 79(K) x r. In particular, LEO(D) holds.

The condition CRK(D, L) asserts that

coranky_ H'(Ks /Ko, A[p™]) = coranky __Selp= (A/Ky.) + coranky @ Ji(A/Ko)
lex
= coranky __ @ Ji(A/K o) since we assume (CYC).
tex
The desired equality follows from (4.1) and (4.2).
We now consider the conditions LOCE;“(D), i =1,2. Write 7* = Hom(D, ppe). The conditions
assert that for v € (K, we have (7*)9%v =0 and T*/(7*)%%> is a reflexive A-module, respec-

tively. Since p # 2, we have (7*)%%» = 0 when v is an archimedean prime. On the other hand, if v is
a non-archimedean prime, it does not split completely in K. It follows from [Grel0, Lemma 5.2.2]

that (7*)9xv = 0. This guarantees that condition LOCQ(})(D) holds for all v € ¥(K). Finally, as

T* is a free As-module, LOCS,z)(’D) both hold for all v € ¥(K).
We can now state the result due to Greenberg under the following condition:

(TOR) A(K) has no p-torsion.

Proposition 4.1. If (ORD), (TOR) and (CYC) hold, then the As-module Sely(A/Kx)Y does

not contain a non-trivial pseudonull submodule.
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Proof. We have verified that the hypotheses RFX (D), LEO(D), CRK(D, L), LOCS})(D), and
Loc? (D) hold for all v € £(K). Next, the condition D[m] admits no quotient isomorphic to p,
for the action of Gk (assumption (b) in loc. cit.) is equivalent to A(K)[p] = 0 via the Weil pairing
(see the last paragraph on p. 248 of op. cit.). Therefore, the result is a direct consequence of [Grel6,
Proposition 4.1.1]. O

5. PROOF OF THEOREM A

5.1. Preliminary results on Selmer groups. Let A be a simple self-dual modular abelian variety
of GLa-type over a totally real field F' and let K/F be a CM field, as before.

Under (ORD), (CYC) and (TOR), the structure theorem of finitely generated A..-modules (as
given in [Bou65, Chapitre VII, §4, Théoréme 5]) combined with Proposition 4.1 asserts the existence
of the following short exact sequence

— N — 0,

(5.1) 0 — Sely~ (A/Ew)” — P Ao
i=1 ¢

1

where I1,...,1I,, are principal ideals of As and [[/~,I; = I = chara__(Selp(A/K)Y) is the
characteristic ideal of Selye (A/Ks )" as a As-module and N is a pseudonull A-module.

Recall from the discussion in §3 the existence of a unique p-adic L-function L,(A) € F, ® Ax
associated with the abelian variety A, which is an analytic object. On the other hand, Theorem A
is an assertion involving Selmer groups which are algebraic objects. To bridge this gap, we assume
one inclusion of the Iwasawa main conjecture, i.e.,

(h-IMC) L,(A) € chars_(Selp=(A/K)¥) = [, L.

Implicitly, (h-IMC) asserts that L,(A) lies inside Ax.

In what follows, set Hx ~ Gal(Ky/K) =~ Z;?d. When K = Ky, we abbreviate Hg_ . = Heye.

cyc

Lemma 5.1. Let K be a non-anticyclotomic Zy-extension of K. If (HGT), (ORD), (GHH"),
(TOR), and (h-IMC) hold, then Sely~(A/Kw)}, is a finitely generated torsion Ax-module.

Proof. The short exact sequence (5.1) induces the exact sequence

m
A
Hy(Hy, N) — Selp (A/Ko) Y. — @D =2+ — Ho(Hi,N) — 0.
i )
The inclusion of (h-IMC) combined with Corollary 3.3 implies that mx(I) # 0. In particular,
Ax
e (1)
implies that Ho(Hc, N) is Ax-torsion. By [Lim15, Proposition 2.3|, we conclude that Hy(Hy, N) is
Ax-torsion. Hence, we conclude that Sely(A/Ko ), is also a Ag-torsion module. O

is A-torsion for ¢ = 1,..., m. This surjectivity of the last arrow in the exact sequence above

Proposition 5.2. Write /K to denote a Z,-extension, and let Hx denote the Galois group
Gal(Koo/K) ~ ZP%. Suppose that (TOR) and (ORD) are satisfied. Then the restriction map

@ Selpss (A/K) — Selye (A/ Ko )%

is injective. When K = Ky, the cokernel of o is a torsion Acyc-module. In particular, Selye (A/Koo)Y;
is a torsion Acyc-module if and only if Selpoe (A/Keye)Y is a torsion Acyc-module.

cyc

We note that this result does not require any hypothesis on the reduction type at primes v | p.



Proof. We begin by recalling the fundamental diagram

0 —— Sely= (A/K) ———— HY(Gx(K),Alp>]) ———— [Lex) Jo(A/K)

la iﬂ l’Y:H Yo
0 —— Selpe (A/ Koo )ir —— HY(Gx(Ko),Alp>™]) i —— HveE(Koo) Jy(A/ Ko )Hr
where the vertical maps are given by restriction. To prove the first assertion, we study the leftmost
downward arrow and obtain the exact sequence
0 — ker(a) — Selpee (A/K) — Selye (A Koo )Hx
Note that
ker(a) — ker(3) = H*(Hic, A(Ko)[p™])

where the description of ker(8) comes from inflation-restriction. Since our assumptions imply that
A(K)[p] = 0, it follows that A(K)[p] = 0 (see for example, [NSWO08, 1.6.13]). Thus,

ker(a) = ker(8) = 0.

The result is now immediate from our assumption that Selyec (A/Koo)jr, is a Ax-torsion module.
Next, we observe that the same argument as before yields

coker(f3) = H?(Hy, A(K)[p™]) = 0.
To complete the proof, it suffices to show that

coker(ar) = ker(y err V) = torsion Acy. — module.

v

Note that v | p is deeply ramified in the sense of Coates—Greenberg, imitating the proof of [CGI6,
Proposition 4.8] we obtain that (when v | p has good ordinary reduction)

ker err ’}/U = H Hl(HwyA(Kocw H H vaA )[p Dv
vEX)I{(IC) vezl(’C)
vip vip

where w = w, denotes any place of K lying above v, H,, denotes the decomposition group of w
inside Hy, A denotes the reduction of A modulo w, and k,, denotes the residue field of K., at w.

For the remainder of the argument we assume that K = Kcy.. First, we consider the case that
vt p. In this case, the local map +, is simply the identity map: for any v € X(Kyc) such that v{p
and any place w of K., lying above v, we have that K ., = Kcyc,o is the unique Zy-extension of
Ky, where p’ is the place of K lying below v. In other words, ker(v,) = 0.

When v | p and p is a prime of good ordinary reduction, it suffices to know that /K(k:w)[p‘x’] itself
is cotorsion (since it is of finite corank over O,). On the other hand, when p is a prime of potentially
ordinary reduction, ker(vy,) = H'(H,, D) where D = A[p>]/C where C is a formal group (over a
base extension). In any case, the kernel lies inside H' (K ,, A[p™]). As a Acyc-module, we note
that A[p>] is still cotorsion. So, H'(K oo, A[p™]) and hence ker(7,), is Acyc-cotorsion. Here, we
crucially use the fact that v | p is finitely decomposed in the cyclotomic Z,-extension. (|

5.2. The (non)-growth of Selmer coranks. We are now ready to conclude the proof of Theo-
rem A, which is divided into two steps. The first step is to show that the Selmer corank is bounded
in a non-anticyclotomic Z,-extension of K using the preliminary results from the previous sections.
The second step is to show that the Selmer corank grows as predicted in an anticyclotomic Z,-
extension of K. The main input will be results of Nekovar [Nek07, Nek08] on the Heegner point
Euler system and the parity conjecture.
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Theorem 5.3. Let A be a simple modular self-dual abelian variety of GLo-type over a totally real
field F with trivial central character and K be a totally imaginary extension of F, satisfying (ORD),
(GHH™), (TOR), (h-IMC), and (HGT). If K is a non-anticyclotomic Z,-extension of K and
Ky, is the n-th layer of the Z,-extension, then Selye(A/K,)Y is bounded as n — oo.

Proof. In light of Theorem 2.2 and Corollary 2.3, it suffices to prove that Selye (A/K)Y is Ax-torsion.
By Proposition 5.2, there is a surjection

Sely (A/Koo) . — Selyes (A/K)V.

Furthermore, it follows from Lemma 5.1 that Selpe (A/ Koo ), is Ax-torsion. Hence, we deduce that
Selpee (A/K)Y is Ax-torsion, as desired. O

Theorem 5.4. Let A be a simple modular self-dual abelian variety of GLa-type over a totally real
field F with trivial central character and K a totally imaginary extension of F, satisfying (ORD),
(GHH") and (HGT). Let K be a Zy-extension of K that lies inside K,. and set KC,, to denote the
n-th layer of the Z,-extension K/K. Then

coranko, Sely (A/KC,) = p" + O(1).

Proof. Under (HGT'), 2peeg is not a torsion element of A(K). In particular, the main theorem of
[Nek07] implies that IIT(A/K)[p°] is finite and the Op-module generated by zpeeg inside A(K) is an
Op-module of rank one. Therefore, Sel,~(A/K) is of corank one over O,. As the restriction map

Selpee (A/K) — Selye (A/KC)F<

has finite kernel and cokernel by Theorem 2.2, it follows that Sel,~(A/K)" is of rank one or zero
over Ax. However, since the root number of A over K,, is —1 by (GHH™), it follows from [Nek08,
Theorem 0.4] that the Op-corank of Sely~ (A/K,,) is unbounded as n — co. By Corollary 2.3 the
Ag-corank of Sel,~(A/K) is one, and coranke, Selp (A/K,) = p" + O(1), as desired. O

6. PROOF OF THEOREM B

The main goal of this section is to prove Theorem B. We adopt the method utilized in [GHKL25].
In fact, we remove the non-anomalous hypothesis in loc. cit. and streamline the utilization of the
control theorem. Instead of (HGT) in the previous section, we consider the following hypotheses:

(S-C) The As-module Sely (A/ K )Y is a direct sum of cyclic Ao, modules.
(RK) The order of vanishing of chary,  Sely=(A/Kcyc)Y at X is at most one.

Theorem 6.1. Let A be a simple modular self-dual abelian variety of GLo-type over a totally real
field F with trivial central character satisfying (ORD). Let K/F be a totally imaginary extension
and K/K be a Z,-extension. Suppose that (CYC) holds and either of following conditions holds:
(i) the order of vanishing of chary,  Selyee (A/Kcye)¥ at Xo is zero;
(i) (S-C) holds and IC is a non-anticyclotomic Z,-extension of K.

Then, ranke, Sely~ (A/KC,)Y is bounded as n — co.
Proof. In case (i), it follows from Theorem 2.2 that Sel,(A/K) is finite; hence, Sely (A/K)Y is
Ax-torsion. By Corollary 2.3, we conclude that the O,-rank of Sel,(A/K,,)" is bounded as n — oc.

For the remainder of the proof, we consider case (ii). In particular, (S-C) holds, which means
that the pseudonull module N in (5.1) is trivial. Let f; € A, be a generator of I;. Let us write

fi =) Gin(X1,..., Xa)X{,
k=0
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where G ;(X1,...,Xq) € Op[X1,...,Xq4]. By Proposition 5.2, there is a surjection

(6.1) Selp (A/Ko)Y ~ —
( i )H’C Zej (Wic(fi))
Thus, Sely(A/K)Y is Ax-torsion if mc(f;) # 0 for all i =1,...,m.
When K = K.y, Proposition 5.2 says that the kernel in (6.1) is Agyc-torsion. Thus, combined
with (CYC), we have

—» Selpoe(A/IC)v,

Teye(fi) = ZGi,k(O, ey O)X(’)C £0
k=0

for all i € {1,...,m}. In particular, there exists an integer m(i) such that G ,;,(;y(0,...,0) # 0,
with G, (0,...,0) =0 for all k£ < m(i).
Let K be a Zjy,-extension of K which is not an anticyclotomic extension. Recall that K corresponds

to (co i+ :cq) € PYZ,) with ¢y # 0. In particular,
me(Xo) = (14 Xx) 50 —1 = —2_ Xy + O(X2).
¢;(K)
Therefore,
e _cq .
me(fi)= D Gin [(1+X)5™ —1,..., (14 Xx) 55 =1 ) me(Xo)

k>m(7)

_°1 _Cd__ .
= Gim) ((1 FX)5® 1, (1 + Xk) 5O — 1> (C ‘C((;C)X,C> +O(XOTh
J

Cy m(e
:Gi,m(i) (0,...,0) (CJ((I)C)X}C> +O(XIC()+1) 7&0

Hence, we deduce that Selye (A/K)Y is Ax-torsion. Thus, Corollary 2.3 tells us that the Op-rank of
Selpe (A/KC,,)Y is bounded as n — oo. O

Theorem 6.2. Let A be as in Theorem 6.1. Suppose that (ORD), (GHH"), (CYC) and (RK)
hold. If K is a Zp-extension of K that lies inside K,c, then

coranko, Sely (A/KC,) = p" + O(1).
Proof. As in the proof of Theorem 5.4, it suffices to show that Sely~(A/K)" is of corank one over

O,. Indeed, under (GHH™), the corank of Sely(A/K)Y is non-zero by [Nek07, Theorem 0.4].
Therefore, combined with (RK), the order of vanishing of chary_  Selyoc (A/Keye)¥ at X is exactly

one. Thus, Theorem 2.2 implies that Selye (A/K)" is of corank one over Oy, as desired. O
REFERENCES
[BHI7] Paul N Balister and Susan Howson, Note on Nakayama’s lemma for compact A-modules, Asian J. Math.
1 (1997), no. 2, 224-229.
[BL15] Kéazim Biiylikboduk and Antonio Lei, Coleman-adapted Rubin-Stark Kolyvagin systems and supersingular
Iwasawa theory of CM abelian varieties, Proc. Lond. Math. Soc. (3) 111 (2015), no. 6, 1338-1378.
[BL17] Kéazim Biiyiikboduk and Antonio Lei, Integral Iwasawa theory of Galois representations for non-ordinary

primes, Math. Z. 286 (2017), no. 1-2, 361-398.

[Bou65] N. Bourbaki, Eléments de mathématique. Fasc. XXXI. Algebre commutative. Chapitre 7: Diviseurs,
Actualités Scientifiques et Industrielles [Current Scientific and Industrial Topics], vol. No. 1314, Hermann,
Paris, 1965. MR 260715

[CGY6] John Coates and Ralph Greenberg, Kummer theory for abelian varieties over local fields, Invent. math
124 (1996), 129-174.

[Dis17] Daniel Disegni, The p-adic Gross-Zagier formula on Shimura curves, Compos. Math. 153 (2017), no. 10,
1987-2074.

[Dis22] , The universal p-adic Gross—Zagier formula, Invent. Math. 230 (2022), no. 2, 509-649.




12

D. KUNDU AND A. LEI

[GHKL25] Rylan Gajek-Leonard, Jeffrey Hatley, Debanjana Kundu, and Antonio Lei, On a conjecture of Mazur

[Gre99]
[Gre03|

[Gre06]
[Grel0]

[Gre16]
[HL20]
[HO10]
[1L.25]
[1P06]
[KL25]
[KMS23]
[Lim15]
[LL22]
[LP20]
[LS20]
[LX25]
[Maz83]
[MOO06]
[MRO03]

[Nek07]

[Neko8]

[NSWO08]

[OV03]

[Pon20]

predicting the growth of Mordell-Weil ranks in Zp-extensions, accepted for publication in Math. Res.
Lett. (2025), arXiv:2401.07792.

Ralph Greenberg, Introduction to Iwasawa theory for elliptic curves, Arithmetic algebraic geometry.
IAS/Park City Math. Ser 9 (1999), 407-464.

, Galois theory for the Selmer group of an abelian variety, Compositio Mathematica 136 (2003),
no. 3, 255-297.

, On the structure of certain Galois cohomology groups, Doc. Math. (2006), no. Extra Vol., 335-391.
, Surjectivity of the global-to-local map defining a Selmer group, Kyoto J. Math. 50 (2010), no. 4,
853-888.

, On the structure of Selmer groups, pp. 225252, Springer International Publishing, Switzerland,

2016.

Pin-Chi Hung and Meng Fai Lim, On the growth of Mordell-Weil ranks in p-adic Lie extensions, Asian
J. Math. 24 (2020), no. 4, 549-570.

Yoshitaka Hachimori and Tadashi Ochiai, Notes on non-commutative ITwasawa theory, Asian J. Math. 14
(2010), no. 1, 11-18.

Erman Isik and Antonio Lei, On the growth of Tate—Shafarevich groups of p-supersingular abelian varieties
of GLa-type over Zp-extensions of number fields, preprint (2025).

Adrian Iovita and Robert Pollack, Iwasawa theory of elliptic curves at supersingular primes over Zp-
extensions of number fields, J. Reine Angew. Math. 598 (2006), 71-103.

Debanjana Kundu and Antonio Lei, Mazur’s growth number conjecture in the rank one case, accepted for
publication in Quarterly J. Math. (2025), arXiv 2504.10761.

Soren Kleine, Ahmed Matar, and Ramdorai Sujatha, On the Mg (G)-property, 2023, to appear in Math.
Proc. Camb. Philos. Soc.

Meng Fai Lim, On the homology of Iwasawa cohomology groups, J. Ramanujan Math. Soc. 30 (2015),
no. 1, 51-65.

Antonio Lei and Meng Fai Lim, Mordell-Weil ranks and Tate-Shafarevich groups of elliptic curves with
mized-reduction type over cyclotomic extensions, Int. J. Number Theory 18 (2022), no. 2, 303-330.
Antonio Lei and Gautier Ponsinet, On the Mordell- Weil ranks of supersingular abelian varieties in cyclo-
tomic extensions, Proc. Amer. Math. Soc. Ser. B 7 (2020), 1-16.

Antonio Lei and Florian Sprung, Ranks of elliptic curves over Zg-e:ptensions, Israel J. Math. 236 (2020),
no. 1, 183-206.

Haidong Li and Ruichen Xu, On the Mordell-Weil rank of certain CM abelian varieties over anticyclotomic
towers, 2025, preprint, arXiv:2502.12648.

Barry Mazur, Modular curves and arithmetic, Proceedings of the International Congress of Mathemati-
cians, vol. 1, Warszawa, 1983, pp. 185-211.

V Kumar Murty and Yi Ouyang, The growth of Selmer ranks of an abelian variety with complex multi-
plication, Pure and Applied Mathematics Quarterly 2 (2006), no. 2, 539-555.

Barry Mazur and Karl Rubin, Studying the growth of Mordell-Weil, 2003, Kazuya Kato’s fiftieth birthday,
pp- 585-607.

Jan Nekovar, The Euler system method for CM points on Shimura curves, L-functions and Galois rep-
resentations, London Math. Soc. Lecture Note Ser., vol. 320, Cambridge Univ. Press, Cambridge, 2007,
pp. 471-547. MR 2392363

, Growth of Selmer groups of Hilbert modular forms over ring class fields, Ann. Sci. Ec. Norm.
Supér. (4) 41 (2008), no. 6, 1003-1022.

Jirgen Neukirch, Alexander Schmidt, and Kay Wingberg, Cohomology of number fields, second ed.,
Grundlehren der mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences], vol.
323, Springer-Verlag, Berlin, 2008.

Yoshihiro Ochi and Otmar Venjakob, On the ranks of Iwasawa modules over p-adic Lie extensions, Math.
Proc. Cambridge Philos. Soc. 135 (2003), no. 1, 25-43.

Gautier Ponsinet, On the structure of signed Selmer groups, Math. Z. 294 (2020), no. 3-4, 1635-1658.

(Kundu) DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF REGINA, REGINA, SK, CANADA
Email address: debanjana.kundu@uregina.ca

(Lei) DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF OTTAwA, 150 Louis-PasTeEur Pvr,
OTtTtawa, ON, Canapa KIN 6N5
Email address: antonio.lei@uottawa.ca



	1. Introduction
	1.1. Progress towards this problem
	1.2. Main Result I
	1.3. Main Result II
	1.4. Organization
	1.5. Outlook

	Acknowledgement
	2. Notation and Preliminaries
	2.1. Iwasawa algebras and projections
	2.2. Control Theorems and Rank Growth in  of Number Fields

	3. -adic -functions
	4. Non-existence of non-trivial pseudonull submodules
	5. Proof of Theorem A
	5.1. Preliminary results on Selmer groups
	5.2. The (non)-growth of Selmer coranks

	6. Proof of Theorem B
	References

