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Abstract. Let E/Q be an elliptic curve. Let p and q be two distinct primes. We study the p-adic
Iwasawa theory of E over the cyclotomic Zq-extension Qcyc/Q. In particular, we study a conjecture,
which predicts the stabilization of the p-primary Selmer groups of E over Qcyc, and the p-adic valuation
of the algebraic L-values of E twisted by finite characters of the Galois group of Qcyc/Q. We prove
the equivalence of this conjecture for elliptic curves with isomorphic residual representations at p.
Furthermore, we establish the conjecture in two cases: first, for a class of elliptic curves whose residual
Galois representation is reducible, and second, for elliptic curves with complex multiplication.

1. Introduction

Let q be a prime number. Given an algebraic number field F/Q, let F∞/F denote a Galois extension
with Galois group isomorphic to the additive group Zq of q-adic integers. For each integer n ≥ 0, there
is a unique subfield Fn/F of degree qn. Let h(Fn) be the class number of Fn. In the 1950’s, K. Iwasawa
initiated the study of the q-part of the class number in Zq-extensions of F . In particular, he showed
that if qen is the highest power of q dividing h(Fn), then there exist non-negative integers λ, µ and an
integer ν that are independent of n, such that en = µqn + λn + ν for n ≫ 0. For each prime q there
is a unique Zq-extension Qcyc/Q, called the cyclotomic Zq-extension. This is a totally real subfield of⋃

n Q(ζqn) where ζqn denotes a primitive qn-th root of unity. For this extension, Iwasawa calculated
µ = λ = ν = 0 for all primes q. He further conjectured that for the cyclotomic Zq-extension of a number
field, the µ-invariant is always 0; this is known to be true for abelian number fields F/Q [FW79].

In [Was75, Was78], L. C. Washington proved that if F/Q is an abelian extension and p, q are distinct
primes, the p-part of the class number stabilizes in the cyclotomic Zq-extension of F . The proof
involves an investigation of the p-adic valuation of the values of Dirichlet L-functions at s = 0. Later
in [Sin87b], W. Sinnott provided a different proof of Washington’s theorem based on the fact that
values of L-functions are “generated by rational functions”; he proved a general result applicable to
any rational function measure. More recently, Washington’s results have been extended to other Zq-
extensions using Sinnott’s approach. In particular, J. Lamplugh proved the following in [Lam15]: if
p, q are distinct primes ≥ 5 that split in an imaginary quadratic field K of class number 1 and F/K
is a prime-to-p abelian extension which is also unramified at p, then the p-class group stabilizes in
the Zq-extension of F which is unramified outside precisely one of the primes above q. In [KL23], we
showed that (for the same setup) the p-class group stabilizes in the anticyclotomic Zq-extension of K.
The algebraic techniques developed for studying Iwasawa theory have mostly focused on the case of
equal characteristic. Only recently has a systematic framework been developed by A. Bandini–I. Longhi
in the non-equal characteristic setting; see [BL26].

In arithmetic geometry, it is often observed that class groups of number fields and Selmer groups of
elliptic curves have similar growth behaviour. For example, in [Gre99b, Proposition 5.11], R. Greenberg
asserts that under certain hypotheses on the mod p representation of an elliptic curve E/Q, the p-torsion
of the p-primary Selmer group in the cyclotomic Zq-extension of Q is finite. Furthermore, Lamplugh’s
proof of the growth stabilization of class groups in [Lam15] relies on analyzing the stabilization of Selmer
groups of elliptic curves with complex multiplication (CM). However, it is pertinent to point out that
the growth behaviour of class groups and Selmer groups is not always identical; for example, there exist
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examples of elliptic curves E/Q with good ordinary reduction at q such that the µ-invariant of the q-
primary Selmer group over Qcyc is positive. However, Greenberg predicts (see [Gre99b, Conjecture 1.11])
that if E/Q is an elliptic curve with good ordinary reduction at q ≥ 3, then there exists a Q-isogenous
elliptic curve E′ whose corresponding µ-invariant is zero. In particular, writing Eq to denote the q-
torsion points of E, if Eq is irreducible as an Fq-representation of the absolute Galois group GQ, it is
predicted that the µ-invariant of the q-primary Selmer group of E over Qcyc should vanish.

The main question under consideration in the present article can be considered as the non-equal
characteristic version of the conjecture of Greenberg. Let us first introduce some notation that will
be used throughout the article. Let p ̸= q be distinct rational primes, both coprime to 6. Let Qcyc

denote the cyclotomic Zq-extension of Q as before. For an integer n ≥ 0, let Q(n) denote the unique
sub-extension of Qcyc such that [Q(n) : Q] = qn. Let E/Q be an elliptic curve. We write ΩE for the
real Néron period of E. In what follows, we use the notation Sel(Ep∞/Qcyc) to denote the p-primary
Selmer group of an elliptic curve E over Qcyc and Ep∞ is the set of p-power torsions on E; see §2 where
we review its definition.

Let Ξq denote the set of all Dirichlet characters that factor through Gal(Qcyc/Q). Note that these
characters are even since Qcyc is totally real. Given a Gal(Qcyc/Q)-module M and χ ∈ Ξq, following the
notation introduced in [Kat04, p. 235], we write Mχ = {x ∈M : Iχ ·x = 0}, where Iχ ⊂ Z[Gal(Qcyc/Q)]

is the kernel of the ring homomorphism Z[Gal(Qcyc/Q)]→ Q induced by χ. Note that if χ and χ′ are
two characters of order qn, then Iχ = Iχ′ is the ideal generated by the qn-th cyclotomic character in γ,
where γ is a topological generator of Gal(Qcyc/Q). In particular, Mχ =Mχ′

.
Throughout, we fix an embedding ιp : Q ↪→ Qp. Let ordp denote the p-adic valuation on Qp

normalized by ordp(p) = 1. Given α ∈ Q, we write ordp(α) instead of ordp(ιp(α)) for simplicity.
We investigate the validity of the following Non-Equal Characteristic Vanishing (NECV) Conjecture.

NECV Conjecture. Let E/Q be an elliptic curve, and p, q be two distinct primes coprime to 6. There
exists a Q-isogenous elliptic curve E† (i.e., there is a Q-isogeny from E to E†) such that the following
assertions hold.

(i) [Analytic] We have ordp

(
L(E†, χ, 1)

ΩE†

)
= 0 for all but finitely many χ ∈ Ξq.

(ii) [Algebraic] We have Sel(E†
p∞/Qcyc)

χ = 0 for all but finitely many χ ∈ Ξq.

In [Roh88], D. Rohrlich proved that for almost all χ ∈ Ξq, we have L(E,χ, 1) ̸= 0, and so the p-adic

valuation of
L(E,χ, 1)

ΩE
is finite. Consequently, [Kat04, Corollary 14.3] tells us that Sel(Ep∞/Qcyc)

χ is

finite for almost all χ ∈ Ξq. Thus, the NECV Conjecture may be viewed as a refined description of
these arithmetic objects. We make a number of remarks regarding this conjecture.

Remark 1.1. Note that if χ and χ′ are two characters in Ξq of the same order, then

ordp

(
L(E†, χ, 1)

ΩE†

)
= ordp

(
L(E†, χ′, 1)

ΩE†

)
and Sel(E†

p∞/Qcyc)
χ = Sel(E†

p∞/Qcyc)
χ′

since E† is defined over Q. In other words, both the analytic and algebraic assertions of the NECV
Conjecture only depend on the order of χ, rather than χ itself.

Remark 1.2. In the case where Ep is an irreducible representation of GQ, we expect that E itself satisfies
the properties asserted. This is because the degree of a Q-isogeny ϕ : E → E† has to be coprime to p.
Consequently,

ordp

(
L(E,χ, 1)

ΩE

)
= ordp

(
L(E†, χ, 1)

ΩE†

)
and Sel(Ep∞/Qcyc) ≃ Sel(E†

p∞/Qcyc).

Remark 1.3. In [Gre99b, Proposition 5.11], it is stated that the p-primary Selmer group of an elliptic
curve E/Q over the cyclotomic Zq-extension of Q is of the form (Qp/Zp)

t×(a finite group) if it has good
ordinary or multiplicative reduction at p ≥ 3 and Ep∞ contains a GQ-invariant subgroup Φ of order p
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which is either ramified at p and even or unramified at p and odd. This implies that the algebraic NECV
Conjecture holds for such curves. As a detailed proof is not provided in loc. cit., we have included one
in this article for the reader’s convenience; see Theorem 4.2.

Remark 1.4. Since p ̸= q, the restriction and corestriction maps on cohomology induce a split short
exact sequence

0 −→ Sel(Ep∞/Q(n)) −→ Sel(Ep∞/Q(m)) −→ Sel(Ep∞/Q(m))/Sel(Ep∞/Q(n)) −→ 0

for all m ≥ n. In other words, Sel(Ep∞/Q(n)) is a direct summand of Sel(Ep∞/Q(m)). Furthermore,
the restriction map induces an isomorphism Sel(Ep∞/Q(n)) ≃ Sel(Ep∞/Q(m))

Gal(Q(m)/Q(n)); see [LPP24,
Lemma 3.13]. As Zp[Gal(Q(n+1)/Q)]-representations, we have the following decomposition

Sel(Ep∞/Q(n+1)) = Sel(Ep∞/Q(n+1))
Gal(Q(n+1)/Q(n)) ⊕ Sel(Ep∞/Q(n+1))

χ,

where χ is any character of Ξq of order qn+1. Therefore, the condition that Sel(Ep∞/Qcyc)
χ = 0

for all but finitely many χ ∈ Ξq is equivalent to saying that there exists an integer n0 such that the
restriction map Sel(Ep∞/Q(n0)) → Sel(Ep∞/Q(n0+n)) is an isomorphism for all n ≥ 0. Note that this
is also equivalent to Sel(Ep∞/Q(n0)) ≃ Sel(Ep∞/Qcyc). We show in Lemma 2.4 that the assertion
Sel(Ep∞/Qcyc)

χ = 0 for all but finitely many χ ∈ Ξq is equivalent to Sel(Ep∞/Qcyc) being cofinitely
generated over Zp.

Definition 1.5. Let (Mn)n≥0 be a direct system of Gal(Qcyc/Q)-modules. We say that Mn stabilizes
if there exists n0 such that the connecting maps of the direct system induce an isomorphism Mn ≃Mn0

for all n ≥ n0.

In view of this definition and the discussion in Remark 1.4, we may rephrase to say that the algebraic
NECV Conjecture predicts that the Selmer group Sel(E†

p∞/Q(n)) stabilizes.

Remark 1.6. It is well-known by the results of K. Kato [Kat04] and D. Rohrlich [Roh88] (see for
example [Gre99a, Theorem 1.4]) that for an elliptic curve E/Q, its Mordell–Weil rank is bounded in
the cyclotomic Zq-extension of Q. Therefore, if we assume the finiteness of X(E/Q(n))[p

∞] for all n,
the algebraic NECV Conjecture predicts that there exists a curve in the Q-isogeny class of E such that
these groups stabilize as n→∞.

Furthermore, [DD15, Theorem 1.1] gives an explicit formula that relates the size of the p-primary
part of the Shafarevich–Tate groups of Q-isogenous curves in terms of their periods and Tamagawa
numbers. More precisely, if E and E† are Q-isogenous, there exists an integer ν such that

(1.1) ordp

∣∣∣X(E/Q(n))[p
∞]
∣∣∣− ordp

∣∣∣X(E†/Q(n))[p
∞]
∣∣∣ = ordp

(
ΩE†

ΩE

)
qn + ν

for n ≫ 0. Therefore, we expect that the curve E†, for which the stabilization of Shafarevich–Tate
groups is predicted to occur, is the minimal curve in the isogeny class (in the sense of G. Stevens
[Ste89]). This is in direct analogy with Greenberg’s µ = 0 conjecture in the equal-characteristic setting.
Furthermore, combined with (1.1), we have

ordp

∣∣∣X(E/Q(n))[p
∞]
∣∣∣ = ordp

(
ΩE†

ΩE

)
qn + ν

for n≫ 0.

Remark 1.7. We point out that the algebraic and analytic parts of the NECV Conjecture are intimately
related to each other. Indeed, if we assume that p does not divide the Tamagawa number of E†/Q(n)

and the size of its torsion subgroup, then the equivariant Birch and Swinnerton-Dyer conjecture predicts

that ordp

(
L(E†, χ, 1)

ΩE†

)
= 0 if and only if Sel(E†

p∞/Qcyc)
χ = 0 for χ ∈ Ξq.

If E has good reduction at both p and q, this equivalence follows from the classical Iwasawa Main
Conjecture (or from its plus/minus variant when p is supersingular) over the cyclotomic Zp-extension
of Q for the modular form associated with E twisted by χ, combined with the control theorem. Under
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certain hypotheses on the p-adic representation attached to E, the Iwasawa Main Conjecture is known
from the works of [Rub91, Kat04, SU14, PR04, BSTW24, Spr24, CÇSS18].

1.1. Main Results. We now discuss the main results of this article and a sketch of their proofs.

1.1.1. Transferability. We prove the equivalence of the NECV Conjecture (under mild hypotheses) when
there are two elliptic curves E and E′ with isomorphic Galois representations modulo p. More precisely,

Theorem A (Theorems 3.2 and 3.3). Let E and E′ be elliptic curves defined over Q with isomorphic
Galois representations modulo p, where p is an odd prime.

(i) Suppose that E and E′ have semi-stable reduction at p, and that their mod p representations
are irreducible. The analytic NECV Conjecture holds for E if and only if it holds for E′.

(ii) Suppose that p is a prime of good reduction for E and E′. The algebraic NECV Conjecture
holds for E if and only if it holds for E′.

Let f and g be the modular forms associated with E and E′, respectively. Let Σ be a finite set of
primes containing the primes of bad reduction of E and E′. To prove the transferability of the analytic
NECV Conjecture in Theorem 3.2, we show that it suffices to prove the result for the Σ-depleted modular
forms fΣ, gΣ, which satisfy the additional property that fΣ ≡ gΣ mod p under our assumption. We

then appeal to results of [Vat99, GV00], which show that
L(fΣ, χ, 1)

ΩE
and

L(gΣ, χ, 1)

ΩE′
are congruent

modulo p for χ ∈ Ξq.
The proof of the transferability of the algebraic NECV Conjecture relies on working with certain

imprimitive Selmer groups, which satisfy

SelΣ(Ep,Q(n)) ≃ SelΣ(E′
p,Q(n))

under our hypothesis Ep ≃ E′
p. Using Proposition 2.8, we prove that the growth stabilization of

Sel(Ep∞/Q(n)) is equivalent to that of SelΣ(Ep,Q(n)), and similarly for E′. This allows us to complete
the proof of part (ii) of Theorem A.

Theorem A is inspired by the work of R. Greenberg–V. Vatsal [GV00] on µ-invariants when p = q.
One key difference is that we work with Bloch–Kato Selmer groups (and their imprimitive versions).
This provides the flexibility of treating the local conditions at p from a more representation-theoretic
viewpoint. One might ask whether the results on λ-invariants in the aforementioned work extend to the
non-equal characteristic case. However, the results of [BL26] on the algebraic structure of ZpJZqK show
that no such invariant can exist. Indeed, the characteristic ideals of modules over this ring are given by
infinite sequences of powers of p. The NECV Conjecture predicts that, in the context of elliptic curves,
the relevant characteristic ideals should correspond to sequences that are eventually constant.

1.1.2. Reducible case. In the case where Ep is reducible, we mentioned in Remark 1.3 that the alge-
braic NECV Conjecture holds under certain hypotheses. We prove the analytic analogue of this result.

Theorem B (Theorem 4.1). Let E/Q be an elliptic curve and p be an odd prime of semi-stable reduc-
tion. Suppose that there is an exact sequence of GQ-modules

(1.2) 0 −→ Φ −→ Ep −→ Ψ −→ 0,

where Φ, Ψ are viewed as sub-quotient of the GQ-module Ep, as well as characters Φ,Ψ : GQ → F×
p , such

that Ψ is odd and unramified at p. If E is optimal in its isogeny class for the modular parametrization

π : X1(NE)→ E, then ordp

(
L(E,χ, 1)

ΩE

)
= 0 for all but finitely many χ ∈ Ξq.

Here, our approach is once again inspired by the work of [GV00] in the case of equal characteristic.
Our assumption on Ep allows us to show that the modified L-function associated with E is congruent to
a product of two modified L-functions associated with Dirichlet characters. The non-vanishing modulo
p of special values of these L-functions follows from the work of Sinnott [Sin87a].

As alluded to in Remark 1.3, we reproduce a proof of the algebraic NECV Conjecture assuming
(1.2). We relate the imprimitive Selmer group of Ep to the imprimitive Selmer groups of Φ and Ψ.
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These Selmer groups can be reinterpreted in terms of class groups, whose growth stabilization follows
from the work of Washington and Sinnott on class groups. Note that without the hypothesis on Ψ
being odd and unramified at p, the Selmer groups do not stabilize. Indeed, we can relate them to
certain class groups and unit groups of (explicit) number fields. When ψ is an even character, the
growth of these unit groups is unbounded in the tower; see Theorem 4.3. This does not violate the
NECV Conjecture as there may exist a Q-isogenous curve for which stabilization still holds. In fact, our
hypotheses on Ep imply that E is not the minimal curve in its isogeny class. Therefore, it is expected
that |X(E/Q(n))[p

∞]| is unbounded as n→∞ in light of the discussion in Remark 1.6.

1.1.3. Elliptic curves with complex multiplication. Finally, we prove that the NECV Conjecture holds
in the case of CM elliptic curves.

Theorem C (Corollary 5.15 and Theorem 5.18). Let E/Q be an elliptic curve with complex multiplica-
tion by the ring of integers of an imaginary quadratic field K. Let p and q be distinct primes ≥ 5 which
are both good ordinary primes for E. Let ψ be the Hecke character attached to E and write f for the
conductor of ψ. Suppose that p ∤ [R(f) : K], where R(m) denotes the ray class field of K of conductor
m. Then

(i) we have ordp

(
L(E,χ,1)

ΩE

)
= 0 for all but finitely many χ ∈ Ξq.

(ii) we have Sel(Ep∞/Qcyc)
χ = 0 for all but finitely many χ ∈ Ξq.

The proof of this theorem builds on our previous work [KL25]. We generalize the work of [Lam15] by
defining a Qp-valued "elliptic function measure" on Z2

q, which means that its Fourier transform is given
by the values of a rational function of a CM elliptic curve E evaluated at Eq∞ (see Definition 5.3). Let
K be the CM field of E. We work with a specific choice of measure such that its values when evaluated
at finite-order characters of Z2

q interpolate the L-values of the elliptic curve twisted by Hecke characters
over K of p-power conductor. To prove part (i) of Theorem C, we analyze the p-adic valuations of the
measure when the Hecke character factors through the cyclotomic Zq-extension of K.

Let p be one of the primes of K lying above p. To prove part (ii), we make use of the Iwasawa Main
Conjecture for E over Q(n) · K(p∞), which was proved by K. Rubin [Rub91]. Combining a control
theorem and part (i), we establish the stabilization of the Selmer group Sel(Ep∞/Q(n) · K), which in
turn gives the stabilization of Sel(Ep∞/Q(n)).

It seems plausible that a comparable line of argument could be used to derive the algebraic NECV
Conjecture from the analytic counterpart by appealing to the Iwasawa Main Conjectures for the cyclo-
tomic Zp-extension of Q(n) in the non-CM setting. In the reducible case, one might expect that, under
suitable hypotheses, Theorem B could be obtained from [Gre99b, Proposition 5.11], and vice versa.
Nevertheless, the arguments we develop in this paper rely on quite different methods that bypass any
use of Iwasawa Main Conjectures, and may be of independent interest.

1.2. Outlook. The questions studied in this paper may be regarded as a first step toward a theory of
non-characteristic Iwasawa theory for elliptic curves. We hope that our results will stimulate further
investigation. For instance, instead of restricting to the cyclotomic Zq-extension of Q, one can pose the
same questions for more general q-adic Lie extensions such as Q(µq∞), GL(Zq)-extensions, etc. It is
reasonable to expect that, at the cost of more involved calculations and heavier notation, many of our
results can be generalized to the case of abelian extensions. In the non-abelian setting, however, sub-
stantially more sophisticated tools (for example, techniques from algebraic K-theory) may be required
even to formulate reasonable analogues of our conjectures, in the spirit of the MH(G)-conjecture in the
equal characteristic setting. It can also be interesting to study the growth of p-primary Selmer groups
in
∏t

i=1 Zqi-extensions, where p, q1, . . . , qt are pairwise distinct prime numbers. One may go even one
step further to investigate the extension given by

⋃
p∤n Q(µn), which would involve studying twists by

all Dirichlet characters whose conductors are coprime to p.

1.3. Organization. Including this introduction, this article consists of five sections. Section 2 is pre-
liminary in nature. We give basic definitions of Selmer groups, record well-known analytic results
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required for our main proofs, and prove algebraic results which are used multiple times for the proofs
of our main theorems. We then prove Theorems A, B, and C in Sections 3, 4, and 5, respectively.
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2. Preliminaries

Fix an algebraic closure Q of Q. An algebraic extension of Q is then regarded as a subfield of this
fixed algebraic closure, Q. Throughout, p and q denote fixed rational odd primes.

2.1. Analytic preliminaries. Let R be any unital commutative ring. We consider the ring of poly-
nomials R[X;Zq] whose elements are polynomials in X with exponents in Zq and coefficients in R.
Therefore, elements of R[X;Zq] are expressions of the form

P (X) =
∑
a∈Zq

caX
a,

where ca = 0 for all but finitely many a ∈ Zq. There is a projection map

Z[X;Zq] −→ Fp[X;Zq] given by P (X) =
∑
a∈Zq

caX
a 7−→ P̄ (X) =

∑
a∈Zq

c̄aX
a,

where the bar denotes the reduction modulo p.
We introduce the notation µq∞(Fp) to denote the group of all q-power roots of unity in Fp.

Theorem 2.1. Let P (X) ∈ Z[X;Zq] be such that min{ordp(ca) : a ∈ Zq} = 0. Then P̄ (X) ∈ Fp[X;Zq]

has only finitely many zeros in µq∞(Fp).

Proof. This follows directly from [Sin87b, Theorem 2.2]. □

2.2. Algebraic preliminaries.

2.2.1. Bloch–Kato Selmer groups and basic properties. Throughout this subsection, let T ≃ Z⊕d
p be a

free Zp-module that is equipped with a continuous GQ-action that is unramified outside a finite set of
primes S. Furthermore, we assume that the representation is de Rham at p. We set V := T ⊗ Qp

and A := V/T . Furthermore, we write Ap = 1
pT/T ⊂ A. All of these modules are equipped with a

continuous natural GQ-action. More generally, if M is a Zp-module, we shall write Mp = M [p] and
Mp∞ =

⋃
n≥1M [pn].

For every algebraic extension L of Q, denote by LS the maximal algebraic extension of L unramified
outside S. We write GS(L) = Gal(LS/L), and write S(L) for the set of primes of L above S.

Definition 2.2. Let L be a finite extension of Q.
(i) For any place of L and M ∈ {T, V,A}, define H1

f (Lv,M) as the Bloch–Kato subgroup of
H1(Lv,M) from [BK90, §3].

(ii) Define H1
f (Lv, Ap) to be the pre-image of H1

f (Lv, A) under the natural map

H1(Lv, Ap) −→ H1(Lv, A).

(iii) For M ∈ {T, V,A,Ap}, define the Bloch–Kato Selmer group

Sel(M/L) := ker

H1(GS(L),M) −→
⊕

v∈S(L)

H1(Lv,M)

H1
f (Lv,M)

 .



7

(iv) Let Σ ⊆ S \ {p}. Define the non-primitive Bloch–Kato Selmer group as

SelΣ(M/L) := ker

H1(GS(L),M) −→
⊕

v∈S(L)\Σ(L)

H1(Lv,M)

H1
f (Lv,M)

 .

Remark 2.3. We recall from [Rub00, Proposition 1.6.8] that H1
f (Lv, Ep∞) coincides with the image of

E(Lv)⊗Qp/Zp under the Kummer map and the Bloch–Kato Selmer group of Ep∞ coincides with the
classical definition of the p-primary Selmer group of E.

2.2.2. Relationship between primitive and non-primitive Selmer groups. Observe that if L/Q is an al-
gebraic extension contained in QS , then for any M ∈ {T, V,A} there exists an exact sequence

0 −→ Sel(M/L) −→ SelΣ(M/L) −→
⊕

v∈Σ(L)

H1(Lv,M)

H1
f (Lv,M)

.

The main (algebraic) result we prove in this section is Proposition 2.8, which is the main ingredient
of our proofs of Theorems A and B. The proof of the proposition relies on the following lemmas.

Lemma 2.4. Let M be a cofinitely generated Zp-module that is equipped with a continuous Zp-linear
action of Γ ≃ Zq. If χ ∈ Ξq, then Mχ = 0 when the order of χ is sufficiently large.

Proof. For an integer n ≥ 1, we write Γn = Γqn . Consider the submodules

MΓ ⊂MΓ1 ⊂MΓ2 ⊂ · · ·
in M . As in the discussion in Remark 1.4, we deduce that MΓn is a direct summand of MΓn+1 , and

MΓn+1 ≃MΓn ⊕Mχ,

where χ is any character of Ξq of order qn+1. Suppose Mχ ̸= 0 for infinitely many χ. Then, M admits
an infinite sequence of submodules

N1 ⊊ N1 ⊕N2 ⊊ N1 ⊕N2 ⊕N3 ⊊ · · · .
As M is cofinitely generated over Zp, the p-rank of M , i.e., r := dimFp

M [p], is finite. In particular,
n∑

i=1

dimFp Ni[p] ≤ r

for all n. Therefore, when n is sufficiently large, we have dimFp
Nn[p] = 0, and so Nn = 0, which is a

contradiction. Thus, Mχ = 0 for all but finitely many χ, as desired. □

We now show that if the p-primary Selmer group stabilizes in the cyclotomic Zq-extension Qcyc of
Q, then the non-primitive p-primary Selmer group stabilizes as well.

Lemma 2.5. Let p, q be distinct odd primes. Let Σ = S\{p}. For n≫ 0, the Selmer group Sel(A/Q(n))

stabilizes in Qcyc/Q if and only if SelΣ(A/Q(n)) stabilizes in Qcyc/Q.

Proof. Since Sel(A/Q(n)) is a subgroup of SelΣ(A/Q(n)), if the latter stabilizes, so does the former.
For the converse, assume that Sel(A/Q(n)) stabilizes. It is enough to show that for all v ∈ Σ(Q(n)),

the quotient H1(Q(n),v, A)/H
1
f (Q(n),v, A) stabilizes since all rational primes are finitely decomposed in

Qcyc/Q. Recall from [Rub00, Lemma 1.3.5] that

H1
ur(Q(n),v, A)/H

1
f (Q(n),v, A) ≃ W/(Frobv − 1)W,

where W = AIv/(AIv )div, Iv is the inertia group at v, and Frobv is the Frobenius. In particular,
this is a sub-quotient of A, which is cofinitely generated over Zp. Hence, it follows from Lemma 2.4
that the quotient H1

ur(Q(n),v, A)/H
1
f (Q(n),v, A) stabilizes as n → ∞. Thus, it suffices to show that

H1(Q(n),v, A)/H
1
ur(Q(n),v, A) stabilizes.

It follows from the inflation-restriction exact sequence that there is an injection

H1(Q(n),v, A)/H
1
ur(Q(n),v, A) ↪−→ H1(Iv, A).
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As v ∤ p, there exists a unique subgroup Jv of Iv such that Iv/Jv ≃ Zp, and Jv has profinite order prime
to p. Applying the inflation-restriction exact sequence once more, we deduce that

H1(Iv, A) ≃ H1(Iv/Jv, A
Jv ).

As Iv/Jv is pro-cyclic, we have

H1(Iv/Jv, A
Jv ) ≃ AJv/(γv − 1)AJv ,

where γv is a topological generator of Iv/Jv. As before, Lemma 2.4 tells us that this quotient stabilizes,
which concludes the proof. □

Next, we relate the growth of SelΣ(A/Q(n)) and its p-torsion part which is denoted by SelΣ(A/Q(n))p.

Lemma 2.6. Let p, q be distinct odd primes. Let Σ ⊊ S be defined as before. The non-primitive Selmer
group SelΣ(A/Q(n)) stabilizes in Qcyc/Q if and only if SelΣ(A/Q(n))p stabilizes in Qcyc/Q.

Proof. The forward implication is clear. Now, suppose that SelΣ(A/Q(n))p stabilizes in Qcyc/Q; equiv-
alently, the p-rank of SelΣ(A/Q(n)) stabilizes when n ≫ 0. Using an argument identical to [KL23,
Theorem 5.9], the claim follows. For convenience of the reader, we briefly recall the proof of loc. cit.
As in Remark 1.4, the restriction map induces an isomorphism

SelΣ(A/Q(m)) ≃ SelΣ(A/Q(n))⊕ SelΣ(A/Q(m))/Sel
Σ(A/Q(n))

for all m ≥ n. We can write SelΣ(A/Q(k)) = (Qp/Zp)
sk ⊕ Uk, where Uk is finite. Let rk denote the

p-rank of Uk. Then the p-rank of SelΣ(A/Q(k)) is sk + rk. In particular, by assumption sk stabilizes as
k increases. When n is sufficiently large, we have sm = sn for all m ≥ n. When this occurs, we have

Um = Un ⊕ SelΣ(A/Q(m))/Sel
Σ(A/Q(n)).

Furthermore, rk also stabilizes. When rm = rn, we have SelΣ(A/Q(m))/Sel
Σ(A/Q(n)) = 0, as desired.

□

The next lemma allows us to compare the p-torsion part of SelΣ(A/Qcyc) and SelΣ(Ap/Qcyc).

Lemma 2.7. Let p, q be distinct odd primes. For n≫ 0, the kernel and cokernel of the following map

SelΣ(Ap/Q(n)) −→ SelΣ(A/Q(n))p

are finite and bounded independently of n.

Proof. To prove the result, we analyze the following diagram

0 −→ SelΣ(Ap/Q(n)) −→ H1(GS(Q(n)), Ap) −→
⊕
p|p

H1(Q(n),p, Ap)

H1
f (Q(n),p, Ap)ysn yfn y⊕p γn,p

0 −→ SelΣ(A/Q(n))p −→ H1(GS(Q(n)), A)p −→
⊕
p|p

(
H1(Q(n),p, A)

H1
f (Q(n),p, A)

)
p

We start by first considering the short exact sequence

0 −→ Ap −→ A
×p−−→ A −→ 0.

Taking Galois cohomology, we obtain

0 −→ H0(GS(Q(n)), A)/p −→ H1(GS(Q(n)), Ap) −→ H1(GS(Q(n)), A)p −→ 0.

The cardinality of H0(GS(Q(n)), A)/p is at most pd, where d is the corank of A. Thus, ker(fn) and
hence ker(sn) are finite and bounded independently of n. Further, note that coker(fn) = 0 from the
cohomology sequence above.

To bound the cokernel of sn, we show that ker γn,p = 0. Let ϕ : H1(Q(n),p, Ap) → H1(Q(n),p, A)

be the natural map. If γn,p(x + H1
f (Q(n),p, Ap)) = 0, then ϕ(x) ∈ H1

f (Q(n),p, A), which means that



9

x ∈ H1
f (Q(n),p, Ap) (as H1

f (Q(n),p, Ap) is defined as the pre-image of H1
f (Q(n),p, A) under ϕ). This

completes the proof. □

Proposition 2.8. Let p, q be distinct odd primes. Let Σ = S \ {p}. Then stabilization of Sel(A/Q(n))

in Qcyc/Q holds if and only if SelΣ(Ap/Q(n)) stabilizes in Qcyc/Q.

Proof. The result is obtained by combining Lemmas 2.5, 2.6, and 2.7. □

3. Transferability of the NECV Conjecture under congruences

3.1. Analytic results.

Lemma 3.1. Let ℓ be a prime and χ ∈ Ξq. Let Pℓ(E,χ, 1) denote the Euler factor of L(E,χ, 1) at ℓ.
Then for all but finitely many χ,

ordp
(
Pℓ(E,χ, 1)

)
= 0.

Proof. Let us write Qℓ(X) ∈ Z[X] such that the Euler factor of L(E, s) at ℓ is given by Qℓ(ℓ
−s). Then

Pℓ(E,χ, 1) = Qℓ(ℓ
−1χ(ℓ)).

Since the polynomial Qℓ(ℓ
−1X) ∈ Zp[X] \ pZp[X] and χ(ℓ) is a q-power root of unity, it follows from

Theorem 2.1 that for all but finitely many χ, we have

ordp
(
Pℓ(E,χ, 1)

)
= ordp

(
Qℓ(ℓ

−1χ(ℓ))
)
= 0. □

Theorem 3.2. Let E and E′ be elliptic curves defined over Q with semi-stable reduction at p ≥ 3.
Suppose that Ep ≃ E′

p as GQ-representations and that Ep is irreducible. Then the analytic NECV
Conjecture holds for E if and only if it holds for E′.

Proof. Let f and g be the weight-two modular forms associated with E and E′, respectively. Let
Σ be the set of primes that divide the integer NENE′ . Write fΣ for the modular form such that
an(f

Σ) = an(f) whenever n is coprime to NENE′ and an(fΣ) = 0 otherwise. Define gΣ similarly. The
hypothesis Ep ≃ E′

p implies that fΣ ≡ gΣ mod p.
It follows from [Vat99, Proposition 1.7] that for all χ ∈ Ξq

τ(χ) · L(f
Σ, χ, 1)

2πiΩfΣ

≡ τ(χ) · L(g
Σ, χ, 1)

2πiΩgΣ

mod p,

where ΩfΣ and ΩgΣ are Vatsal’s canonical periods for fΣ and gΣ, respectively.
Let E† be a strong Weil curve in the Q-isogeny class of E. Firstly, as explained in [GV00, Remark 3.4],

the hypothesis that Ep is irreducible implies that ΩE and ΩE† differ by a p-adic unit. Secondly, it follows
from Theorem 3.2 and Proposition 3.3 in op. cit. that the Manin constant associated with the strong
parametrization π0 : X0(NE) → E† is a p-adic unit. This in turn implies that ΩE† and 2πiΩf , where
Ωf is Vatsal’s canonical period for f , differ by a p-adic unit. Furthermore, the proof of Lemma 3.6
in op. cit. tells us that Ωf and ΩfΣ also differ by a p-adic unit (even though the lemma is stated for
ordinary primes, the proof relies on the method developed in [Maz78], which works as long as E is
semi-stable at p). Therefore, we deduce that ΩE and ΩfΣ differ by a p-adic unit. Analogously, the same
can be said about ΩE′ and ΩgΣ .

Note that the Gauss sum can be eliminated since it is a p-adic unit under the condition that p ̸= q.
Therefore, there exists a p-adic unit u such that

L(fΣ, χ, 1)

ΩE
≡ u · L(g

Σ, χ, 1)

ΩE′
mod p.

Suppose that E satisfies the analytic NECV Conjecture. Combined with Lemma 3.1, we have

ordp

(
L(fΣ, χ, 1)

ΩE

)
= 0

for all but finitely many χ. In particular, the same is true if we replace f and E by g and E′, respectively.
Applying Lemma 3.1 to E′ implies that the analytic NECV Conjecture holds for E′. □
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3.2. Algebraic results.

Theorem 3.3. Let E and E′ be elliptic curves defined over Q such that Ep ≃ E′
p as GQ-representations

and p is an odd prime of good reduction for E and E′. The algebraic NECV Conjecture holds for E if
and only if it holds for E′.

The reason why we assume that p is a prime of good reduction here is that we will appeal to the
theory of Fontaine–Laffaille for crystalline representations, which will allow us to compare the Bloch–
Kato Selmer local conditions for elliptic curves with isomorphic mod p representations. In what follows,
let k be a finite unramified extension of Qp. Write Tp(E) to denote the p-adic Tate module of E. Recall
from Definition 2.2 that H1

f (k,Ep) is defined as the pre-image of H1
f (k,Ep∞) under the natural map

H1(k,Ep)→ H1(k,Ep∞). As H1
f (k,Ep∞) and H1

f (k, Tp(E)) are exact annihilators of each other under
the local Tate pairing on H1(k,Ep∞) × H1(k, Tp(E)) (see [BK90, Proposition 3.8]). We can equally
define H1

f (k,Ep) as the image of H1
f (k, Tp(E)) under the natural map

H1(k, Tp(E))→ H1(k, Tp(E)/p) = H1(k,Ep).

Furthermore, it is equal to the image of E(k)/p under the Kummer map.

Lemma 3.4. Let E and E′ be elliptic curves defined over k with good reduction such that Ep ≃
E′

p as Gk-representations. The natural isomorphism H1(k,Ep) ≃ H1(k,E′
p) induces an isomorphism

H1
f (k,Ep) ≃ H1

f (k,E
′
p).

Proof. Since p is assumed to be odd, the Gk-representations Tp(E) and Tp(E
′) are crystalline with

Hodge–Tate weights 0 and 1, and k/Qp is a finite unramified extension, the lemma follows from the
theory of J.-M. Fontaine–G. Laffaille [FL82]; see [IM15, Corollary 4.1.12]. □

Definition 3.5. Set S = {p, q,∞} ∪ {ℓ : ℓ | NE} ∪ {ℓ : ℓ | NE′}. For Σ = S \ {p}, define

SelΣ(Ep/Q(n)) = ker

H1(GS(Q(n)), Ep) −→
⊕
p|p

H1(Q(n),p, Ep)

H1
f (Q(n),p, Ep)

 ,

where p runs over all primes above p.

Proof of Theorem 3.3. Assume that the algebraic NECV Conjecture is true for E. By Proposition 2.8,
it follows that SelΣ(Ep/Q(n)) stabilizes. Our hypothesis Ep ≃ E′

p and Lemma 3.4 together imply that
SelΣ(Ep/Q(n)) ≃ SelΣ(E′

p/Q(n)). Hence, applying Proposition 2.8 to A = E′
p∞ allows us to conclude

that the algebraic NECV Conjecture holds for E′. □

4. The NECV Conjecture in the reducible case

In this section, we assume that Ep is a reducible GQ-representation and p ≥ 5 is a prime of semi-
stable reduction. It follows that p is a prime of good ordinary or multiplicative reduction. We impose
the following hypotheses, which originate from the work of Greenberg–Vatsal [GV00]:

(red) There is an exact sequence of GQ-modules

0 −→ Φ −→ Ep −→ Ψ −→ 0,

where Φ,Ψ : GQ → F×
p are characters such that Ψ is odd and unramified at p.

(opt) E is optimal in its isogeny class for the modular parametrization π : X1(NE)→ E; see [GV00,
p. 50].

We define Φ̃ and Ψ̃ as the Z×
p -valued characters of GQ that are obtained from composing Φ and Ψ with

the Teichmüller character. We consider the GQ-modules C = µp∞ ⊗ Ψ̃−1 and D = (Qp/Zp)⊗ Ψ̃. Both
C and D are isomorphic to Qp/Zp as a group; further Φ = Cp and Ψ = Dp.
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4.1. Analytic results. Let G =
∑
bnq

n be the Eisenstein series that satisfies

L(G, s) = LΣ0(Ψ̃, s)LΣ0(Ψ̃−1, s− 1)

given as in [GV00, p. 58], where Σ0 denotes the set of primes dividing NE .

Theorem 4.1. Let E/Q be an elliptic curve satisfying (red) and (opt). Then the analytic NECV
Conjecture holds in the isogeny class of E.

Proof. It follows from [Vat99, Theorem 2.10] that for all χ ∈ Ξq, we have

τ(χ) · L(f
Σ0 , χ, 1)

2πiΩfΣ0

≡ τ(χ) · L(G,χ, 1)
2πiΩG

mod p,

where ΩG is a p-adic unit. Under (opt), it follows from [GV00, Proposition 3.1 and Lemma 3.6] that
2πiΩfΣ0 and ΩE differ by a p-adic unit. As before, we can eliminate the Gauss sum τ(χ) since p ̸= q.
Thus, we deduce that there exists a p-adic unit u such that

L(fΣ0 , χ, 1)

ΩE
≡ u · L(G,χ, 1)

2πi
mod p

= u · L
Σ0(Ψ̃χ, 1)LΣ0(Ψ̃−1χ, 0)

2πi

=
u

2τ(Ψ̃−1χ−1)
· LΣ0(Ψ̃−1χ−1, 0)LΣ0(Ψ̃−1χ, 0).

As both Ψ̃ and χ are unramified at p, the Gauss sum τ(Ψ̃−1χ−1) is a p-adic unit. Furthermore, (red)
says that Ψ̃ is an odd character. Thus, [Sin87a, Theorem 4.1] implies that

ordp

(
LΣ0(Ψ̃−1χ−1, 0)LΣ0(Ψ̃−1χ, 0)

)
= 0

for all but finitely many χ. We deduce that ordp

(
L(fΣ0 , χ, 1)

ΩE

)
= 0 for all but finitely many χ.

Combined with Lemma 3.1, we conclude that the analytic NECV Conjecture holds for E. □

4.2. Algebraic results. In [Gre99b, Proposition 5.11], Greenberg provides a sketch that if E/Q is an
elliptic curve with good ordinary or multiplicative reduction at p satisfying (red), then Sel(Ep∞/Qcyc)p
is finite, where Qcyc/Q is the cyclotomic Zq-extension. Moreover, Sel(Ep∞/Qcyc) ≃ (Qp/Zp)

t × U
where t ≥ 0 and U is a finite group. This implies the algebraic NECV Conjecture holds as discussed in
Remark 1.4. We provide a detailed proof here for the reader’s convenience.

Theorem 4.2. Let E/Q be an elliptic curve and p be a prime of semi-stable reduction such that Ep

is a reducible GQ-representation satisfying (red). Then the algebraic NECV Conjecture holds for the
isogeny class of E.

Proof. Choose S = S(Q) = {p, q,∞} ∪ {ℓ : ℓ | NE}. Proposition 2.8 asserts that the theorem follows if
we show the stabilization of SelΣ(Ep/Q(n)) in the cyclotomic Zq-tower where Σ = S \ {p}.
Claim: Stabilization of SelΣ(Ep/Q(n)) follows if SelΣ(Cp/Q(n)) and SelΣ(Dp/Q(n)) stabilize.
Justification: The short exact sequence (1.2) gives rise to the following commutative diagram

H0(GS(Q(n)),Ψ) −→ H1(GS(Q(n)),Φ)
an−→ H1(GS(Q(n)), Ep)

bn−→ H1(GS(Q(n)),Ψ)yαn

yβn yγn⊕
p|p

H1(Q(n),p,Φ)

H1
f (Q(n),p,Φ)

a′
n−→

⊕
p|p

H1(Q(n),p, Ep)

H1
f (Q(n),p, Ep)

−→
⊕
p|p

H1(Q(n),p,Ψ)

H1
f (Q(n),p,Ψ)

.

(4.1)
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Clearly, the top row is exact. Since Ψ is an odd character and Q(n) is totally real, we deduce that
H0(GS(Q(n)),Ψ) = 0. Moreover, by definition

ker(αn) = SelΣ(Φ/Q(n)), ker(βn) = SelΣ(Ep/Q(n)), ker(γn) = SelΣ(Ψ/Q(n)).

Thus, it suffices to show that both Im(an)∩ SelΣ(Ep/Q(n)) and bn(SelΣ(Ep/Q(n))) stabilize. It is clear
from (4.1) that bn(SelΣ(Ep/Q(n))) ⊆ SelΣ(Dp/Q(n)), which we assume stabilizes. Hence, it remains to
study Im(an) ∩ SelΣ(Ep/Q(n)) = Im(an) ∩ ker(βn).

Since an is injective, we have

Im(an) ∩ ker(βn) ≃ ker(a′n ◦ αn).

Clearly, ker(αn) ⊆ ker(a′n ◦ αn). Further, we have the isomorphism

ker(a′n ◦ αn)/ ker(αn) ≃ ker(a′n) ∩ Im(αn).

As ker(αn) is assumed to stabilize, it is enough to show that ker(a′n) also stabilizes. The short exact
sequence (1.2) gives the long exact sequence

H0(Q(n),p,Ψ)→ H1(Q(n),p,Φ)→ H1(Q(n),p, Ep)→ · · ·

AsH0(Q(n),p,Ψ) is bounded independently of n, the kernel ofH1(Q(n),p,Φ)→ H1(Q(n),p, Ep) stabilizes.
As the Hodge–Tate weight of Ψ̃−1(1) is 1, we have

H1
f (Q(n),p,Zp(Ψ̃

−1)(1)) = H1(Q(n),p,Zp(Ψ̃
−1)(1)).

Therefore, H1
f (Q(n),p,Φ) is given by the image of H1(Q(n),p,Zp(Ψ̃

−1)(1)) → H1(Q(n),p,Φ) induced by
the short exact sequence 0 → Zp(Ψ̃

−1)(1) → Zp(Ψ̃
−1)(1) → Φ → 0. By the local Euler characteristic

formula, we deduce that the cardinality of H1
f (Q(n),p,Φ) is pq

n · δ, where δ is bounded independently
of n. As H1

f (Q(n),p, Ep) ≃ E(Q(n),p)/p, its cardinality is also of the form pq
n · δ′, where δ′ is bounded

independently of n. Thus, we deduce that ker(a′n) stabilizes, concluding the proof of the claim.
Let L be an abelian extension of Q through which the character Ψ̃ factors. Once again, in view of

Proposition 2.8 we know that when A is 1-dimensional (i.e. A is either C or D), the stabilization of
SelΣ(Ap/Q(n)) will follow once we show that the growth of Sel(A/Q(n)) can be described by the p-part
of the class group of Ln, where Ln is the compositum of Q(n) and L, and control the size of these class
groups in Zq-towers.

Set ∆ = Gal(Ln/Q(n)), which has order coprime to p. By [Rub00, Proposition 1.6.1], we have

Sel(D/Q(n)) ≃ Hom∆(Cl(Ln),Qp/Zp ⊗O×
Ψ̃
).

Here, Cl(Ln) denotes the p-part of the class group of Ln. On the other hand, by [Rub00, Proposi-
tion 1.6.4], we have a short exact sequence

0 −→ (O×
Ln
⊗Qp/Zp)

Ψ̃ −→ Sel(C/Q(n)) −→ Cl(Ln)
Ψ̃ −→ 0.

We claim that (O×
Ln

)Ψ̃ is finite, and that there is an isomorphism Sel(C/Q(n)) ≃ Cl(Ln)
Ψ̃. Indeed,

since Ψ̃ is odd, if x ∈ O×
L , then Ψ̃(x) = x∗ = x−1, where x∗ denotes the complex conjugation of x. This

implies that |x| = 1 under any embeddings of L ↪→ C. Thus, Kronecker’s theorem tells us that x is a
root of unity. In particular, (O×

Ln
⊗ Qp/Zp)

Ψ̃ = 0. Since Ln/Q is abelian, the main result of [Was78]
says that Cl(Ln) stabilizes as n varies over the layers of the cyclotomic Zq extension. Therefore, both
Sel(C/Q(n)) and Sel(D/Q(n)) stabilize, as desired. □

Theorem 4.3. Let E/Q be an elliptic curve and p be a prime of semi-stable reduction such that Ep

admits a short exact sequence of GQ-modules

0 −→ Φ −→ Ep −→ Ψ −→ 0,

where Φ,Ψ : GQ → F×
p are characters such that Ψ is even and unramified at p. Then Sel(Ep∞/Q(n))

does not stabilize. In fact, the p-rank of Sel(Ep∞/Q(n)) is unbounded as n→∞.
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Proof. The commutative diagram (4.1) in the proof of Theorem 4.2 still applies, with the exception that
H0(GS(Q(n)),Ψ) is no longer trivial (because now Ψ is an even character), but it is finite and bounded
independently of n. Further, just as before

ker(αn) = SelΣ(Φ/Q(n)), ker(βn) = SelΣ(Ep/Q(n)), ker(γn) = SelΣ(Ψ/Q(n)).

Thus, it suffices to show that Sel(C/Q(n)) has unbounded growth. Recall that [Rub00, Proposition 1.6.4]
gives the short exact sequence

0 −→ (O×
Ln
⊗Qp/Zp)

Ψ̃ −→ Sel(C/Q(n)) −→ Cl(Ln)
Ψ̃ −→ 0.

As a consequence of Artin’s Induction Theorem and Dirichlet’s Unit Theorem, there is an isomorphism
of Gal(Ln/Q)-modules

O×
Ln
⊗Q ≃ Q[SLn ]/Q,

where SLn
is the set of infinite places of Ln (see [Tat84, Chapter I, §4.3])1. Thus,

O×
Ln
⊗Qp/Zp ≃

⊕
1̸=θ∈ ̂Gal(Ln/Q)

θ even

(Qp/Zp)(θ)

as Gal(Ln/Q)-modules. Since Ψ̃ is an even character, the corank of (O×
Ln
⊗Qp/Zp)

Ψ̃ is unbounded as
n→∞. □

5. The CM case

In this section, we prove Theorem C, that is, the NECV Conjecture for elliptic curves E/Q with
complex multiplication.

Throughout, if x ∈ C, we write x∗ for its complex conjugation. Let E/Q be an elliptic curve with
complex multiplication by the ring of integers OK of an imaginary quadratic field K. Note that K has
class number one. We assume that q ≥ 5 and that E has good ordinary reduction at q. In particular,
q splits into two distinct primes q and q∗ in OK . Let ψ be the Hecke character of infinity type (1, 0)
attached to E. Let f denote the conductor of ψ. We use the notation R(m) to denote the ray class field
of K of conductor m. Throughout this section, we assume that p ∤ [R(f) : K], pOK = pp∗ with p ̸= p∗,
and gcd(p, 6q) = 1.

5.1. Preliminaries. Let K∞ denote the Z2
q-extension of K and write Γ∞ = Gal(K∞/K). For r ∈

{q, q∗}, let Kr be the Zq-extension of K given by K∞ ∩ R(r∞), where R(r∞) =
⋃
n≥0

R(rn). Let

Γr = Gal(Kr/K). We have a canonical decomposition Γ∞ = Γq × Γq∗ . Fix a topological generator γq
of Γq so that the action of the complex conjugation on Γ∞ sends γq to γq∗ . There is an isomorphism

(5.1) Γ∞ = Γq × Γq∗ ≃ (1 + qZq)
2,

such that the images of γq and γq∗ are given by (1+ q, 1) and (1, 1+ q), respectively. Given a character
χ of Γ∞, we shall regard it as a character of (1 + qZq)

2.
For the remainder of the article, we fix an isomorphism of the groups δ : (µq∞)2

∼−→ Eq∞ . As E
is defined over Q, the complex conjugation induces a canonical isomorphism c : Eq∞

∼−→ Eq∗∞ . We
choose δ so that δ(ζ, 1) ∈ Eq∞ , δ(1, ζ) ∈ Eq∗∞ , and c ◦ δ(ζ, 1) = δ(1, ζ) for all ζ ∈ µq∞ .

Definition 5.1. Let Scyc be the image of {(ζ, ζ) : ζ ∈ µq∞} under δ inside Eq∞ .

Note that given any P ∈ Eqn , there exists a unique element P ∗ ∈ Eq∗n such that P ⊕E P ∗ ∈ Scyc,
where ⊕E denotes the group operation on E.

We can identify E(C) with C/L for some lattice L, which can be chosen to be a fractional ideal of
K. Since E is defined over Q, the lattice L is furthermore invariant under complex conjugation. Let

1We thank Alex Bartel for pointing this out to us.
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Q be a generator of q (which exists since K has class number one). We have the following explicit
description of Scyc

Scyc =
{
aQ−n + (aQ−n)∗ + L ∈ C/L : a ∈ L

}
.

Given any x ∈ OK and s = aQ−n + (aQ−n)∗ + L ∈ Scyc, define

x · s := xaQ−n + (xaQ−n)∗ + L.
This defines an inclusion OK ↪→ End(Scyc) ≃ Zq, which we denote by ιcyc. Note that there is a natural
inclusion

End(Scyc) ⊂ End(Eq∞)× End(Eq∗∞) ≃ OK,q ×OK,q∗ .

An element η of End(Scyc) can be expressed as (x, x∗), where x ∈ OK,q and x∗ ∈ OK,q∗ .
Given an ideal g of OK , we say that Q is a primitive g-divisible point on E if Q ∈ E[g] \E[h] for any

h ⊋ g. When g = qnq∗n, we shall write qn for the ideal qnq∗n to simplify the notation. Note that if an
element of Scyc is of order qn, then it is a primitive qn-division point on E.

Lemma 5.2. Let Q ∈ Scyc be an element of order qn. The cardinality of the Galois orbit{
Qσ : σ ∈ Gal(K/K)

}
is ≥ (q − 1)2q2(n−1)/wK , where wK denotes the size of µK , i.e., the number of roots of unity in K.

Proof. By definition, Q is a primitive qn-division point on E. Let Q′ be another primitive qn-division
point on E. As elements of C/L, there exist σ ∈ Gal(R(qn)/K) and ζ ∈ µK such that Q′ = ζQσ

by [KL25, Lemma 6.7]. Since there are (q − 1)2q2(n−1) primitive qn-division points in E, the lemma
follows. □

Let k/Qp be a finite unramified extension containing Qp(Efq). Set J = k(µq∞). Let O denote the
ring of integers of J . Fix a uniformizer π of k and let ordπ denote the normalized valuation map

ordπ : J −→ Z ∪ {∞}.
Recall the following definitions from [KL25]:

Definition 5.3. Let α be a J-valued distribution on Z2
q, i.e., α is a finitely additive function on the

set of compact open subsets of Z2
q with values in J .

(i) Given any c = (c1, c2) ∈ (Z×
q )

2, define α ◦ c to be the distribution given by α ◦ c(X) = α(cX)

for all open compact subsets X of Z2
q.

(ii) The Fourier transform of α is defined to be

α̂ : µ2
q∞ −→ J

(ζ1, ζ2) 7−→
∫
(x,y)∈Z2

q

ζx1 ζ
y
2dα(x, y).

(iii) Given a finite character χ on (Z×
q )

2 with values in J , define the Leopoldt Γ-transform as

Γα(χ) =

∫
Z2
q

χdα,

where χ is extended to Z2
q by sending all elements not inside (Z×

q )
2 to zero.

(iv) The distribution α is called a measure on Z2
q if the image of α has bounded values with respect

to ordπ.
(v) A J-valued distribution α on Z2

q is an elliptic function measure with respect to δ for the
fixed elliptic curve E if there exists a rational function R ∈ J(E) such that for almost all
ζ = (ζ1, ζ2) ∈ (µq∞)2,

α̂(ζ) = R(δ(ζ)).

Note that given any R ∈ J(E), there exists a unique measure α on Z2
q such that the Fourier

transform α̂ coincides with R ◦ δ; see [KL25, Lemma 3.7].
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(vi) Given R ∈ J(E), if R ̸= 0 and ordπ(R(Q)) = n for almost all Q ∈ Eq∞ , define its valuation
ordπ(R) to be the integer n. If R = 0, set ordπ(R) = ∞; see [KL25, Lemma 3.5] and [Lam15,
Lemma 3.2].

Lemma 5.4. Let α be a J-valued elliptic function measure on Z2
q corresponding to a rational function

R. Then α× := α|(Z×
q )2 is an elliptic function measure on Z2

q corresponding to

R× : P 7→ R(P )− 1

q

∑
Q∈Eq

R(P ⊕E Q)− 1

q

∑
Q∈Eq∗

R(P ⊕E Q) +
1

q2

∑
Q∈Eq

R(P ⊕E Q).

Proof. Let β be the elliptic function measure corresponding to R×. It is enough to show that α̂× = β̂.
Let (ζ1, ζ2) ∈ µ2

q∞ , (x, y) ∈ Z2
q, and (u, v) ∈ µq. Then

ζx1 ζ
y
2 −

1

q

∑
u∈µq

(ζ1u)
xζy2 −

1

q

∑
v∈µq

ζx1 (ζ2v)
y +

1

q2

∑
u,v∈µq

(ζ1u)
x(ζ2v)

y =

{
ζx1 ζ

y
2 if (x, y) ∈ (Z×

q )
2,

0 otherwise.

Let P = δ(ζ1, ζ2), where P ∈ Eq∞ . Given any Q ∈ Eq, there exists a unique element (u, v) ∈ µ2
q such

that P ⊕E Q = δ(ζ1u, ζ2v). Furthermore, u = 1 (resp. v = 1) if and only if Q ∈ Eq∗ (resp. Q ∈ Eq).
Thus,

α̂×(ζ1, ζ2) =

∫
(x,y)∈Z2

q

ζx1 ζ
y
2dα

×(x, y)

=

∫
(x,y)∈(Z×

q )2
ζx1 ζ

y
2dα(x, y)

=

∫
(x,y)∈Z2

q

ζx1 ζy2 − 1

q

∑
u∈µq

(ζ1u)
xζy2 −

1

q

∑
v∈µq

ζx1 (ζ2v)
y +

1

q2

∑
u,v∈µq

(ζ1u)
x(ζ2v)

y

 dα(x, y)

= R(P )− 1

q

∑
Q∈Eq

R(P ⊕E Q)− 1

q

∑
Q∈Eq∗

R(P ⊕E Q) +
1

q2

∑
Q∈Eq

R(P ⊕E Q)

= β̂(ζ1, ζ2),

as desired. □

Definition 5.5. Let Ξcyc denote the set of finite-order characters of Γ∞ that factor through Gal(Kcyc/K),
where Kcyc denotes the cyclotomic Zq-extension of K.

Note that Ξq and Ξcyc are not equal as sets, but they can be identified with each other since
Gal(Qcyc/Q) ≃ Gal(Kcyc/K). Under the identification Γ∞ ≃ (1 + qZq)

2 given by (5.1), a finite-order
character χ of Γ∞ belongs to Ξcyc if and only if χ(1 + q, 1) = χ(1, 1 + q).

5.2. Algebraic Independence. Let l be a prime ideal of OK . Let F be the residue field of OK

modulo l. Suppose that F is of characteristic ℓ, with ℓ ̸= q. Let E/Q be an elliptic curve with complex
multiplication by OK , with good reduction at q. Throughout this section, we assume that E has good
reduction at ℓ and write E to denote the base-change of the reduced curve of E modulo ℓ from Fℓ to F.

Lemma 5.6. Let Φ1, . . . ,Φs be non-trivial morphisms from En = E × . . .× E to E of the form

Φj : (Pi)
n
i=1 7→

n∑
i=1

αij(Pi),

where αij ∈ EndF(E) for all 1 ≤ i ≤ n and 1 ≤ j ≤ s. Suppose that the only relation of the kind xΦt =
x′Φt′ for x, x′ ∈ EndF(E) and t ̸= t′, is when x = x′ = 0. If r1, . . . , rs ∈ F(E) with

∑s
j=1 rj ◦ Φj = 0,

then each rj is a constant function.

Proof. See [Lam15, Proposition 4.4]. □
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In what follows, we consider η = (c1, c2) ∈ OK,q ×OK,q∗ as a map

η : Scyc −→ Eq∞ ,

P ⊕E P
∗ 7−→ c1P ⊕E c2P

∗.

We say that η, η′ ∈ OK,q ×OK,q∗ are linearly independent over K if

xη = x′η′, x, x′ ∈ K =⇒ x = x′ = 0.

Since char(F) ̸= q, there is a natural isomorphism Eq∞ ≃ Eq∞ . In what follows, we shall denote the
image of Scyc ⊂ Eq∞ in Eq∞ by the same notation.

Theorem 5.7. Let F be a finite field as above. Let E/F be the reduction of E. Suppose that

ηi = (ci,1, ci,2) ∈ OK,q ×OK,q∗ for i = 1, . . . , s

are such that ηt, ηt′ are linearly independent over K for all t ̸= t′. If r1, . . . , rs ∈ F(E) satisfy

(r1 ◦ η1 + · · ·+ rs ◦ ηs)(Q) = 0 ∀Q ∈ Scyc,

then r1, . . . , rs are all constant functions.

Proof. We follow closely the argument given in [Lam15, Theorem 4.5]. Let A be a free OK-submodule
of OK,q ×OK,q∗ of rank n containing η1, . . . , ηs, with the basis {ε1, . . . , εn}. Write[

η1 · · · ηs
]
=
[
ε1 · · · εn

]
A,

where A = [aij ] ∈ Matn×s(OK). Define for j = 1, . . . , s the morphism

Φj : En −→ E

(Pi)
n
i=1 7−→

n∑
i=1

aijPi,

and let R : En → F be the map given by r1 ◦ Φ1 + · · ·+ rs ◦ Φs. Furthermore, define

Θ : Scyc −→ En

Q 7−→ (εiQ)ni=1.

Then R ◦Θ coincides with r1 ◦η1+ · · ·+ rs ◦ηs. In particular, by assumption, the morphism R vanishes
on Θ(Scyc) ⊂ En.

We verify that the morphisms Φ1, . . . ,Φs satisfy the hypothesis of Lemma 5.6, from which the
theorem follows. Suppose that xΦt = x′Φt′ for some x, x′ ∈ EndF(E) = OK and t ̸= t′. For i ∈ {t, t′}
and Q ∈ Scyc, we have

Φi ◦Θ(Q) = ηi(Q).

Therefore, xηt(Q) = x′ηt′(Q) for all Q ∈ Scyc. If we write Q = P ⊕E P ∗, where P ∈ Eqm \ Eqm−1 and
P ∗ ∈ Eq∗m \ Eq∗m−1 . Then

xct,1P ⊕E xct,2P
∗ = x′ct′,1P ⊕E x

′ct′,2P
∗

(xct,1 − x′ct′,1)P = (x′ct′.2 − xct,2)P ∗.

As Eqm ∩ Eq∗m = 0, this forces qm and q∗m to divide xct,1 − x′ct′,1 and xct,2 − x′ct′,2, respectively. As
this holds for arbitrarily large m, we have

xct,1 − x′ct′,1 = xct,2 − x′ct′,2 = 0.

In other words, xηt = x′ηt′ . As ηt and ηt′ are linearly independent over K, this implies that x = x′ = 0,
as desired. □

We now prove a strengthened version of Theorem 5.7.
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Theorem 5.8. Let F be a finite field as above. Let E/F be the reduction of the curve E. Suppose that
ηi = (ci,1, ci,2) ∈ OK,q × OK,q∗ , i = 1, . . . , s are such that ηt and ηt′ are linearly independent over K
for all t ̸= t′. Consider the function

R =

s∑
i=1

ri ◦ ηi : Scyc → F

where ri ∈ F(E). Then either R has finitely many zeroes or R is identically zero. In the latter case, all
ri’s are constant functions.

Proof. Let d = max1≤i≤s deg(ri) and set

c =
(q − 1)2

wKq2sd
.

Recall from [KL25, Lemma 4.3] that there exists an integer N such that for all n ≥ N , there are
b1, . . . , bs ∈ OK and (u1, u2) ∈ O×

K,q ×O
×
K,q∗ (depending on n) such that

vq(u1ci,1 − bi) ≥ n, vq∗(u2ci,2 − bi) ≥ n, and NK/Q(bi) < c · q2n

for all i ∈ {1, . . . , s}. Let Rn be the rational function given by
∑s

i=1 ri ◦ bi. Then

deg(Rn) ≤
s∑

i=1

d ·NK/Q(bi) < sdcq2n = (q − 1)2q2(n−1)/wK .

Suppose that n is large enough so that R(Q) = 0 for some Q ∈ Scyc of order qn. Define

u : Scyc −→ Eq∞

P ⊕E P
∗ 7−→ u−1

1 P ⊕E u
−1
2 P ∗,

where P ∈ Eq∞ and P ∗ ∈ Eq∗∞ . It is clear that u is injective. Let v : u(Scyc)→ Scyc be the inverse of
u. Then R ◦ v and Rn agree on all elements of u(Scyc). In particular, we have

Rn(u(Q)) = R ◦ v(u(Q)) = R(Q) = 0.

Since Rn is invariant under the action of Gal(K/K) and u(Q) is a primitive qn-division point on E,
Lemma 5.2 implies that Rn possesses at least (q−1)2q2(n−1)/wK roots. Consequently, Rn is identically
zero. Therefore, R vanishes for all elements of Scyc whose orders are at most qn. Since n can be
arbitrarily large, this implies that R vanishes for all Q ∈ Scyc, proving the first assertion of the theorem.
The second assertion now follows from Theorem 5.7. □

5.3. Gamma Transforms. As before, let k/Qp be a finite unramified extension containing Qp(Efq).
Set J = k(µq∞). The main theorem we prove in this subsection is the following.

Theorem 5.9. Let α be an elliptic function measure for E/k on Z2
q, which is supported on (Z×

q )
2, and

which satisfies α ◦ ω = α for all ω ∈ µ2
K . Let R denote the corresponding rational function given by

Definition 5.3(v) and let n = ordπ(R) be given by Definition 5.3(vi). Then, for almost all finite-order
characters χ of Ξcyc,

ordπ(Γα(χ)) = n.

To prove Theorem 5.9, we will use the following technical lemma.

Lemma 5.10. Let α be an elliptic function measure as in the statement of Theorem 5.9. Let

ι : µK −→ µ2
q−1

ζ 7−→ (ζ, ζ).

Define
β =

∑
η

(α ◦ η) |(1+qZq)2 ,
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where η runs over a set of representatives for µ2
q−1/ι(µK) and α ◦ η is defined as in Definition 5.3(i).

For each y = (y1, y2) ∈ (1 + qZq)
2/(1 + qMZq)

2, write

βy = β|y1(1+qMZq)×y2(1+qMZq),

where M ≥ 1 is the integer such that µq∞ ∩k = µqM . Let χ be a finite-order character of Ξcyc. Suppose
that there exist integers N ≥M satisfying

ker
(
χ|(1+qZq)×1

)
= ker

(
χ|1×(1+qZq)

)
= 1 + qN+MZq.

Let ζ = (ζ, ζ) ∈ µ2
q∞ such that ζq

N

= χ(1 + qN , 1) = χ(1, 1 + qN ). Then Γβ(χ) ∈ πO if and only if

β̂y(ζ
y−1

) ∈ πO for all y ∈ (1 + qZq)
2.

Proof. This is a special case of [KL25, Lemma 5.3], with ζ1 = ζ2 and η running over a set of represen-
tatives µ2

q−1/ι(µK). We remark that there are two typos in loc. cit.: ζ = (ζ1, ζ2) should be an element
of µ2

q∞ , not µq∞ , and y should be an element of (1 + qZq)
2, rather than µ2

q−1. □

Proof of Theorem 5.9. Without loss of generality, we assume that n = ordπ(R) = 0. Let β be as defined
in the statement of Lemma 5.10, and wK denote the number of elements in µK (which is coprime to
p > 3). We have

1

w2
K

Γα(χ) = Γβ(χ).

Recall from [KL25, Lemma 3.5] that if f ∈ O[x, y] is such that the image of f in J(E) is non-zero, then
there exists a unique integer m ≥ 0 satisfying

ordπ(f(Q)) ≥ m ∀Q ∈ Scyc \ {0}
with equality holding for almost all Q ∈ Scyc. Therefore, combined with the fact that p ∤ wK , we have

ordπ(Γα(χ)) = ordπ(Γβ(χ)).

Let us write
αηy = α|η1y1(1+qMZq)×η2y2(1+qMZq)

for η = (η1, η2) ∈ µ2
q−1 and y = (y1, y2) ∈ (1+qZq)

2. Note that αηy is an elliptic function measure since
it is a restriction of α. Now, write Rηy for the rational function on E attached to αηy (meaning that
α̂ηy = Rηy ◦ δ as functions on µ2

q∞). Moreover, Rηy takes values in O; see [KL25, proof of Lemma 3.7].
Let R̃ηy denote the function Rηy modulo π.

Suppose (for the sake of contradiction) that the set of characters χ ∈ Ξcyc with ordπ(Γα(χ)) > 0 is
infinite. Equivalently, the set of characters χ such that Γβ(χ) ∈ πO is infinite. By Lemma 5.10, for each
y = (y1, y2) ∈ (1 + qZq)

2, we have β̂y(ζy
−1

) ∈ πO for infinitely many ζ = (ζ, ζ) ∈ µ2
q∞ . Consider the

cyclotomic line Scyc ⊆ Eq∞ ≃ Eq∞ where the isomorphism follows as p ̸= q. From the above discussion,
we have an infinite set of elements Q ∈ Scyc such that∑

η∈µ2
q−1/ι(µK)

R̃ηy ◦ η−1(Q) = 0

since βy decomposes into
∑

η αηy ◦ η, where αηy = α|ηy(1+qMZq)2 , and we have α̂ηy ◦ η(ζ) = α̂ηy(ζ
η−1

)

(see [Lam15, p. 616]).
Applying Theorem 5.8, we conclude that R̃ηy is a constant function. Let cηy denote a constant in O

lifting R̃ηy and let δ0 denote the Dirac measure of Z2
q concentrated at (0, 0). By definition, the Fourier

transform δ̂0 sends all ζ ∈ µ2
q∞ to 1. Therefore, the Fourier transform of the elliptic function measure

αηy − cηyδ0 takes values in πO. In particular,

ordπ(αηy − cηyδ0) > 0.

However, if we restrict the measure αηy − cηyδ0 to (Z×
q )

2, it agrees with αηy. Thus,

ordπ(αηy) = ordπ(αηy − cηyδ0) > 0.
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Now, summing over all coset representatives ηy ∈ (Z×
q )

2/(1 + qMZq)
2, we have

ordπ(α) = ordπ

∑
ηy

αηy

 > 0,

which is a contradiction to our hypothesis that ordπ(R) = 0. □

5.4. Analytic side.

5.4.1. Review on L-functions. We review basic notions of L-functions attached to Hecke characters.

Definition 5.11. Let h be an integral ideal of K and ϵ a Hecke character of K whose conductor divides
h. The imprimitive L-function of ϵ modulo h is defined as

Lh(ϵ, s) =
∑

gcd(a,h)=1

ϵ(a)

N(a)s
.

The primitive Hecke L-function of ϵ is defined as

L(ϵ, s) =
∑

a⊴OK

ϵ(a)

N(a)s
.

The primitive and imprimitive L-functions defined above only converge on some right half-plane. How-
ever, they have analytic continuations to the entire complex plane.

Recall that ψ denotes the Hecke character over K attached to E with conductor f. Suppose that ϵ
is of the form φψ, where φ is a finite-order character. We define the primitive algebraic Hecke L-value
of φψ as

L(alg)
(
φψ
)
:=

L
(
φψ, 1

)
Ω∞

,

where Ω∞ is the complex period of E satisfying L = Ω∞OK .

5.4.2. Construction of an elliptic function measure. We review the construction of a rational function
on a CM elliptic curve in [Lam15, §6]. This is a special case of the function constructed in [KL25, §6],
which captures L-values of a CM character of infinity type (1, 0) twisted by a finite-order character of
the Z2

q-extension.
Let h be an ideal of OK . As before, we write R(h) to denote the ray class field of K whose conductor

is h. We fix another ideal a that is coprime to 6fq. Define the rational function ζa on E by

ζa(P ) =
∏
Q

(
x(P )− x(Q)

)−1
,

where Q runs over a set of representatives of Ea \ {0} (mod ± 1). There exists a constant c(a) ∈ K×

such that the function
γa(P ) := c(a)ζa(P )

has the property that for all β ∈ End(E) with gcd(β, a) = 1,

γa(β(P )) =
∏

R∈ker(β)

γa(P ⊕E R).

Define the derivative operator on C(E)× by

D(f) =
d

dz
log f(z).

Consider the complex analytic isomorphism of complex Lie groups

ξ(z,L) : C/L ∼−→ E(C) given by ξ(z,L) =
(
℘(z,L), ℘′(z,L)

)
,

where ℘ is the Weierstrass ℘-function and ℘′ is the corresponding derivative.
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Let Fn = R(fqn+1). Then,

Gal(Fn/K) ≃ Gal(R(f)/K)×Gal(Fn/R(f)).

From now on, we fix a character θ of Gal(R(f)/K) and a primitive f-division point V . For our chosen
ideal a, we define the rational function on E

ϑ
(θ)
a,V (P ) :=

∑
τ∈Gal(R(f)/K)

θ−1(τ)(Dγa)(P ⊕E V
τ ).

To simplify the notation, we shall write ϑ = ϑ
(θ)
a,V . We can associate with ϑ an elliptic function

measure, α on Z2
q via [KL25, Lemma 3.7]. This α depends on the choice of a, V , and θ (but we

suppress it from the notation). We further define α× = α|(Z×
q )2 and write ϑ× for the rational function

corresponding to α×.

Lemma 5.12. Suppose that a = (λ) is such that λ /∈ µK , (λ, 6pfq) = 1, and λ ≡ 1 mod f. Then

ordπ (ϑ) = ordπ
(
ϑ×
)
= 0.

Proof. By [Lam15, Lemma 6.7], we have ordπ (ϑ) = 0. Furthermore, Lemma 6.8 in op. cit. can be
adapted to prove that ∑

Q∈Eb

ϑ(P ⊕E Q) = θ(τb)ψ(b)ϑ
(
ψ(b)P

)
for any ideal of OK that is coprime to af. Hence, combined with Lemma 5.4, we deduce

ϑ×(P ) = ϑ(P )− 1

q
θ(τq)ψ(q)ϑ(ψ(q)P )−

1

q
θ(τq∗)ψ(q∗)ϑ(ψ(q∗)P ) +

1

q2
θ(τqq∗)ψ(qq∗)ϑ(ψ(qq∗)P )

(see also [Lam14, Lemma 3.1.8]).
We recall from [Lam15, proof of Lemma 6.7] and [Lam14, proof of Theorem 3.1.9] that the poles of

the function f̃ : P 7→ ϑ(P ) mod π are precisely elements of the form U ⊖E V
τ , where U ∈ Ea \{0} and

τ ∈ Gal(R(f)/K). In particular, there exists a primitive faq-division point P such that f̃ has a pole at
ψ(qq∗)P and f̃ is regular at P , ψ(q)P , and ψ(q∗)P . Thus, the function

P 7→ f̃(P )− 1

q
θ(τq)ψ(q) f̃(ψ(q)P )−

1

q
θ(τq∗)ψ(q∗) f̃(ψ(q∗)P ) +

1

q2
θ(τqq∗)ψ(qq∗) f̃(ψ(qq∗)P )

is non-zero. Hence, ordπ
(
ϑ×
)
= 0, as desired. □

Let F∞ =
⋃

n≥1 R(fqn). Under the identification of Gal(F∞/R(fq)) ≃ (1 + qZq)
2, we have:

Lemma 5.13. Let χ be a character of Gal(Fn/R(fq)). Then

ordπ
(
Γα×(χ)

)
= ordπ

((
N(a)− ψ(a)θχ(τa)

)
L
(alg)
fq

(
θχψ

))
.

Proof. This is a special case of [KL25, Lemma 6.9]. □

Theorem 5.14. For almost all finite-order characters χ of Ξcyc,

ordπ

(
L(alg)(θχψ)

)
= 0.

Proof. Suppose that a = (λ) is chosen as in Lemma 5.12. In particular, ordπ
(
ϑ×
)
= 0. After combining

Lemma 5.13 and Theorem 5.9, we deduce

ordπ

((
N(a)− ψ(a)θχ(τa)

)
L
(alg)
fq

(
θχψ

))
= ordπ

(
ϑ×
)
= 0.

It remains to show that for all but finitely many χ, the following holds

ordπ
(
N(a)− ψ(a)θχ(τa)

)
= 0.

As in [Lam15, proof of Theorem 6.6], this is equivalent to the following

λ̄θ−1(τa) ̸≡ χ(τa) mod πO.
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This holds whenever χ is of order qm, where m ≥ ordq(λ
q−1 − 1)− 1. Thus,

ordπ

(
L
(alg)
fq (θχψ)

)
= 0

for almost all χ. A similar argument applied to the Euler factors at primes dividing fq implies that

ordπ

(
L
(alg)
fq (θχψ)

)
= ordπ

(
L(alg)(θχψ)

)
for almost all χ, which concludes the proof. □

We now prove the analytic NECV Conjecture for CM elliptic curves.

Corollary 5.15. Let E/Q be an elliptic curve with complex multiplication by the ring of integers of an
imaginary quadratic field (of class number 1). Let p, q be distinct primes ≥ 5 which are both primes of

good ordinary reduction for E. Then ordp

(
L(E,χ, 1)

ΩE

)
= 0 for all but finitely many χ ∈ Ξq.

Proof. Recall the definition of the algebraic L-function

L(alg)(θχψ) :=
L(θχψ, 1)

Ω∞
,

where θ is a finite-order character, ψ is the Hecke character over K attached to E, and χ ∈ Ξcyc.
To prove the analytic NECV Conjecture for CM elliptic curves, it will suffice to compare the periods.

Indeed, recall from [Shi71, (7.8.11) on p. 219] and [CW77, discussion on p. 251] that the Hasse–Weil
L-function of E/Q is equal to Lfq(ψ, s) = Lfq(ψ, s) up to finitely many Euler factors (which do not
vanish at s = 1), and analogously for twists. Thus, combining Lemma 3.1 and Theorem 5.14, we deduce

(5.2) ordp

(
L(E,χ, 1)

Ω∞

)
= 0

for all but finitely many χ ∈ Ξq.
Recall that Ω∞ satisfies L = Ω∞OK and E(C) = C/L. Thus, if we write OK = Z+ τZ, the real and

imaginary Néron periods of E belong to {ζΩ∞ : ζ ∈ µK} ∪ {ζτΩ∞ : ζ ∈ µK}. In particular, Ω∞ and
ΩE differ by a p-adic unit. Thus, we may replace Ω∞ by ΩE in (5.2), as desired. □

5.5. Algebraic side. We closely follow the strategy of [Lam15, Section 7] to prove our main result.

5.5.1. Iwasawa Main Conjecture. Fix an elliptic curve E/Q with complex multiplication by an imagi-
nary quadratic field K, and an odd prime p of good ordinary reduction as before. Let p | p be a prime
of K and set L = K(Ep). It follows that L∞ = K(Ep∞) is a Zp-extension of L. We write

∆0 = Gal(L/K), Γp = Gal(L∞/L) ≃ Zp, G = Gal(L∞/K) ≃ ∆0 × Γp.

For n ≥ 0, let Kc
n be the n-th layer of the cyclotomic Zp-extension of K and set

Ln = Kc
n(Ep) and Ln,∞ = Kc

n(Ep∞).

We further write
∆n = Gal(Ln/K) and Gn = Gal(Ln,∞/K).

Set K = Ln,∞. For each finite extension L of Kc
n contained inside K, write A(L) for the p-part of

the ideal class group of L, E(L) for the group of global units of L, C(L) for the group of elliptic units
of L, and write U(L) to denote the group of local units of L ⊗ Kp which are congruent to 1 modulo
the primes above p. Further, define E(L) and C(L) as the closures of E(L) ∩ U(L) and C(L) ∩ U(L),
respectively, in U(L). Define

AK = lim←−
L

A(L), UK = lim←−
L

U(L), EK = lim←−
L

E(L), CK = lim←−
L

C(L),

where all inverse limits are over finite extensions L/F in K = Ln,∞, with respect to the norm maps.
We write MK for the maximal abelian p-extension of K which is unramified outside the primes above

p and set XK = Gal(MK/K). In view of global class field theory, we have the following exact sequence

(5.3) 0 −→ EK/CK −→ UK/CK −→ XK −→ AK −→ 0.



22 D. KUNDU AND A. LEI

When E has good ordinary reduction at p, then UK/CK and XK are torsion Iwasawa modules. An
argument involving the Euler system of elliptic units is used to show that the (torsion) Iwasawa modules
EK/CK and AK have the same characteristic ideal. Thus,

(R-IMC) charΛ(UK/CK) = charΛ(XK).

Here, Λ is used to denote the (usual) 1-variable Iwasawa algebra. The above equality is (Rubin’s)
one-variable Iwasawa Main Conjecture for CM elliptic curves.

5.5.2. An auxiliary step. We first record a technical result from [Lam15]. Recall that

∆n = Gal(Ln/K) ≃ Gal(Kc
n/K)×Gal(Ln/K

c
n) ≃ Hn ×∆0,

where Hn = Gal(Kc
n/K) ≃ Z/qnZ. Any character ϱ of ∆n is of the form ϱ = χθrp where χ is a character

of Hn (which is identified with a finite-order character of Ξcyc) and θp is the character of ∆0 induced
by its action on Ep, and r is a residue class modulo p− 1.

Let D (resp. Dn) denote the decomposition subgroup at p inside G (resp. Gn). Write P to denote the
prime above p in L∞. Note that µp∞(L∞,P) = µpm where m can be made precise (but is not required
for our purposes). When m ≥ 1, we say that E/K is anomalous at p. Since p ∤ [L : K], the action of
∆0 ∩D on µpm gives a Zp-valued character

ϱcyc : ∆0 ∩D −→ µp−1 ⊂ Z×
p .

Theorem 5.16. Suppose that ϱ = χθp is a character of ∆n = Hn ×∆0. When E/Kc
n is anomalous at

p, assume further that ϱ|∆n∩Dn
̸= ϱcyc. Then

ordπ

((
N(a)− ψ(a)χ(τa)

)
L
(alg)
fq (χψ)

)
= 0 =⇒ Cϱn,∞ = Uϱ

n,∞.

Proof. This is [Lam15, Theorem 7.7]. □

5.5.3. Application. Fix an integer N ≥ 0 and let n ≥ N . Instead of writing YLn,∞ , we will use the
notation Yn,∞, where Y ∈ {X,U , C}.

Theorem 5.17. There exists an integer N ≥ 0 such that Xn,∞ = XN,∞ for all n ≥ N .

Proof. The proof strategy we employ here is the same as [Lam15, Theorem 7.8]. We provide only a
sketch of the proof that highlights the key differences.

Claim: To prove the theorem, it suffices to show that there exists N ≥ 0 such that for all n ≥ N ,

Un,∞/Cn,∞ = UN,∞/CN,∞.

Justification: Indeed, once we prove the above equality, it follows from (R-IMC) that for all n ≥ N

charΛ(Xn,∞) = charΛ(XN,∞).

Consider the (surjective) restriction map πn,N : Xn,∞ → XN,∞. Since charΛ is multiplicative in exact
sequences, it forces the kernel of πn,N to be a finite Λ(Gn)-module. Thus, ker(πn,N ) must in fact be
trivial as Xn,∞ has no non-trivial finite Λ(Gn)-submodules; see [Gre78, Theorem 1]. This shows the
desired equality in the theorem, thereby proving the claim.

Choose λ as before so that a = (λ). Fix n0 ≥ 0 such that E/Kn0 is anomalous at p. From now on,
assume that n ≥ n0. Recall that the number of characters of ∆n satisfying

ϱ|∆n∩Dn
= ϱcyc

is a constant (independent of n) when n≫ 0. Thus, there exists an integer N such that for all n ≥ N ,
the characters ϱ of ∆n satisfying the above condition must factor through ∆N . In other words, it follows
from Theorem 5.16 that there exists N ≫ 0 such that for all n ≥ N , all characters ϱ of ∆n that do not
factor through ∆N satisfy

Cϱn,∞ = Uϱ
n,∞.
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Set Our as the ring of integers of the completion of Qur
p . We have the decomposition

Un,∞/Cn,∞⊗̂Zp
Our =

⊕
ϱ∈∆̂n

(Un,∞/Cn,∞)ϱ.

Moreover, UN,∞/CN,∞⊗̂Zp
Our is the direct sum of the ϱ-components that factor through the restriction

map ∆n → ∆N . This completes the proof. □

The main result we prove in this section is the following theorem on the algebraic NECV Conjecture
for CM curves.

Theorem 5.18. There exists an integer m ≥ 0 such that, for all n ≥ m, the restriction map

Sel(Ep∞/Kc
m)

∼−→ Sel(Ep∞/Kc
n)

is an isomorphism. In particular, there exists m ≥ 0 such that Sel(Ep∞/Q(m)) ≃ Sel(Ep∞/Q(n)) for all
n ≥ m.

Proof. We first recall a result of J. Coates (see [Coa83, Theorem 12]), which allows us to relate the
Galois module Xn,∞ to the Selmer group Sel(Ep∞/Ln,∞); more precisely

Sel(Ep∞/Ln,∞) ≃ Hom(Xn,∞, Ep∞) for all n ≥ 0.

Set Sel′(Ep∞/Kc
n) = ker

(
H1(Kc

n, Ep∞) −→
∏

v∤pH
1(Kc

n,v, E)p∞

)
and define Sel′(Ep∞/Ln,∞) simi-

larly. It follows from [Coa83, Lemma 8 and Theorem 9] that

Sel′(Ep∞/Kc
n) ≃ Sel′(Ep∞/Ln,∞)Gal(Ln,∞/Kc

n) = Sel(Ep∞/Ln,∞)Gal(Ln,∞/Kc
n).

Since p = pp∗, we can write

Sel(Ep∞/Kc
n) = Sel(Ep∞/Kc

n)⊕ Sel(Ep∗∞/Kc
n).

Claim: Fix N as in Theorem 5.17. Then,

Sel(Ep∞/Kc
n) ≃ Sel(Ep∞/Kc

N ) for all n ≥ N.

Justification: Consider the commutative diagram

0 −→ Sel(Ep∞/Kc
n) −→ Sel′(Ep∞/Kc

n) −→
∏

v|pH
1(Kn,v, E)p∞ys yf yγ

0 −→ Sel(Ep∞/Kc
N ) −→ Sel′(Ep∞/Kc

N ) −→
∏

v|pH
1(KN,v, E)p∞ .

Since Xn,∞ = XN,∞ for all n ≥ N by Theorem 5.17, it follows from the above discussion that f is an
isomorphism. In particular, s is injective. Using the inflation-restriction exact sequence and the fact
that p ̸= q, we deduce that ker(γ) is trivial. Applying a snake lemma argument, we conclude that s is
surjective. This proves the claim.

The same argument implies that there exists an integer N ′ such that

Sel(Ep∗∞/Kc
n) ≃ Sel(Ep∗∞/Kc

N ′) for all n ≥ N ′.

Setting m = max{N,N ′} gives
Sel(Ep∞/Kc

m) ≃ Sel(Ep∞/Kc
n)

for all n ≥ m. The final assertion of the theorem follows from the decomposition

Sel(Ep∞/Kc
n) ≃ Sel(Ep∞/Q(n))⊕ Sel(EK

p∞/Q(n)),

where EK is the quadratic twist of E over K. □
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