ON A QUESTION IN NON-EQUAL CHARACTERISTIC IWASAWA THEORY
FOR ELLIPTIC CURVES

DEBANJANA KUNDU AND ANTONIO LEI

ABsTrRACT. Let E/Q be an elliptic curve. Let p and g be two distinct primes. We study the p-adic
Iwasawa theory of E over the cyclotomic Zg-extension Qcyc/Q. In particular, we study a conjecture,
which predicts the stabilization of the p-primary Selmer groups of E over Qcyc, and the p-adic valuation
of the algebraic L-values of E twisted by finite characters of the Galois group of Qcyc/Q. We prove
the equivalence of this conjecture for elliptic curves with isomorphic residual representations at p.
Furthermore, we establish the conjecture in two cases: first, for a class of elliptic curves whose residual
Galois representation is reducible, and second, for elliptic curves with complex multiplication.

1. INTRODUCTION

Let g be a prime number. Given an algebraic number field F'/Q, let F,/F denote a Galois extension
with Galois group isomorphic to the additive group Z, of g-adic integers. For each integer n > 0, there
is a unique subfield F,,/F of degree ¢™. Let h(F},) be the class number of F,,. In the 1950’s, K. Iwasawa
initiated the study of the g-part of the class number in Z,-extensions of F'. In particular, he showed
that if ¢°» is the highest power of ¢ dividing h(F,,), then there exist non-negative integers A, u and an
integer v that are independent of n, such that e, = pug™ + An + v for n > 0. For each prime ¢ there
is a unique Zg-extension Qcyc/Q, called the cyclotomic Zg-extension. This is a totally real subfield of
U,, Q({gn) where (4n denotes a primitive ¢"-th root of unity. For this extension, Iwasawa calculated
i =A=v =0 for all primes gq. He further conjectured that for the cyclotomic Z,-extension of a number
field, the p-invariant is always 0; this is known to be true for abelian number fields F/Q [FW79].

In [Was75, Was78], L. C. Washington proved that if F//Q is an abelian extension and p, ¢ are distinct
primes, the p-part of the class number stabilizes in the cyclotomic Zg-extension of F. The proof
involves an investigation of the p-adic valuation of the values of Dirichlet L-functions at s = 0. Later
in [Sin87b], W. Sinnott provided a different proof of Washington’s theorem based on the fact that
values of L-functions are “generated by rational functions”; he proved a general result applicable to
any rational function measure. More recently, Washington’s results have been extended to other Z,-
extensions using Sinnott’s approach. In particular, J. Lamplugh proved the following in [Laml15]: if
p, q are distinct primes > 5 that split in an imaginary quadratic field K of class number 1 and F/K
is a prime-to-p abelian extension which is also unramified at p, then the p-class group stabilizes in
the Z,-extension of F which is unramified outside precisely one of the primes above ¢. In [KL23], we
showed that (for the same setup) the p-class group stabilizes in the anticyclotomic Z,-extension of K.
The algebraic techniques developed for studying Iwasawa theory have mostly focused on the case of
equal characteristic. Only recently has a systematic framework been developed by A. Bandini—I. Longhi
in the non-equal characteristic setting; see [BL.26].

In arithmetic geometry, it is often observed that class groups of number fields and Selmer groups of
elliptic curves have similar growth behaviour. For example, in [Gre99b, Proposition 5.11], R. Greenberg
asserts that under certain hypotheses on the mod p representation of an elliptic curve E/Q, the p-torsion
of the p-primary Selmer group in the cyclotomic Z4-extension of Q is finite. Furthermore, Lamplugh’s
proof of the growth stabilization of class groups in [Lam15] relies on analyzing the stabilization of Selmer
groups of elliptic curves with complex multiplication (CM). However, it is pertinent to point out that
the growth behaviour of class groups and Selmer groups is not always identical; for example, there exist
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examples of elliptic curves E/Q with good ordinary reduction at ¢ such that the p-invariant of the ¢-
primary Selmer group over Qqy. is positive. However, Greenberg predicts (see [Gre99b, Conjecture 1.11])
that if F/Q is an elliptic curve with good ordinary reduction at ¢ > 3, then there exists a Q-isogenous
elliptic curve E’ whose corresponding p-invariant is zero. In particular, writing E; to denote the g¢-
torsion points of E, if E, is irreducible as an F4-representation of the absolute Galois group Gg, it is
predicted that the p-invariant of the g-primary Selmer group of E over Qcy. should vanish.

The main question under consideration in the present article can be considered as the non-equal
characteristic version of the conjecture of Greenberg. Let us first introduce some notation that will
be used throughout the article. Let p # ¢ be distinct rational primes, both coprime to 6. Let Qcyc
denote the cyclotomic Zg-extension of Q as before. For an integer n > 0, let Q(,) denote the unique
sub-extension of Qcyc such that [Q,) : Q] = ¢". Let E/Q be an elliptic curve. We write Qg for the
real Néron period of E. In what follows, we use the notation Sel(Epe /Qqyc) to denote the p-primary
Selmer group of an elliptic curve £ over Qcy. and Ep~ is the set of p-power torsions on E; see §2 where
we review its definition.

Let =, denote the set of all Dirichlet characters that factor through Gal(Qcy./Q). Note that these
characters are even since Qcy. is totally real. Given a Gal(Qcyc/Q)-module M and x € =, following the
notation introduced in [Kat04, p. 235], we write MX = {x € M : I,-x = 0}, where I, C Z[Gal(Qcy./Q)]
is the kernel of the ring homomorphism Z[Gal(Qcy./Q)] — Q induced by x. Note that if y and x’ are
two characters of order ¢", then I, = I, is the ideal generated by the ¢™-th cyclotomic character in -,
where 7 is a topological generator of Gal(Qcy./Q). In particular, MX = MX

Throughout, we fix an embedding ¢, : Q — @. Let ord, denote the p-adic valuation on @
normalized by ord,(p) = 1. Given a € Q, we write ord, () instead of ord,(.,(c)) for simplicity.

We investigate the validity of the following Non-Equal Characteristic Vanishing (NECV) Conjecture.

NECYV Conjecture. Let E/Q be an elliptic curve, and p, q be two distinct primes coprime to 6. There
exists a Q-isogenous elliptic curve ET (i.e., there is a Q-isogeny from E to EY) such that the following
assertions hold.

L(BY,x,1)
Qg

(i) [Algebraic] We have Sel(E;oo /Qcyc)X =0 for all but finitely many x € Z,.

In [Roh88], D. Rohrlich proved that for almost all x € =, we have L(E, x, 1) # 0, and so the p-adic

L(E,x,1)
Q

E
finite for almost all x € 4. Thus, the NECV Conjecture may be viewed as a refined description of
these arithmetic objects. We make a number of remarks regarding this conjecture.

(i) [Analytic] We have ord, ( > =0 for all but finitely many x € Z,.

valuation of is finite. Consequently, [I[<at04, Corollary 14.3| tells us that Sel(Epe /Qeyc)X is

Remark 1.1. Note that if x and x’ are two characters in =, of the same order, then

L(E", x,1 L(ET, X/, 1 :
ord, <(Q’X’)> = ord, ((Q’X’)> and Sel(E;oo [ Qeye)X = Sel(E;:oo /Qeye)X
Bt Bt

since ET is defined over Q. In other words, both the analytic and algebraic assertions of the NECV
Conjecture only depend on the order of x, rather than x itself.

Remark 1.2. In the case where E), is an irreducible representation of Gg, we expect that E itself satisfies
the properties asserted. This is because the degree of a Q-isogeny ¢ : E — ET has to be coprime to p.
Consequently,

L(E,x, 1 L(ET, x, 1
Ordp ((S)j;)) = Ordp <(S2Ei<)> and Sel(Epoo /QCyc) =~ Sel(E;‘” /Qcyc).

Remark 1.3. In [Gre99b, Proposition 5.11], it is stated that the p-primary Selmer group of an elliptic
curve E/Q over the cyclotomic Zg-extension of Q is of the form (Q,/Z,)"  (a finite group) if it has good
ordinary or multiplicative reduction at p > 3 and Fp~ contains a Gg-invariant subgroup ® of order p
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which is either ramified at p and even or unramified at p and odd. This implies that the algebraic NECV
Conjecture holds for such curves. As a detailed proof is not provided in loc. cit., we have included one
in this article for the reader’s convenience; see Theorem 4.2.

Remark 1.4. Since p # ¢, the restriction and corestriction maps on cohomology induce a split short
exact sequence

00— Sel(Epoo /Q(n)) — Sel(Epoo /Q(m)) — Sel(Epoo /Q(m))/Sel(Epoo /Q ) — 0
for all m > n. In other words, Sel(Ep~/Q(,)) is a direct summand of Sel(E,~/Q(;,)). Furthermore,

the restriction map induces an isomorphism Sel(Epe /Q(y,)) = Sel(Epee /Q () ¢ Qem /) see [LPP24,
Lemma 3.13|. As Z,[Gal(Q(,,4+1)/Q)]-representations, we have the following decomposition

Sel(Epe /Qeni1)) = Sel(Epee /Qpny 1)) E @t /Qm) @ Sel(Epeo /Qnp1)),

where x is any character of =, of order ¢"*'. Therefore, the condition that Sel(Epe/Qcyc)X = 0
for all but finitely many x € =, is equivalent to saying that there exists an integer ng such that the
restriction map Sel(Ep~/Q(ng)) —+ Sel(Epec /Q(ry41n)) is an isomorphism for all n > 0. Note that this
is also equivalent to Sel(Epe/Q(y,)) =~ Sel(Epe/Qcyc). We show in Lemma 2.4 that the assertion
Sel(Eps /Qqyc)X = 0 for all but finitely many x € Z, is equivalent to Sel(Epe /Qqyc) being cofinitely
generated over Z,.

Definition 1.5. Let (My)n>0 be a direct system of Gal(Qcyc/Q)-modules. We say that M,, stabilizes
if there exists ng such that the connecting maps of the direct system induce an isomorphism My, ~ M,,
for alln > ng.

In view of this definition and the discussion in Remark 1.4, we may rephrase to say that the algebraic
NECYV Conjecture predicts that the Selmer group Sel(E;oo /Q(n)) stabilizes.

Remark 1.6. It is well-known by the results of K. Kato [Kat04] and D. Rohrlich [Roh88] (see for
example [Gre99a, Theorem 1.4]) that for an elliptic curve E/Q, its Mordell-Weil rank is bounded in
the cyclotomic Zg-extension of Q. Therefore, if we assume the finiteness of II(£/Q(,))[p>] for all n,
the algebraic NECV Conjecture predicts that there exists a curve in the Q-isogeny class of E such that
these groups stabilize as n — oo.

Furthermore, [DD15, Theorem 1.1] gives an explicit formula that relates the size of the p-primary
part of the Shafarevich—Tate groups of Q-isogenous curves in terms of their periods and Tamagawa
numbers. More precisely, if E and ET are Q-isogenous, there exists an integer v such that

(1.1) ord, H_I(E/@(n))[poo]‘ ~ ord, ‘I_H(ET/Q( lp \ = ord, (%E ) "+ v

for n > 0. Therefore, we expect that the curve ET, for which the stabilization of Shafarevich-Tate
groups is predicted to occur, is the minimal curve in the isogeny class (in the sense of G. Stevens
[Ste89]). This is in direct analogy with Greenberg’s u = 0 conjecture in the equal-characteristic setting.
Furthermore, combined with (1.1), we have

Q
ordy, UI(E/Q(n))[P"O}‘ = ord,, <QEET> " +v
for n > 0.

Remark 1.7. We point out that the algebraic and analytic parts of the NECV Conjecture are intimately
related to each other. Indeed, if we assume that p does not divide the Tamagawa number of Ef /Qn)
and the size of its torsion subgroup, then the equivariant Birch and Swinnerton-Dyer conjecture predicts
L(BY,x,1)

Qg+

If F has good reduction at both p and ¢, this equivalence follows from the classical Iwasawa Main
Conjecture (or from its plus/minus variant when p is supersingular) over the cyclotomic Z,-extension
of Q for the modular form associated with E twisted by X, combined with the control theorem. Under

that ord, = 0 if and only if Sel(E;Eao /Qcyc)X =0 for x € =,.
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certain hypotheses on the p-adic representation attached to E, the Iwasawa Main Conjecture is known
from the works of [Rub91, Kat04, SUI4, PR04, BSTW24, Spr24, CCSS18].

1.1. Main Results. We now discuss the main results of this article and a sketch of their proofs.

1.1.1. Transferability. We prove the equivalence of the NECV Conjecture (under mild hypotheses) when
there are two elliptic curves E and E’ with isomorphic Galois representations modulo p. More precisely,

Theorem A (Theorems 3.2 and 3.3). Let E and E’ be elliptic curves defined over Q with isomorphic
Galois representations modulo p, where p is an odd prime.

(i) Suppose that E and E’ have semi-stable reduction at p, and that their mod p representations
are irreducible. The analytic NECV Conjecture holds for E if and only if it holds for E'.

(i) Suppose that p is a prime of good reduction for E and E’. The algebraic NECV Conjecture
holds for E if and only if it holds for E'.

Let f and g be the modular forms associated with E and E’, respectively. Let ¥ be a finite set of
primes containing the primes of bad reduction of E and E’. To prove the transferability of the analytic
NECYV Conjecture in Theorem 3.2, we show that it suffices to prove the result for the X-depleted modular
forms f*, g%, which satisfy the additional property that f> = ¢ mod p under our assumption. We
L% x1) 0 Lle™x01)

then appeal to results of [Vat99, GV00], which show that O
E B

are congruent

modulo p for x € E,.
The proof of the transferability of the algebraic NECV Conjecture relies on working with certain
imprimitive Selmer groups, which satisfy

Sel™ (Ep, Qem)) = Sel™ (B, Q)
under our hypothesis E, ~ Ezln' Using Proposition 2.8, we prove that the growth stabilization of
Sel(Epe /Q(ny) is equivalent to that of Sel® (Ep, Qny), and similarly for E’. This allows us to complete
the proof of part (ii) of Theorem A.

Theorem A is inspired by the work of R. Greenberg—V. Vatsal [GV00] on p-invariants when p = q.
One key difference is that we work with Bloch—-Kato Selmer groups (and their imprimitive versions).
This provides the flexibility of treating the local conditions at p from a more representation-theoretic
viewpoint. One might ask whether the results on A-invariants in the aforementioned work extend to the
non-equal characteristic case. However, the results of [BL26] on the algebraic structure of Z,[Z,] show
that no such invariant can exist. Indeed, the characteristic ideals of modules over this ring are given by
infinite sequences of powers of p. The NECV Conjecture predicts that, in the context of elliptic curves,
the relevant characteristic ideals should correspond to sequences that are eventually constant.

1.1.2. Reducible case. In the case where E), is reducible, we mentioned in Remark 1.3 that the alge-
braic NECV Conjecture holds under certain hypotheses. We prove the analytic analogue of this result.

Theorem B (Theorem 4.1). Let E/Q be an elliptic curve and p be an odd prime of semi-stable reduc-
tion. Suppose that there is an exact sequence of Gg-modules

(1.2) 00— —FE, —¥—0,

where ®, W are viewed as sub-quotient of the Gg-module Ey, as well as characters ®,V : Gg — F, such

that U is odd and unramified at p. If E is optimal in its isogeny class for the modular parametrization
L(E,x,1
7 : X1(Ng) = E, then ord, <(Q’X’)> =0 for all but finitely many x € Z,.
E

Here, our approach is once again inspired by the work of [GV00] in the case of equal characteristic.
Our assumption on £, allows us to show that the modified L-function associated with E is congruent to
a product of two modified L-functions associated with Dirichlet characters. The non-vanishing modulo
p of special values of these L-functions follows from the work of Sinnott [Sin87a].

As alluded to in Remark 1.3, we reproduce a proof of the algebraic NECV Conjecture assuming
(1.2). We relate the imprimitive Selmer group of E, to the imprimitive Selmer groups of ® and V.



These Selmer groups can be reinterpreted in terms of class groups, whose growth stabilization follows
from the work of Washington and Sinnott on class groups. Note that without the hypothesis on ¥
being odd and unramified at p, the Selmer groups do not stabilize. Indeed, we can relate them to
certain class groups and unit groups of (explicit) number fields. When ¢ is an even character, the
growth of these unit groups is unbounded in the tower; see Theorem 4.3. This does not violate the
NECYV Conjecture as there may exist a Q-isogenous curve for which stabilization still holds. In fact, our
hypotheses on Ej, imply that F is not the minimal curve in its isogeny class. Therefore, it is expected
that [III(E/Q(y))[p>]| is unbounded as n — oo in light of the discussion in Remark 1.6.

1.1.3. Elliptic curves with complex multiplication. Finally, we prove that the NECV Conjecture holds
in the case of CM elliptic curves.

Theorem C (Corollary 5.15 and Theorem 5.18). Let E/Q be an elliptic curve with complex multiplica-
tion by the ring of integers of an imaginary quadratic field K. Let p and q be distinct primes > 5 which
are both good ordinary primes for E. Let 1 be the Hecke character attached to E and write | for the
conductor of 1. Suppose that p1 [Z(f) : K|, where Z(m) denotes the ray class field of K of conductor
m. Then

(4) we have ord, (
(7) we have Sel(Epe /Qcyc)X = 0 for all but finitely many x € Eq.

L(gizfl)) =0 for all but finitely many x € Z,.

The proof of this theorem builds on our previous work [KL25]. We generalize the work of [Lam15] by
defining a Qp-valued "elliptic function measure" on Zﬁ, which means that its Fourier transform is given
by the values of a rational function of a CM elliptic curve E evaluated at E e (see Definition 5.3). Let
K be the CM field of E. We work with a specific choice of measure such that its values when evaluated
at finite-order characters of Zg interpolate the L-values of the elliptic curve twisted by Hecke characters
over K of p-power conductor. To prove part (i) of Theorem C, we analyze the p-adic valuations of the
measure when the Hecke character factors through the cyclotomic Z,-extension of K.

Let p be one of the primes of K lying above p. To prove part (ii), we make use of the Iwasawa Main
Conjecture for E over Q) - K(p*°), which was proved by K. Rubin [Rub91]. Combining a control
theorem and part (i), we establish the stabilization of the Selmer group Sel(Ep~/Q,) - K), which in
turn gives the stabilization of Sel(Epe /Q(,,)).

It seems plausible that a comparable line of argument could be used to derive the algebraic NECV
Conjecture from the analytic counterpart by appealing to the Iwasawa Main Conjectures for the cyclo-
tomic Z,-extension of Q(,) in the non-CM setting. In the reducible case, one might expect that, under
suitable hypotheses, Theorem B could be obtained from [Gre99b, Proposition 5.11], and vice versa.
Nevertheless, the arguments we develop in this paper rely on quite different methods that bypass any
use of Iwasawa Main Conjectures, and may be of independent interest.

1.2. Outlook. The questions studied in this paper may be regarded as a first step toward a theory of
non-characteristic Iwasawa theory for elliptic curves. We hope that our results will stimulate further
investigation. For instance, instead of restricting to the cyclotomic Zg-extension of Q, one can pose the
same questions for more general g-adic Lie extensions such as Q(ug~), GL(Z,)-extensions, etc. It is
reasonable to expect that, at the cost of more involved calculations and heavier notation, many of our
results can be generalized to the case of abelian extensions. In the non-abelian setting, however, sub-
stantially more sophisticated tools (for example, techniques from algebraic K-theory) may be required
even to formulate reasonable analogues of our conjectures, in the spirit of the 9ty (G)-conjecture in the
equal characteristic setting. It can also be interesting to study the growth of p-primary Selmer groups
in Hle Zg4,-extensions, where p,q,...,q; are pairwise distinct prime numbers. One may go even one
step further to investigate the extension given by Up’m Q(pn), which would involve studying twists by
all Dirichlet characters whose conductors are coprime to p.

1.3. Organization. Including this introduction, this article consists of five sections. Section 2 is pre-
liminary in nature. We give basic definitions of Selmer groups, record well-known analytic results
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required for our main proofs, and prove algebraic results which are used multiple times for the proofs
of our main theorems. We then prove Theorems A, B, and C in Sections 3, 4, and 5, respectively.
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2. PRELIMINARIES

Fix an algebraic closure Q of Q. An algebraic extension of Q is then regarded as a subfield of this

fixed algebraic closure, Q. Throughout, p and ¢ denote fixed rational odd primes.

2.1. Analytic preliminaries. Let R be any unital commutative ring. We consider the ring of poly-
nomials R[X;Z,] whose elements are polynomials in X with exponents in Z, and coefficients in R.
Therefore, elements of R[X;Z,] are expressions of the form

P(X)= > c.X"
a€Zq
where ¢, = 0 for all but finitely many a € Z,. There is a projection map
ZIX; Zg) — Fp[X;Zg) given by P(X) = > o X" — P(X) = Y X",
a€Zq a€Zq

where the bar denotes the reduction modulo p. o
We introduce the notation 4 (F,) to denote the group of all g-power roots of unity in F,,.

Theorem 2.1. Let P(X) € Z[X;Z,] be such that min{ord,(c,) : a € Z,} = 0. Then P(X) € F,[X;Z,]
has only finitely many zeros in g (Fp).

Proof. This follows directly from [Sin87b, Theorem 2.2]. O
2.2. Algebraic preliminaries.

2.2.1. Bloch-Kato Selmer groups and basic properties. Throughout this subsection, let T ~ Z?d be a
free Z,-module that is equipped with a continuous Gg-action that is unramified outside a finite set of

primes S. Furthermore, we assume that the representation is de Rham at p. We set V =T ® Q,
and A := V/T. Furthermore, we write A, = %T/T C A. All of these modules are equipped with a

continuous natural Gg-action. More generally, if M is a Z,-module, we shall write M, = M|p] and
My~ = U, M[p"].

For every algebraic extension L of QQ, denote by Lg the maximal algebraic extension of L unramified
outside S. We write Gg(L) = Gal(Lg/L), and write S(L) for the set of primes of L above S.

Definition 2.2. Let L be a finite extension of Q.
i) For any place of L and M € {T,V,A}, define H:(L,,M) as the Bloch-Kato subgroup of
f
HY(L,, M) from [BK90, §3].
(i) Define H} (Ly, Ap) to be the pre-image of H}(LU,A) under the natural map
HY(L,, A,) — H'(L,, A).
(#3) For M € {T,V, A, A,}, define the Bloch-Kato Selmer group

HY(L,, M)

Sel(M/L) := ker | H'(Gs(L),. M) — (P HY(L,, M)

veS(L)



(iv) Let ¥ C S\ {p}. Define the non-primitive Bloch-Kato Selmer group as

HY(L,, M)

1®(M/L) :=ker | H' L), M) —s i Skl Bl

Se ( / ) er (GS( )7 ) @ H}(LU,M)
veS(L)\X(L)

Remark 2.3. We recall from [Rub00, Proposition 1.6.8| that H}c (Ly, Epe) coincides with the image of
E(L,) ® Qp/Z, under the Kummer map and the Bloch-Kato Selmer group of E,~ coincides with the
classical definition of the p-primary Selmer group of E.

2.2.2. Relationship between primitive and non-primitive Selmer groups. Observe that if L/Q is an al-
gebraic extension contained in Qg, then for any M € {T,V, A} there exists an exact sequence

HY(L,, M)
1(M/L 1*(M/L) —
0 — Sel(M/L) — Sel*(M/L) EEZBL)Hl(LU,M)

The main (algebraic) result we prove in this section is Proposition 2.8, which is the main ingredient
of our proofs of Theorems A and B. The proof of the proposition relies on the following lemmas.

Lemma 2.4. Let M be a cofinitely generated Z,-module that is equipped with a continuous Z,-linear
action of I' ~ Zq. If x € By, then MX = 0 when the order of x is sufficiently large.
Proof. For an integer n > 1, we write '), = I'?". Consider the submodules
MY c M c M™2 C
in M. As in the discussion in Remark 1.4, we deduce that MT» is a direct summand of MT=+1, and
MUrtt ~ M g MX,
where y is any character of =, of order ¢"™!. Suppose MX = 0 for infinitely many x. Then, M admits
an infinite sequence of submodules
N1 C Ny &Ny C Ny @®Ny® N3 C
As M is cofinitely generated over Z,, the p-rank of M, i.e., r := dimp, M([p], is finite. In particular,

> " dimg, Ny[p] <r
i=1

for all n. Therefore, when n is sufficiently large, we have dimg, N, [p] = 0, and so N,, = 0, which is a
contradiction. Thus, MX = 0 for all but finitely many yx, as desired. (]

We now show that if the p-primary Selmer group stabilizes in the cyclotomic Z4-extension Qcy. of
Q, then the non-primitive p-primary Selmer group stabilizes as well.

Lemma 2.5. Let p,q be distinct odd primes. Let ¥ = S\{p}. Forn >0, the Selmer group Sel(A/Q))
stabilizes in Qeye/Q if and only if Sel” (A/Qqy) stabilizes in Qeyc/Q.

Proof. Since Sel(A/Qy)) is a subgroup of Sel® (A/Qny), if the latter stabilizes, so does the former.

For the converse, assume that Sel(A/Q(,)) stabilizes. It is enough to show that for all v € £(Q(,)),
the quotient H'! (Qy,w,A)/ H} (Q(n),v, A) stabilizes since all rational primes are finitely decomposed in
Qcyc/Q. Recall from [Rub00, Lemma 1.3.5] that

H&r(@(n),va A)/H} (Q(n),v7 A) = W/(FrObU - 1)W7
where W = Alv/(A%) 4y, I, is the inertia group at v, and Frob, is the Frobenius. In particular,
this is a sub-quotient of A, which is cofinitely generated over Z,. Hence, it follows from Lemma 2.4
that the quotient H&Y(Q(n)w,A)/H}(Q(n),v,A) stabilizes as n — oo. Thus, it suffices to show that
HY (Q(n),va A)/H&r((@(n),va A) stabilizes.

It follows from the inflation-restriction exact sequence that there is an injection
Hl (Q(n),va A)/H&r(Q(n),va A) — Hl (Iva A)
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As v { p, there exists a unique subgroup J, of I, such that I,/J, ~ Z,, and J, has profinite order prime
to p. Applying the inflation-restriction exact sequence once more, we deduce that

HY(I,,A) ~ HY(I,/J,, A™).
As I,,/J, is pro-cyclic, we have
HY (1) Ju, A7) = A7 [ (v, = AT,

where 7, is a topological generator of I,,/J,. As before, Lemma 2.4 tells us that this quotient stabilizes,
which concludes the proof. (Il

Next, we relate the growth of Sel™ (A/Q(y)) and its p-torsion part which is denoted by Sel™ (A/Q())p-
Lemma 2.6. Let p,q be distinct odd primes. Let ¥ C S be defined as before. The non-primitive Selmer
group SelE(A/Q(n)) stabilizes in Qcyc/Q if and only if SelZ(A/(@(n))p stabilizes in Qeyc/Q.

Proof. The forward implication is clear. Now, suppose that SelE(A/ Q(n))p stabilizes in Qcyc/Q; equiv-

alently, the p-rank of SelE(A/Q(n)) stabilizes when n > 0. Using an argument identical to [K1.23,
Theorem 5.9], the claim follows. For convenience of the reader, we briefly recall the proof of loc. cit.
As in Remark 1.4, the restriction map induces an isomorphism

Sel™(A/Q(n)) = Sel”(A/Q(n)) @ Sel” (A/Q(n))/Sel™ (A/ Q)

for all m > n. We can write SelE(A/Q(k)) = (Qp/Zy)** & Uy, where Uy, is finite. Let r, denote the

p-rank of Uy. Then the p-rank of SelE(A/Q(k)) is sx + ;. In particular, by assumption s stabilizes as
k increases. When n is sufficiently large, we have s, = s, for all m > n. When this occurs, we have

Up = Un ® Sel™(A/Q(n)) /Sel” (A/Q(n)).-

Furthermore, 7y, also stabilizes. When 7, = r,,, we have Sel”(4/Q(,,)/Sel”(4/Q,) = 0, as desired.
|

The next lemma allows us to compare the p-torsion part of Sel”(A/Qeyc) and Sel™(A,/Qeye)-
Lemma 2.7. Let p,q be distinct odd primes. For n > 0, the kernel and cokernel of the following map
Sel™ (Ap/Q(ny) — Sel™(4/Q(n))p

are finite and bounded independently of n.

Proof. To prove the result, we analyze the following diagram

0 — SBIZ(AP/Q(n)) — Hl(GS(Q(n))aAP) — @H )

plp Q(n)p’ )
- 1 [

A

0 — Sel*(A/Quy)p — H'(Gs(Qum),A)p — ®<Q()P§>
plp e

We start by first considering the short exact sequence

0— A, — AL A—0.

Taking Galois cohomology, we obtain
0— HO(GS(Q(n))aA)/p — HI(GS(Q(n)),AP) — HI(GS(Q(n))a A)P — 0.

The cardinality of HO(GS(Q(n)),A)/p is at most p?, where d is the corank of A. Thus, ker(f,) and
hence ker(s,,) are finite and bounded independently of n. Further, note that coker(f,) = 0 from the
cohomology sequence above.

To bound the cokernel of s,, we show that kerv,, = 0. Let ¢ : Hl(@(n)yp,Ap) — Hl(Q(n)yp,A)
be the natural map. If v, ,(z + H} (Q(ny,p» Ap)) = 0, then ¢(x) € H}(Q(n),p,A), which means that
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T € H}(Q(n)7p7Ap) (as H}(Q(n)m,Ap) is defined as the pre-image of H}(Q(n)yp,A) under ¢). This
completes the proof. |

Proposition 2.8. Let p,q be distinct odd primes. Let ¥ = S\ {p}. Then stabilization of Sel(A/Q))
in Qeyc/Q holds if and only if SelE(Ap/Q(n)) stabilizes in Qcyc/Q.

Proof. The result is obtained by combining Lemmas 2.5, 2.6, and 2.7. O

3. TRANSFERABILITY OF THE NECV CONJECTURE UNDER CONGRUENCES
3.1. Analytic results.

Lemma 3.1. Let ¢ be a prime and x € E4. Let Py(E, x,1) denote the Euler factor of L(E,x,1) at £.
Then for all but finitely many X,
ord, (Pg(E,X, 1)) =0.

Proof. Let us write Q¢(X) € Z[X] such that the Euler factor of L(E, s) at £ is given by Q,(¢~%). Then

Py(E,x,1) = Qe({™x(0)).
Since the polynomial Q¢(¢~'1X) € Z,[X] \ pZ,[X] and x(¢) is a g-power root of unity, it follows from
Theorem 2.1 that for all but finitely many x, we have

ord, (Py(E, x,1)) = ord, (Qg(flx(@)> = 0. O

Theorem 3.2. Let E and E’ be elliptic curves defined over Q with semi-stable reduction at p > 3.
Suppose that E, ~ E]’g as Gg-representations and that E, is irreducible. Then the analytic NECV
Congecture holds for E if and only if it holds for E'.

Proof. Let f and g be the weight-two modular forms associated with E and E’, respectively. Let
¥ be the set of primes that divide the integer NgNg.. Write f> for the modular form such that
an(f¥) = an(f) whenever n is coprime to NgNgs and a,,(f*) = 0 otherwise. Define g% similarly. The
hypothesis £, ~ E;, implies that f¥ =¢* mod p.
It follows from [Vat99, Proposition 1.7] that for all x € =,
L(f> x,1) L(g”,x,1)

T(X) - 27TiQfE = T(X) . QWngz

mod p,
where Qx and {1 x are Vatsal’s canonical periods for f ¥ and g%, respectively.

Let B be a strong Weil curve in the Q-isogeny class of E. Firstly, as explained in [G:V00, Remark 3.4],
the hypothesis that E), is irreducible implies that Qg and Qg+ differ by a p-adic unit. Secondly, it follows
from Theorem 3.2 and Proposition 3.3 in op. cit. that the Manin constant associated with the strong
parametrization 7o : Xo(Ng) — ET is a p-adic unit. This in turn implies that Qg and 27iQ;, where
1y is Vatsal’s canonical period for f, differ by a p-adic unit. Furthermore, the proof of Lemma 3.6
in op. cit. tells us that Qy and Q= also differ by a p-adic unit (even though the lemma is stated for
ordinary primes, the proof relies on the method developed in [Maz78|, which works as long as F is
semi-stable at p). Therefore, we deduce that Qg and Q= differ by a p-adic unit. Analogously, the same
can be said about Qg and Qg=.

Note that the Gauss sum can be eliminated since it is a p-adic unit under the condition that p # q.
Therefore, there exists a p-adic unit u such that

b b
L(anEX7 D) =u- L(gQ;;,(’ D) mod p.

Suppose that E satisfies the analytic NECV Conjecture. Combined with Lemma 3.1, we have

ord, (le)) 0

Qg

for all but finitely many y. In particular, the same is true if we replace f and E by g and E’, respectively.
Applying Lemma 3.1 to E’ implies that the analytic NECV Conjecture holds for E’. |



10 D. KUNDU AND A. LEI

3.2. Algebraic results.

Theorem 3.3. Let E and E' be elliptic curves defined over Q such that E, ~ Ez’j as Gg-representations
and p is an odd prime of good reduction for E and E'. The algebraic NECV Conjecture holds for E if
and only if it holds for E'.

The reason why we assume that p is a prime of good reduction here is that we will appeal to the
theory of Fontaine—Laffaille for crystalline representations, which will allow us to compare the Bloch—
Kato Selmer local conditions for elliptic curves with isomorphic mod p representations. In what follows,
let k be a finite unramified extension of Q,. Write T),(E) to denote the p-adic Tate module of E. Recall
from Definition 2.2 that H(k, E,) is defined as the pre-image of Hj(k, Epe) under the natural map

HY'(k,E,) — H'(k,Ep=). As H}c(k, E,~) and H}c(k, T,(E)) are exact annihilators of each other under

the local Tate pairing on H'(k, Epe) x H'(k,T,(E)) (see [BK90, Proposition 3.8]). We can equally
define Hj(k, Ep) as the image of H;(k, T,,(F)) under the natural map

Hl(kan(E)) - Hl(vap(E)/p) = Hl(k7Ep)'
Furthermore, it is equal to the image of E(k)/p under the Kummer map.

Lemma 3.4. Let E and E' be elliptic curves defined over k with good reduction such that E, ~
E}'7 as Gy-representations. The natural isomorphism Hl(k,Ep) ~ Hl(k,E]’n) iduces an isomorphism
H}(k‘, E,) ~ H}(k, E)).

Proof. Since p is assumed to be odd, the Gj-representations T,,(E) and T,(E’) are crystalline with
Hodge-Tate weights 0 and 1, and k/Q, is a finite unramified extension, the lemma follows from the
theory of J.-M. Fontaine—-G. Laffaille [FL82]; see [IM15, Corollary 4.1.12]. O

Definition 3.5. Set S = {p,q,00}U{f: £ | Ng} U{l: | Ng/}. For ¥ =S\ {p}, define

Sel™(E,/Qn)) = ker | H'(Gs(Qqn)), Ep) — @ H I Q. By) p’ )

where p Tuns over all primes above p.

Proof of Theorem 3.3. Assume that the algebraic NECV Conjecture is true for E. By Proposition 2.8,
it follows that Sel” (Ep/Qqny) stabilizes. Our hypothesis F, ~ F;, and Lemma 3.4 together imply that

SelE(Ep /Qy) =~ SelZ(EI’) /Q(n))- Hence, applying Proposition 2.8 to A = E . allows us to conclude
that the algebraic NECV Conjecture holds for E’. O

4. THE NECV CONJECTURE IN THE REDUCIBLE CASE

In this section, we assume that E, is a reducible Gg-representation and p > 5 is a prime of semi-
stable reduction. It follows that p is a prime of good ordinary or multiplicative reduction. We impose
the following hypotheses, which originate from the work of Greenberg—Vatsal [GV00]:

(red) There is an exact sequence of Gg-modules
0—®—E, —¥—0,

where &, ¥ : Gg — [, are characters such that ¥ is odd and unramified at p.
(opt) FE is optimal in its isogeny class for the modular parametrization 7 : X;(Ng) — E; see [GV00,
p. 50].

We define ® and U as the Z,-valued characters of G that are obtained from composing ® and ¥ with

the Teichmiiller character. We consider the Gg-modules C' = i« @ ¥~ and D = (Q,/Z,) ® ¥. Both
C and D are isomorphic to Q,/Z, as a group; further & = C}, and ¥ = D,,.
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4.1. Analytic results. Let G = > b,q" be the Eisenstein series that satisfies
L(G,s) = L¥ (¥, s)L¥ (I~ 1,5 — 1)
given as in [GV00, p. 58], where ¥y denotes the set of primes dividing Ng.

Theorem 4.1. Let E/Q be an elliptic curve satisfying (red) and (opt). Then the analytic NECV
Conjecture holds in the isogeny class of E.

Proof. It follows from [Vat99, Theorem 2.10] that for all x € =4, we have

L(f>,x,1) L(G,x,1)
27TZ'QfEU QFiQG

T(X) - =7(X)- mod p,
where Q¢ is a p-adic unit. Under (opt), it follows from [GV00, Proposition 3.1 and Lemma 3.6] that
2miQ gz, and Qp differ by a p-adic unit. As before, we can eliminate the Gauss sum 7(X) since p # q.

Thus, we deduce that there exists a p-adic unit u such that

L(f>,x,1 L(G,x,1
(fQEx ) — . (27:; ) mod p
_ . B )L (X, 0)
N 27i
u ~ ~
= — . LE (UL 0)LE (T Ly, 0).
27 (B 1y 1) (U7 X, 0) L™= (¥ x,0)

As both ¥ and y are unramified at p, the Gauss sum 7(¥~'x~1) is a p-adic unit. Furthermore, (red)
says that ¥ is an odd character. Thus, [Sin87a, Theorem 4.1] implies that

ord, (LEO(\irlx*l, 0)LZ0 (F1y, 0)) -0

. L(f>,x,1) .
for all but finitely many x. We deduce that ord, — . | = 0 for all but finitely many .
E
Combined with Lemma 3.1, we conclude that the analytic NECV Conjecture holds for F. O

4.2. Algebraic results. In [Gre99b, Proposition 5.11|, Greenberg provides a sketch that if E/Q is an
elliptic curve with good ordinary or multlphcatlve reduction at p satisfying (red), then Sel(E,e/ QCVC)
is finite, where Qgyc/Q is the cyclotomic Z,-extension. Moreover, Sel(Eps/Qeyc) = (Qp/Z )t X
where t > 0 and U is a finite group. This implies the algebraic NECV Conjecture holds as discussed in
Remark 1.4. We provide a detailed proof here for the reader’s convenience.

Theorem 4.2. Let E/Q be an elliptic curve and p be a prime of semi-stable reduction such that E,
is a reducible Gg-representation satisfying (red). Then the algebraic NECV Conjecture holds for the
isogeny class of E.

Proof. Choose S = S(Q) = {p,q,00} U{{: £| Ng}. Proposition 2.8 asserts that the theorem follows if
we show the stabilization of Sel™ (Ep/Qyy) in the cyclotomic Zg,-tower where ¥ = S\ {p}.

Claim: Stabilization of Sel”(E,/Q,)) follows if Sel*(C,/Q,)) and Sel*(D,/Q,)) stabilize.
Justification: The short exact sequence (1.2) gives rise to the following commutative diagram

(4.1)

HY(Gs(Quy), W) — HYGs(Qu),®) 2 HYGs(Qu) Ep) =  HYGs(Qu), V)
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Clearly, the top row is exact. Since ¥ is an odd character and Q(,) is totally real, we deduce that
H°(G5(Q(n)), ¥) = 0. Moreover, by definition

ker(ovy) = Sel™(®/Qqn),  ker(Br) = Sel™(Ep/Qeny),  ker(vn) = Sel” (¥/Qy)).
Thus, it suffices to show that both Tm(a,,) N Sel™ (Ep/Qy)) and b (Sel” (Ep/Qny)) stabilize. It is clear
from (4.1) that bn(SelZ(Ep/Q(n))) C SelZ(Dp/Q(n)), which we assume stabilizes. Hence, it remains to
study Im(a,) N SelZ(Ep/Q(n)) = Im(ay,) Nker(8,).
Since a,, is injective, we have

Im(a,) Nker(B3,) ~ ker(a,, o av,).

Clearly, ker(«,,) C ker(al, o a,). Further, we have the isomorphism
ker(a), o ay,)/ ker(av,) ~ ker(al,) N Im(ay,).

As ker(av,) is assumed to stabilize, it is enough to show that ker(a),) also stabilizes. The short exact
sequence (1.2) gives the long exact sequence

HO(Q(n)’p, \I/) — Hl((@(n)’p, <I3> — Hl(Q(n)’p,Ep) — e

As HO(Q(H)ﬁp, U) is bounded independently of n, the kernel of H'* (Qy,p, ®) = o' (Q(n),p» Ep) stabilizes.
As the Hodge Tate weight of ¥~1(1) is 1, we have

H( Qe s Zp(¥ 1) (1)) = HN Qe . Zp (¥ 1)(1)).
Therefore, H}(Q(n),p, ®) is given by the image of Hl(Q(n),p7Zp(\iJ_1)(1)) — H*(Q(n),p, ®) induced by

the short exact sequence 0 — Z,(¥~1)(1) — Z,(¥~')(1) — & — 0. By the local Euler characteristic
formula, we deduce that the cardinality of H} (Qn),p- @) is p?" -5, where ¢ is bounded independently
of n. As H}(Q(n)m, Ep) ~ E(Qn),p)/p, its cardinality is also of the form p?" - &', where ¢’ is bounded
independently of n. Thus, we deduce that ker(a!,) stabilizes, concluding the proof of the claim.

Let L be an abelian extension of Q through which the character U factors. Once again, in view of
Proposition 2.8 we know that when A is 1-dimensional (i.e. A is either C' or D), the stabilization of
SelE(Ap/Q(n)) will follow once we show that the growth of Sel(A/Q,)) can be described by the p-part
of the class group of L,,, where L,, is the compositum of Q(,) and L, and control the size of these class
groups in Zg-towers.

Set A = Gal(L, /Qy)), which has order coprime to p. By [Rub00, Proposition 1.6.1], we have

Sel(D/Qny) ~ Homa (Cl(Ly,), Qp/Zy @ (’)5)
Here, C1(L,) denotes the p-part of the class group of L,. On the other hand, by [Rub00, Proposi-
tion 1.6.4], we have a short exact sequence
0— (0F ®Qp/Zy)" — Sel(C/Qpy) — CUL,)Y — 0.

We claim that ((’)Zn)‘i’ is finite, and that there is an isomorphism Sel(C/Qy) ~ Cl(Ln)‘i’. Indeed,
since ¥ is odd, if z € Of, then @(1’) = 2* = 27!, where z* denotes the complex conjugation of z. This
implies that |z| = 1 under any embeddings of L <— C. Thus, Kronecker’s theorem tells us that = is a
root of unity. In particular, ((’)En ® Q, /Zp)‘i’ = 0. Since L,,/Q is abelian, the main result of [Was78]

says that Cl(L,,) stabilizes as n varies over the layers of the cyclotomic Z, extension. Therefore, both
Sel(C/Qyy) and Sel(D/Qy)) stabilize, as desired. O

Theorem 4.3. Let E/Q be an elliptic curve and p be a prime of semi-stable reduction such that E,
admits a short exact sequence of Gg-modules

0— ¢ —E, —¥—0,

where ®,V : Gg — F)5 are characters such that ¥ is even and unramified at p. Then Sel(Eps~/Q(y))
does not stabilize. In fact, the p-rank of Sel(Eps/Qy)) is unbounded as n — oo.
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Proof. The commutative diagram (4.1) in the proof of Theorem 4.2 still applies, with the exception that
H%(G5(Qn)), ¥) is no longer trivial (because now ¥ is an even character), but it is finite and bounded
independently of n. Further, just as before

ker(a,) = Sel”(®/Q(ny),  ker(Bn) = Sel™(E,/Qn)),  ker(v,) = Sel”(¥/Qqn))-

Thus, it suffices to show that Sel(C'/Q,)) has unbounded growth. Recall that [Rub00, Proposition 1.6.4]
gives the short exact sequence

0— (0F ®Qp/Zy)" — Sel(C/Qpy) — CUL,)Y — 0.

As a consequence of Artin’s Induction Theorem and Dirichlet’s Unit Theorem, there is an isomorphism
of Gal(L,,/Q)-modules

07, ®Q~Q[SL,]/Q,
where S;, is the set of infinite places of L,, (see [Tat84, Chapter I, §4.3])'. Thus,

@fn ® Qp/Zp ~ @ (Qp/Zy,)(0)

1#£0€Cal(Ln/Q)
6 even

as Gal(L,/Q)-modules. Since ¥ is an even character, the corank of (0F, ©Qy/ Zy)" is unbounded as
n — 00. g

5. THE CM CASE

In this section, we prove Theorem C, that is, the NECV Conjecture for elliptic curves F/Q with
complex multiplication.

Throughout, if € C, we write 2* for its complex conjugation. Let E/Q be an elliptic curve with
complex multiplication by the ring of integers Ok of an imaginary quadratic field K. Note that K has
class number one. We assume that ¢ > 5 and that E has good ordinary reduction at g. In particular,
g splits into two distinct primes q and q* in Ok. Let ¢ be the Hecke character of infinity type (1,0)
attached to E. Let f denote the conductor of 1. We use the notation Z(m) to denote the ray class field
of K of conductor m. Throughout this section, we assume that p { [Z(f) : K], pOx = pp* with p # p*,
and ged(p, 6¢) = 1.

5.1. Preliminaries. Let K., denote the Z2-extension of K and write 'y = Gal(K/K). For v €

{9,9*}, let K. be the Z,-extension of K given by Ko, N Z(t>°), where Z(t*°) = U Z(x"). Let
n>0

I'. = Gal(K/K). We have a canonical decomposition I'sc = I'y x I'q«. Fix a topological generator 7,

of I'y so that the action of the complex conjugation on I'y, sends vy to v4«. There is an isomorphism

(5.1) oo =T x Tgs =~ (1 + ¢Z,)?,
such that the images of 74 and 74 are given by (14 ¢, 1) and (1,14 ¢), respectively. Given a character
x of ', we shall regard it as a character of (1 + ¢Z,)>.

For the remainder of the article, we fix an isomorphism of the groups § : (g=)?> — Eye. As E

is defined over Q, the complex conjugation induces a canonical isomorphism c : Fge = Egxoc. We
choose ¢ so that §(¢,1) € Eqee, §(1,() € Eg=, and c0 (¢, 1) = 0(1,¢) for all { € pgee.

Definition 5.1. Let Sy be the image of {(¢,C) : ¢ € pg=} under ¢ inside Egoo.

Note that given any P € Ey», there exists a unique element P* € Eq«» such that P g P* € Scyc,
where @ g denotes the group operation on FE.

We can identify E(C) with C/L for some lattice £, which can be chosen to be a fractional ideal of
K. Since E is defined over Q, the lattice £ is furthermore invariant under complex conjugation. Let

1We thank Alex Bartel for pointing this out to us.



14 D. KUNDU AND A. LEI

2 be a generator of q (which exists since K has class number one). We have the following explicit
description of Scy.
Seye ={a2 "+ (a2 ")+ LEC/L:ac L},
Given any = € Ok and s = a2 " + (a2 ")* + L € Scyc, define
z-s:=xa2 "+ (xa27 ") + L.

This defines an inclusion Ox — End(Sqyc) = Zg, which we denote by tcyc. Note that there is a natural
inclusion
End(SCyC) C End(quo) X El’ld(quoo) ~ OK,q X OK,q*~
An element 7 of End(Scyc) can be expressed as (z,2*), where € Ok q and 2* € O g+.
Given an ideal g of Ok, we say that Q is a primitive g-divisible point on E if Q € E[g]\ E[p] for any
h 2 g. When g = q"q*", we shall write ¢" for the ideal q"q*" to simplify the notation. Note that if an
element of Sgy. is of order ¢", then it is a primitive ¢"-division point on F.

Lemma 5.2. Let Q € Scye be an element of order ¢". The cardinality of the Galois orbit
{QU o€ Gal(F/K)}
is > (¢ — 1)2¢*" =V Jwg, where wy denotes the size of jug, i.e., the number of roots of unity in K.

Proof. By definition, () is a primitive ¢"-division point on E. Let @’ be another primitive ¢"-division
point on E. As elements of C/L, there exist 0 € Gal(#Z(¢")/K) and ¢ € ux such that Q' = (Q°
by [K1.25, Lemma 6.7]. Since there are (¢ — 1)2¢*>(»~1) primitive ¢"-division points in FE, the lemma
follows. |

Let k£/Q, be a finite unramified extension containing Q,(Ej,). Set J = k(jq~). Let O denote the
ring of integers of J. Fix a uniformizer 7 of k and let ord, denote the normalized valuation map

ord; : J — Z U {o0}.
Recall the following definitions from [KL.25]:

Definition 5.3. Let o be a J-valued distribution on 72

2» 1€, a is a finitely additive function on the

set of compact open subsets of Z?I with values in J.
(i) Given any c = (c1,¢2) € (Z))?, define oo ¢ to be the distribution given by a o ¢(X) = a(cX)
for all open compact subsets X of Zg‘
(ii) The Fourier transform of « is defined to be

d:/igoo—h]

(C1a<2) — CszydOé(xay)
(z,y)€Z2

(i) Given a finite character x on (Z))?* with values in J, define the Leopoldt I-transform as

L) = [ xda.
Zg
where x is extended to Zg by sending all elements not inside (qu )2 to zero.
(iv) The distribution « is called a measure on Zg if the image of o has bounded values with respect
to ord,.
(v) A J-valued distribution o on Zg is an elliptic function measure with respect to § for the
fized elliptic curve E if there exists a rational function R € J(E) such that for almost all

¢ =(C1,¢2) € (pg=)?,

a(¢) = R(6(Q))-
Note that given any R € J(E), there exists a unique measure o on Zg such that the Fourier
transform & coincides with R o §; see [K1.25, Lemma 3.7].
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(vi) Given R € J(E), if R# 0 and ord,(R(Q)) = n for almost all Q € Ey, define its valuation
ord,(R) to be the integer n. If R =0, set ord;(R) = oo; see [KL25, Lemma 3.5] and [Lam15,
Lemma 3.2].

Lemma 5.4. Let « be a J-valued elliptic function measure on Zg corresponding to a rational function
R. Then o™ = (J¢|(qu)2 is an elliptic function measure on Zg corresponding to

R* :Pi—)R(P)—é Z R(P@EQ)—é Z R(PEBEQ)-qulQ Z R(Pogr Q).
QEE, QEE QEE,

Proof. Let 3 be the elliptic function measure corresponding to R*. It is enough to show that &* = 3.
Let (ChCQ) € Mgoov (x7y) € ng and (u,v) € Hq- Then

ey —g S (G —é S G (G) +qi2 S (G (G =

herwise.
=l oy S, 0 otherwise

{CfC%’ if (z,y) € (Z7),

Let P = 6(C1,¢2), where P € Egos. Given any @ € E,, there exists a unique element (u,v) € M?, such
that P &g Q = 6(C1u, (v). Furthermore, u = 1 (resp. v = 1) if and only if Q € Eq- (resp. Q € Ey).
Thus,

dx((l,@):/ (T ¢3da™ (x,y)

(z,y)€Z]

- / ¢ ¢Ydalz, y)
(z,y)E(Zg )2

/ G- LY G - S @+~ Y (GuGo) | datz,y)
(z,y)€ZZ q q q

UE g VE g U,VE g
1 1 1
=R(P)—- > R(P®eQ)—- > RPOsQ)+—5 > RPoQ)
q QGE,, q QGEq* q QGEq
= B((1,G2),
as desired. 0

Definition 5.5. Let =y denote the set of finite-order characters of I's that factor through Gal(Keyo/K),
where K.y denotes the cyclotomic Zq-extension of K.

Note that =, and Z.y. are not equal as sets, but they can be identified with each other since
Gal(Qeye/Q) ~ Gal(Keye/K). Under the identification I'og ~ (1 + ¢Z,)? given by (5.1), a finite-order
character x of I'o, belongs to Zcy. if and only if x(1 +¢,1) = x(1,1+ q).

5.2. Algebraic Independence. Let [ be a prime ideal of Ok. Let F be the residue field of Ok
modulo . Suppose that F is of characteristic ¢, with ¢ # ¢. Let E/Q be an elliptic curve with complex
multiplication by O, with good reduction at q. Throughout this section, we assume that £ has good
reduction at £ and write £ to denote the base-change of the reduced curve of £ modulo ¢ from F, to F.

Lemma 5.6. Let ®q,..., P, be non-trivial morphisms from E™" =& x ... x & to € of the form
O (P = Y aii(P),
i=1

where o;; € Endp(E) for all 1 <i<n and 1 < j <s. Suppose that the only relation of the kind x®; =
'@y for x,x’ € Endp(€) and t # t', is when x =2’ =0. Ifry,...,rs € F(E) with 22:1 rjo®; =0,
then each r; is a constant function.

Proof. See [Laml5, Proposition 4.4]. |
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In what follows, we consider n = (¢1,¢2) € Ok q X Ok ¢+ as a map
N Seye — Egoo,
P®g P"—— 1P ®g o P*.
We say that 7,7 € Ok q X Ok ¢ are linearly independent over K if
m=2n,z,2 €K = x=2"=0.

Since char(F) # g, there is a natural isomorphism Ege =~ E;eo. In what follows, we shall denote the
image of Scye C Eyee in Eg by the same notation.

Theorem 5.7. Let F be a finite field as above. Let E/F be the reduction of E. Suppose that
ni = (€i1,¢i2) € Orq X Ok q= fori=1,...,s
are such that ny,ny are linearly independent over K for allt £t'. If r1,...,rs € F(E) satisfy
(riom +--+rs0m)(Q) =0 VQ € Seye,
then r1,...,rs are all constant functions.

Proof. We follow closely the argument given in [Lam15, Theorem 4.5]. Let A be a free Og-submodule
of Ok q X Ok g+ of rank n containing 1, ..., 7, with the basis {e1,...,e,}. Write
o n]=[e - en] A,
where A = [a;;] € Maty,xs(Ok). Define for j =1,...,s the morphism
$,;:E" — &

(P)isy — Z ai; By,
i=1

and let R : £ — F be the map given by r; o &1 + -+ - + r; o ;. Furthermore, define
O : Sy — &
Q+— (8:Q)iy.

Then Ro© coincides with 1 on; 4+ - -+ 1z 0ns. In particular, by assumption, the morphism R vanishes
on O(Seye) C E™.

We verify that the morphisms ®q,..., P, satisfy the hypothesis of Lemma 5.6, from which the
theorem follows. Suppose that z®; = z'®y for some z,2’ € Endp(€) = Ok and t # t'. For i € {¢,¢'}
and @ € Sgyc, we have

®; 0 0(Q) = n:(Q)-

Therefore, 21,(Q) = 2'ny (Q) for all Q € Seye. If we write Q = P @ g P*, where P € Egm \ Egm-1 and
P* € Egem \ Egem-1. Then

zei P ®p xei o P* = a'cy 1 P ®p x'cy o P*
(xepy — x'cp 1) P = (2’ cp 2 — wer o) P*.

As Egm N Egrm = 0, this forces g™ and q*™ to divide xe; 1 — @'cp 1 and xey 2 — @'y 2, respectively. As
this holds for arbitrarily large m, we have

/ !
TCi1 — T Cp 1 =T — T cp g =0.

In other words, xn; = 2'ny. Asn; and 7y are linearly independent over K, this implies that x = 2’ = 0,
as desired. m

We now prove a strengthened version of Theorem 5.7.
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Theorem 5.8. Let F be a finite field as above. Let £/F be the reduction of the curve E. Suppose that
ni = (¢i1,¢i2) € Ok g X O g+, @ = 1,...,5 are such that ny and ny are linearly independent over K
for allt #t'. Consider the function

S
R:Zriom:ScyC%F
i=1
where r; € F(E). Then either R has finitely many zeroes or R is identically zero. In the latter case, all
r:’s are constant functions.

Proof. Let d = maxj<,;<s deg(r;) and set

(¢ —1)?

wiq?sd’

Recall from [KL.25, Lemma 4.3] that there exists an integer N such that for all n > N, there are
bi,...,bs € Ok and (ur,us) € Ok q X 0% ¢+ (depending on n) such that

C =

Uq (ulcm — bz) 2 n, Uq* ('UQCLQ — bz) Z n, and NK/Q(bl) <c- q2n

for all i € {1,...,s}. Let R,, be the rational function given by >°7_, 7; 0 b;. Then

deg(R,) < Z d- Ngjg(b;) < sdeg®™ = (q — 122D Jwg

i=1
Suppose that n is large enough so that R(Q) = 0 for some @ € Sy of order ¢”. Define
U Seye — Egoo
Pop P*— u'POpuy ' P,
where P € Eqc and P* € Eg-~. It is clear that u is injective. Let v : u(Scyc) — Seye be the inverse of
u. Then Rov and R, agree on all elements of u(Scyc). In particular, we have
Ru(u(Q)) = Rov(u(Q) = R(Q) = 0.

Since R, is invariant under the action of Gal(K/K) and u(Q) is a primitive ¢"-division point on F,
Lemma 5.2 implies that R,, possesses at least (¢ — 1)2q2("_1) Jwg roots. Consequently, R, is identically
zero. Therefore, R vanishes for all elements of S,y whose orders are at most ¢". Since n can be
arbitrarily large, this implies that R vanishes for all Q) € S¢y., proving the first assertion of the theorem.
The second assertion now follows from Theorem 5.7. |

5.3. Gamma Transforms. As before, let k/Q, be a finite unramified extension containing Q,(Ej,).
Set J = k(g ). The main theorem we prove in this subsection is the following.

Theorem 5.9. Let « be an elliptic function measure for E/k on Zi, which is supported on (Z?)Q, and

which satisfies « ow = « for all w € p%. Let R denote the corresponding rational function given by
Definition 5.3(v) and let n = ord,(R) be given by Definition 5.3(vi). Then, for almost all finite-order
characters x of Ecyc,

ord; (Tw(x)) =n.
To prove Theorem 5.9, we will use the following technical lemma.
Lemma 5.10. Let « be an elliptic function measure as in the statement of Theorem 5.9. Let
LK — fe
¢r— (¢, Q).
Define
B = Z (@on) (144242

n
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where n runs over a set of representatives for ugfl/b(uK) and oo is defined as in Definition 5.5(1).
For each y = (y1,y2) € (1 +qZ4)?/(1 + ¢MZy)?, write

By = 5|y1(HqMZq)Xyz(HqMZq)7

where M > 1 is the integer such that pge Nk = pom. Let x be a finite-order character of Zcyc. Suppose
that there exist integers N > M satisfying

ker (X|(1+qu)><1) = ker (X\lx(prqzq)) = 1+¢¥Mz,.

Let ¢ = (¢,¢) € plee such that CqN =x(1+¢",1) = x(1,1 4+ ¢"). Then Ts(x) € 7O if and only if
By(gyil) e forally € (14 qZy)?.

Proof. This is a special case of [K1.25, Lemma 5.3|, with ¢; = (> and 7 running over a set of represen-
tatives u?rl/L(,uK). We remark that there are two typos in loc. cit.: ¢ = (C1,(2) should be an element
of ,ugoo, not fig, and y should be an element of (1 + qu)z, rather than ,ug_l. (]

Proof of Theorem 5.9. Without loss of generality, we assume that n = ord,(R) = 0. Let 3 be as defined
in the statement of Lemma 5.10, and wg denote the number of elements in px (which is coprime to

p > 3). We have

—Ta() = Ts(x).
K

Recall from [KL25, Lemma 3.5] that if f € O[z,y] is such that the image of f in J(F) is non-zero, then
there exists a unique integer m > 0 satisfying

ord.(f(Q)) >m VQ € Seye \ {0}
with equality holding for almost all @ € Scyc. Therefore, combined with the fact that p{ wg, we have

ord,(Fa(x)) = ord«(I's(x))-

Let us write
Any = a|n1y1(1+qMZq)><772y2(1+qMZq)
for n = (n1,m2) € p2_; and y = (y1,42) € (1+¢Zy)*. Note that oy, is an elliptic function measure since
it is a restriction of a. Now, write Ry, for the rational function on E attached to a,, (meaning that
Gy = Ry, 06 as functions on ,uioo). Moreover, R, takes values in O; see [[X1.25, proof of Lemma 3.7|.
Let Rny denote the function R,, modulo .

Suppose (for the sake of contradiction) that the set of characters x € Zqyc with ord;(I'a(x)) > 0 is
infinite. Equivalently, the set of characters x such that I'g(x) € 7O is infinite. By Lemma 5.10, for each
y = (y1,92) € (1 + qZy)?, we have By(g’fl) e 70 for infinitely many ¢ = (¢, () € pie. Consider the
cyclotomic line Scye € Eyoo = Egoo where the isomorphism follows as p # ¢. From the above discussion,
we have an infinite set of elements @ € Scyc such that

Z Ryyon Q) =0
neps_y/u(pr)

-1

since 3, decomposes into Zn Qg © 1, Where ayy = afpy(14qMz,)2, and we have oy 01(C) = iy (C7 )
(see [Lamlb, p. 616]).

Applying Theorem 5.8, we conclude that R, is a constant function. Let ¢;, denote a constant in O
lifting R,,, and let Jp denote the Dirac measure of Zg concentrated at (0,0). By definition, the Fourier
transform &, sends all e ugm to 1. Therefore, the Fourier transform of the elliptic function measure
Oy — Cpydo takes values in 70O, In particular,

ordy (auy — ¢pydo) > 0.
However, if we restrict the measure oy, — ¢y, o to (Z; )2, it agrees with a,. Thus,
ordy () = ordy(ayy, — cyydo) > 0.
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Now, summing over all coset representatives ny € (Z)?/(1+ ¢ Z4)?, we have

ord, (o) = ord, Zany >0,
ny

which is a contradiction to our hypothesis that ord,(R) = 0. O
5.4. Analytic side.
5.4.1. Review on L-functions. We review basic notions of L-functions attached to Hecke characters.

Definition 5.11. Let § be an integral ideal of K and € a Hecke character of K whose conductor divides
h. The imprimitive L-function of € modulo b is defined as

Ly(e,s)= Y 158))

ged(a,h)=1

The primitive Hecke L-function of € is defined as

Lie,s)= 3 ;fﬁg

uﬂOK

The primitive and imprimitive L-functions defined above only converge on some right half-plane. How-
ever, they have analytic continuations to the entire complex plane.

Recall that ¢ denotes the Hecke character over K attached to £/ with conductor f. Suppose that €
is of the form ¢v), where ¢ is a finite-order character. We define the primitive algebraic Hecke L-value
of 1) as
(alg) (7 L (@@, 1)

L'*e ( ) = ,
e 0
where () is the complex period of F satisfying £ = Q. Ok.

5.4.2. Construction of an elliptic function measure. We review the construction of a rational function
on a CM elliptic curve in [Lam15, §6]. This is a special case of the function constructed in [K1.25, §6],
which captures L-values of a CM character of infinity type (1,0) twisted by a finite-order character of
the Zg—extension.
Let b be an ideal of Ok. As before, we write Z(h) to denote the ray class field of K whose conductor
is h. We fix another ideal a that is coprime to 6fq. Define the rational function (, on F by
1

Ca(P) =] (=(P) — 2(@) ",

Q

where ) runs over a set of representatives of E4 \ {0} (mod =+ 1). There exists a constant c(a) € K*
such that the function

Ya(P) := c(a)Ca(P)
has the property that for all 8 € End(E) with ged(8,a) =1,
Ya(B(P)) = H Ya(P ©E R).
Reker(B)
Define the derivative operator on C(E)* by

D(f) = L log f(2).

Consider the complex analytic isomorphism of complex Lie groups
£(z,£):C/L = E(C) given by &(z,L) = (p(z,L),¢'(2,£)),

where p is the Weierstrass p-function and g’ is the corresponding derivative.
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Let F,, = Z(f¢" ™). Then,
Gal(F,/K) ~ Gal(Z(})/ K) x Gal(F, /().

From now on, we fix a character 0 of Gal(%Z(f)/K) and a primitive f-division point V. For our chosen
ideal a, we define the rational function on F

IO P = Y 0N ) (DY) (P g V7).
TeGal(Z(f)/K)

To simplify the notation, we shall write ¢ = 191(32/. We can associate with ¢ an elliptic function
measure, o on Zg via [KL25, Lemma 3.7]. This a depends on the choice of a, V, and 6 (but we
suppress it from the notation). We further define a* = a|(Z;)2 and write 9% for the rational function

corresponding to a*.
Lemma 5.12. Suppose that a = (\) is such that A ¢ pg, (A, 6pfg) =1, and A=1 mod §. Then
ord, (¥) = ord, (9*) =0.

Proof. By [Laml5, Lemma 6.7], we have ord, (J) = 0. Furthermore, Lemma 6.8 in op. cit. can be
adapted to prove that

> 9P @EQ) = 0(1) (b)Y ((b)P)
QEFEy
for any ideal of O that is coprime to af. Hence, combined with Lemma 5.4, we deduce

9% (P) = 0(P) - éem) $(@) 9((q) P) — éem*)w(q*) I )P) + q%emq*)w(qq*) 9((aq)P)

(see also [Lam14, Lemma 3.1.8]).

We recall from [Lam15, proof of Lemma 6.7] and [Lam14, proof of Theorem 3.1.9] that the poles of
the function f : P — 9(P) mod 7 are precisely elements of the form U &g V™, where U € E, \ {0} and
7 € Gal(Z(f)/K). In particular, there exists a primitive fag-division point P such that f has a pole at
¥(qq*)P and f is regular at P, 1(q)P, and 9(q*)P. Thus, the function

P s F(P) = 20(r) 0l0) FO(@P) = (00 ) 0la") F0(a)P) + —50(raqr) wlaa”) F(w(aa")P)
is non-zero. Hence, ord, (ﬁx) = 0, as desired. ]

Let Foo = U,51 Z(fq"). Under the identification of Gal(Fio/Z(fq)) ~ (1 + qZ4)?, we have:
Lemma 5.13. Let x be a character of Gal(F, /% (fq)). Then

ordy (T (x)) = ordy ((N(a) — d(a)fx(ra)) L (ew)> .

Proof. This is a special case of [KL25, Lemma 6.9]. O

Theorem 5.14. For almost all finite-order characters x of Scyc,
ord, (L<alg> (ew)) —0.

Proof. Suppose that a = () is chosen as in Lemma 5.12. In particular, ord, (19X) = (. After combining
Lemma 5.13 and Theorem 5.9, we deduce

ord, ((N(a) —(a)fx(1a)) L;Zlg) (QX@[J)) =ord, (¥7) =0.
It remains to show that for all but finitely many y, the following holds

ord, (N(a) — 1(a)fx(ra)) = 0.
As in [Lam15, proof of Theorem 6.6], this is equivalent to the following
MN7Y(1e) # x(74) mod 7O.
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This holds whenever x is of order g™, where m > ordq(A?~* — 1) — 1. Thus,
alg) a7
ord, (L§q g)(ew)) -0
for almost all x. A similar argument applied to the Euler factors at primes dividing fg implies that
al R a -
ord, (ng g>(9w)) = ord, <L< 1g>(ex¢))
for almost all x, which concludes the proof. O
We now prove the analytic NECV Conjecture for CM elliptic curves.

Corollary 5.15. Let E/Q be an elliptic curve with complex multiplication by the ring of integers of an

imaginary quadratic field (of class number 1). Let p,q be distinct primes > 5 which are both primes of

L(E,x,1)
Qg

Proof. Recall the definition of the algebraic L-function

L(alg)(m) — %7
where 6 is a finite-order character, 1 is the Hecke character over K attached to F, and x € Scyc.

To prove the analytic NECV Conjecture for CM elliptic curves, it will suffice to compare the periods.
Indeed, recall from [Shi71, (7.8.11) on p. 219] and [CW77, discussion on p. 251] that the Hasse—Weil
L-function of E/Q is equal to Li4(1,s) = Liu(1,s) up to finitely many Euler factors (which do not
vanish at s = 1), and analogously for twists. Thus, combining Lemma 3.1 and Theorem 5.14, we deduce

(5.2) ord, (L“;:j”) —0

good ordinary reduction for E. Then ord, < > = 0 for all but finitely many x € Z,.

for all but finitely many x € E,.

Recall that Q. satisfies £ = Q,,Ok and E(C) = C/L. Thus, if we write O = Z + 7Z, the real and
imaginary Néron periods of E belong to {(Q : ¢ € px} U{(7Q : ¢ € px}. In particular, Q. and
Qg differ by a p-adic unit. Thus, we may replace Q, by Qg in (5.2), as desired. O

5.5. Algebraic side. We closely follow the strategy of [Lam15, Section 7] to prove our main result.

5.5.1. Iwasawa Main Conjecture. Fix an elliptic curve E/Q with complex multiplication by an imagi-
nary quadratic field K, and an odd prime p of good ordinary reduction as before. Let p | p be a prime
of K and set L = K(E,). It follows that Lo, = K(Eye~) is a Zy-extension of L. We write
Ag =Gal(L/K), T'y=Gal(le/L)~Zy, G=Gal(lo/K)~AyxT,.
For n > 0, let K, be the n-th layer of the cyclotomic Z,-extension of K and set
L,=K(E,) and L, . = K;(Ep).
We further write
A, =Gal(L,/K) and G, = Gal(L,/K).

Set K = L, . For each finite extension £ of K¢ contained inside /C, write A(L) for the p-part of
the ideal class group of £, £(£) for the group of global units of £, C(£) for the group of elliptic units
of £, and write U(£) to denote the group of local units of £ ® K, which are congruent to 1 modulo

the primes above p. Further, define £(£) and C(£) as the closures of £(£) NU(L) and C(L) NU(L),
respectively, in U(£). Define

£ £ £ £

where all inverse limits are over finite extensions £/F in K = L, ~, with respect to the norm maps.
We write My for the maximal abelian p-extension of X which is unramified outside the primes above
p and set Xx = Gal(Mx/K). In view of global class field theory, we have the following exact sequence

(5.3) O—)E]c/é)c —>UK/€)C—)XK—>A;C—>O.
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When E has good ordinary reduction at p, then Uy /Cx and Xy are torsion Iwasawa modules. An
argument involving the Euler system of elliptic units is used to show that the (torsion) Iwasawa modules
Ex/Cx and Ax have the same characteristic ideal. Thus,

(R—IMC) charA(L{,g/@,c) = charA(X;c).

Here, A is used to denote the (usual) 1-variable Iwasawa algebra. The above equality is (Rubin’s)
one-variable Iwasawa Main Conjecture for CM elliptic curves.

5.5.2. An auziliary step. We first record a technical result from [Lam15]. Recall that
A, = Gal(L,/K) ~ Gal(K;,/K) x Gal(L,,/K;) ~ H, x Ay,

where H,, = Gal(K},/K) >~ Z/q"Z. Any character g of A, is of the form ¢ = x0, where X is a character
of H, (which is identified with a finite-order character of Z.y.) and 6, is the character of Ag induced
by its action on Fy, and r is a residue class modulo p — 1.

Let © (resp. ®,,) denote the decomposition subgroup at p inside G (resp. G,,). Write 3 to denote the
prime above p in L. Note that e (Loo ) = ppm where m can be made precise (but is not required
for our purposes). When m > 1, we say that F/K is anomalous at p. Since p t [L : K], the action of
Ao ND on pym gives a Zy-valued character

Ocyc* AVIREY — Kp—1 CZ;.

Theorem 5.16. Suppose that o = x0, is a character of A,, = Hy, x Ag. When E/K, is anomalous at
p, assume further that o|a, no, 7 Ocyc. Then

ord, ((N(@) = v(@x(ra)) Lig® (@) = 0 = Cp o = Uf oo
Proof. This is [Lam15, Theorem 7.7]. |

5.5.3. Application. Fix an integer N > 0 and let n > N. Instead of writing YVr, we will use the

notation Y, «, where Y € {X,U,C}.

n,oc0

Theorem 5.17. There exists an integer N > 0 such that X,, oo = Xn o0 for alln > N.

Proof. The proof strategy we employ here is the same as [Lam15, Theorem 7.8]. We provide only a
sketch of the proof that highlights the key differences.

Claim: To prove the theorem, it suffices to show that there exists N > 0 such that for all n > N,
Un.oo/Crco = UN.00/CN co-
Justification: Indeed, once we prove the above equality, it follows from (R-IMC) that for all n > N
chara (X, o) = chara (X n,c0)-

Consider the (surjective) restriction map mp v : Xp,oco = XN,00- Since chary is multiplicative in exact
sequences, it forces the kernel of 7, n to be a finite A(G,)-module. Thus, ker(m, n) must in fact be
trivial as X,, o has no non-trivial finite A(G, )-submodules; see [Gre78, Theorem 1]. This shows the
desired equality in the theorem, thereby proving the claim.

Choose A as before so that a = (A). Fix ng > 0 such that E/K,, is anomalous at p. From now on,
assume that n > ng. Recall that the number of characters of A,, satisfying

Q|Anﬂ©n = Ocyc
is a constant (independent of n) when n >> 0. Thus, there exists an integer N such that for all n > N,
the characters p of A,, satisfying the above condition must factor through Ay. In other words, it follows
from Theorem 5.16 that there exists N > 0 such that for all n > N, all characters ¢ of A,, that do not
factor through Ay satisfy

éi,oo = ug,oo
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Set Oy, as the ring of integers of the completion of Q;". We have the decomposition
Z/[n,oo/én,oo@ZpOur = @ (un,oo/én,oo)g'
QEE

Moreover, Un oo /@N,OOQA@ZP Oy, is the direct sum of the g-components that factor through the restriction
map A,, — Ay. This completes the proof. a

The main result we prove in this section is the following theorem on the algebraic NECV Conjecture
for CM curves.

Theorem 5.18. There exists an integer m > 0 such that, for all n > m, the restriction map

is an isomorphism. In particular, there exists m > 0 such that Sel(Epe /Qn)) = Sel(Ep~ /Q(y,)) for all
n>m.

Proof. We first recall a result of J. Coates (see [Coa83, Theorem 12]), which allows us to relate the
Galois module X, o to the Selmer group Sel(Eyo /L, « ); more precisely

Sel(Epoe /L) ~ Hom(X,, o, Eyee) for all n > 0.

Set Sel(Eyp~/K¢) = ker (Hl(Kg,Epoo) > Loy H (K E)poo) and define Sel'(Epe /Ly ) simi-

n,v?

larly. It follows from [Coa83, Lemma 8 and Theorem 9| that
Sel'(Epee /K&) = Sel' (Byoo / Ly o0 ) S8 Em2/ K0) = Sel(Byoo | Ly, o) G2 Emoe/ K5,
Since p = pp*, we can write
Sel(Ep/K,,) = Sel(Ey /K;,) ® Sel(Ey« /| K,).
Claim: Fix N as in Theorem 5.17. Then,
Sel(Epe /K.) ~ Sel(Epe /KY) for all n > N.
Justification: Consider the commutative diagram
0 — Sel(Bp/K;) — Sel'(Bpee/Kf) — [l H' (Kpu E)p=
| | §
0 — Sel(Ep~/KS) — Sel'(EBpe/KS) — Hv‘p HY (KN, E)peo.
Since X;, .o = XnN,00 for all n > N by Theorem 5.17, it follows from the above discussion that f is an
isomorphism. In particular, s is injective. Using the inflation-restriction exact sequence and the fact
that p # ¢, we deduce that ker() is trivial. Applying a snake lemma argument, we conclude that s is
surjective. This proves the claim.
The same argument implies that there exists an integer N’ such that
Sel(Ep+e /K¢) =~ Sel(Ep+ /K3 for all n > N'.
Setting m = max{N, N’} gives
Sel( By /K5,) ~ Sel By /KY)
for all n > m. The final assertion of the theorem follows from the decomposition
Sel(Byee /K5 = Sel( By /Q(r)) @ Sel( EL. /Qy),

where E¥ is the quadratic twist of E over K. O
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