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1. Introduction
My primary research is on the Iwasawa theory of elliptic curves. I use tools from Galois cohomology, module theory,
algebraic and analytic number theory, and arithmetic statistics to answer questions on the structure and growth of
Selmer groups, ne Selmer groups, and class groups in innite (and nite) eld extensions.

Organization: In 2, basic denitions and notations are introduced.
questions of ne Selmer groups. These results indicate that the ne

In 3, I discuss some of my results on growth
Selmer group interpolates between the class

group and the Selmer group. In 4, I explain some of my results which lie at the intersection of arithmetic statistics
and Iwasawa theory.

2. Basic Definitions and Notations

p be a xed prime. Consider the cyclotomic Zp -extension of Q, denoted by Qcyc . Set Γ := Gal(Qcyc /Q) ≃ Zp .
n
Iwasawa algebra Λ = Λ(Γ) is the completed group algebra Zp JΓK := limn Zp [Γ/Γp ]. Fix a topological generator
←−
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t
X
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3. Research Focus I: Fine Selmer Groups
The notion of

ne Selmer group

was formally introduced by J. Coates and R. Sujatha in [4] even though it had been

studied by K. Rubin [35] and B. Perrin-Riou [32, 33], under various guises in the late 80's and early 90's. This is a
subgroup of the classical Selmer group obtained by imposing stronger vanishing conditions at primes above

p

(the

precise denition is reviewed in 3.1 below). A deep result of K. Kato shows that the ne Selmer group of an elliptic
regardless of whether the elliptic curve

E/Q

is ordinary at

p

Qcyc

that is

true for classical Selmer groups. The ne Selmer group is a fundamental object in the study of Iwasawa

not

is always

Λ-cotorsion,

curve over

or not, a fact

theory and plays a crucial role in the reformulation of the Iwasawa Main Conjecture for elliptic curves without

L-functions

(see [14, Conjecture 12.10] and [41, Conjecture 7]).

p-adic

2
3.1.

Denition of ne Selmer groups.

Fix a nite set

S

of primes of

Suppose

containing

p,

F

E/F is a xed elliptic curve.
E , as well as the archimedean

is a number eld. Throughout,

the primes dividing the conductor of

 F unramied outside S . For every (possibly innite)
FS , write GS (L) = Gal FS /L . Write S (L) for the set of primes of L above S . If L is
a nite extension of F and w is a place of L, write Lw for its completion at w ; when L/F is innite, it is the union
of completions of all nite sub-extensions of L.
primes.

Denote by

extension

L/F

Denition.

FS ,

F

the maximal algebraic extension of

contained in

Let

L/F

p-primary ne Selmer group of E over L

M


GS (L) , E[p∞ ] →
H 1 Lv , E[p∞ ]  .

be an algebraic extension. The


Sel0 (E/L) = ker H 1

is dened as

v∈S
Similarly, the

p-ne Selmer group of E

over

L is


dened as

Sel0 (E[p]/L) = ker H 1


M


GS (L) , E[p] →
H 1 Lv , E[p]  .
v∈S

Equivalently, the
conditions at

v|p.

p-primary

ne Selmer group is a subgroup of the classical Selmer group with additional vanishing

More precisely,

M


0 → Sel0 E/F → Sel E/F →
E(Fv ) ⊗ Qp /Zp .
v|p
It is easy to observe that if

F∞ /F

is an innite extension,




Sel0 E/F∞ = lim Sel0 E/L ,
−→
L



Sel0 E[p]/F∞ = lim Sel0 E[p]/L ,
−→
L

where the inductive limits are taken with respect to the restriction maps and
contained in

3.2.

µ = 0

L

runs over all nite extensions of

F

F∞ .

Conjecture for ne Selmer groups.

In [30], B. Mazur initiated the study of Iwasawa theory of

Zp -extension Qcyc /Q, when the Selmer group is
Λ-cotorsion (i.e., at an odd prime p of good ordinary reduction), he constructed examples of elliptic curves where the
µ-invariant of the Selmer group is positive. Thus, providing evidence that class groups and Selmer groups often dier
in growth behaviour in innite extensions. On the other hand, when E/F is an elliptic curve with good ordinary
reduction at p and the residual Galois representation ρ : Gal(F /F ) → GL(Fp ) is irreducible, R. Greenberg has
conjectured that the associated µ-invariant of the Selmer group over Fcyc is trivial (see [8, Conjecture 1.11]).
classical Selmer groups of elliptic curves. Even over the cyclotomic

Motivated by the

classical Iwasawa µ = 0 conjecture

for the

cyclotomic Zp -extension

and the observation that the

growth behaviour of the ne Selmer group parallels that of the class group [4, Lemma 3.8], CoatesSujatha formulated
the following conjecture. Henceforth, this will be referred to as

Conjecture A.

Conjecture ([4, Conjecture A]). Let p be an odd prime and E/F be an elliptic curve. Over Fcyc /F , the ne Selmer
group Sel0 (E/Fcyc ) is a conitely generated Zp -module. Equivalently, Sel0 (E/Fcyc ) is Λ-cotorsion and the associated
µ-invariant, denoted by µfine (E/Fcyc ), is 0.
Much of my research has been driven by trying to understand this conjecture. Even though we are far from proving
this conjecture in full generality, I have made some modest contributions towards this (see Corollary 4.3). In my
doctoral thesis, I provided a large class of examples where the conjecture is true (see [19]). More precisely,

Theorem 3.1.

Let E be a rank 0 elliptic curve dened over the number eld, F . Assume niteness of the ShafarevichTate group. Then, for density 1 primes of good ordinary reduction the p-part of the Selmer group (hence p-part of
the ne Selmer group) is trivial over Fcyc . In particular, Conjecture A holds for density 1 good ordinary primes.
I have now extended this result to higher rank elliptic curves and primes of good supersingular reduction (see 4).

3.3.

Close relationship with class groups.

In [28], M.F. Lim and V.K. Murty showed for the rst time that the

class groups of number elds and ne Selmer groups are closely related in some nite extensions of number elds
and in

Zp -extensions

(other than the cyclotomic one) where primes are nitely decomposed.

3
3.3.1.

Arbitrarily large µ-invariant.

p-adic

analytic extensions, and other

In my doctoral thesis, I explored similar questions in

p-adic

Z/pZ-extensions,

non

Lie extensions. A particular question I was interested in studying was

p-adic Lie extensions
are not nitely decomposed. K. Iwasawa had shown in [13] the existence of Zp -extensions of certain
number elds where the classical µ-invariant can be made arbitrarily large. In [17], I proved that an analogous result
holds for ne Selmer groups by comparing p-ranks of ne Selmer groups and class groups in towers of number elds,
and observing that the µ-invariant is closely related to the p-rank. More precisely,
whether the growth properties of ne Selmer groups mimics that of class groups even in those

where primes

Theorem 3.2.

Let F = Q(ζp ) be the cyclotomic eld of p-th roots of unity for p > 2. Let E/F be an elliptic curve
such that E(F )[p] ̸= 0. Given an integer N ≥ 1, there exists a cyclic Galois extension L/F of degree p and a
non-cyclotomic Zp -extension L∞ /L such that µfine (E/L∞ ) ≥ N .
In [18], I

developed a strategy

to show that the (generalized)

in extensions where the (generalized)

µ-invariant

µ-invariant of ne Selmer groups can be arbitrarily large

associated to the class group is arbitrarily large. Using results of

explicit examples of commutative and non-commutative p-adic
µ-invariant of ne Selmer groups. A striking feature in all these

[10], I provided

Lie extensions with arbitrarily large

(generalized)

examples is that there are innitely

many primes which are innitely decomposed in these extensions. This raises the following question:

Question 3.3.
Iwasawa

Should one expect that for any

µ-invariant

Zp -extension,

where primes are nitely decomposed the classical

extension where primes are nitely decomposed, is the (generalized)
3.3.2.

F∞ /F is a
µ-invariant trivial?

(i.e., associated to class groups) is 0? More generally, if

Anticyclotomic Zp -extension.

Zp -extension, K ac , of
mod-p representation

In [29, Conjecture B], A. Matar extended Conjecture A to the

an imaginary quadratic eld,
of

E

is

(uniform) pro-p

irreducible.

K.

p-adic

Lie

anticyclotomic

He provided computational evidence for the same when the

In contrast, when the residual representation in

reducible,

I proved the

following result in [22] which again underlines the relationship between class groups and ne Selmer groups.

Theorem 3.4.

Let E be an elliptic curve dened over an imaginary quadratic eld K . Assume that

(i) E(K)[p] ̸= 0 and
(ii) the Heegner hypothesis is satised.
Then the classical (anticyclotomic) Iwasawa µ-invariant, µ(K ac /K) = 0 if and only if Sel0 (E/K ac ) is a cotorsion
Λ-module with µfine (E/K ac ) = 0.
p ̸= q

Iwasawa theory.

p and q , the p-part of
cyclotomic Zq -extension of an abelian number eld. These results were extended
by J. Lamplugh in [25] to other Zq -extensions where primes are nitely decomposed. More precisely, if p, q are
distinct primes ≥ 5 that split in an imaginary quadratic eld K of class number 1 and F/K is a prime-to-p abelian
extension which is unramied at p, then the p-class group stabilizes in the Zq -extension of F which is unramied
outside precisely one of the primes above q . Using a theorem of H. Hida on the non-vanishing modulo p of algebraic
L-functions, I have extended these results to a class of anticyclotomic Zp -extensions in joint work with A. Lei [20].
3.3.3.

In [39, 40], L.C. Washington proved that for distinct primes

the class number stabilizes in the

Theorem 3.5.

Let K be an imaginary quadratic eld of class number 1. Let p and q be distinct primes (≥ 5) which
split in K . Let g be a xed ideal of OK coprime to p such that g is a product of split primes which precisely divide
the conductor of an elliptic curve over K with complex multiplication by OK . Let F = R(gq) be the ray class eld
of conductor gq and R(gq ∞ )ac /F be the anticyclotomic Zq -extension. Then, there exists a positive integer N such
that ordp (h(Fn )) = ordp (h(FN )) for all n ≥ N , where Fn is the n-th layer of the anticyclotomic Zq -extension.
Even in this

p ̸= q

setting, it is possible to relate the growth of the

Selmer group of a xed elliptic curve

E

over a

Zq -tower.

p-part

of the class group to the

p-part

of ne

More precisely,

Theorem 3.6.

Let p and q be distinct odd primes. Let F be any number eld and E/F be an elliptic curve such
that E(F )[p] ̸= 0. Let F∞ /F be any Zq -extension such that the primes above q and the primes of bad reduction
of E are nitely decomposed. If there exists N ≫ 0 such that ordp (h(Fn )) = ordp (h(FN )) for all n ≥ N , then
Sel0 (E/Fn ) = Sel0 (E/FN ).
In particular, the above theorem applies to the setting studied by Washington [39, 40].
3.4.

Close relationship with classical Selmer groups.

Since the ne Selmer group is a subgroup of the classical

Selmer group, unsurprisingly these two arithmetic objects often show some similarity in their growth behaviour.

4

Control Theorems.

classical

Sel(E/Fcyc ) is Λ-cotorsion,
Control Theorem, he veried the
conjecture when Sel(E/F ) is nite. This condition is satised precisely when the ShafarevichTate group over F is
nite and the elliptic curve E/F has MordellWeil rank 0. Till date, this conjecture is known only when E is an
elliptic curve over Q and F is an abelian extension of Q; see [14].
3.4.1.

In [30], Mazur conjectured that the

and also provided the rst theoretical evidence towards the same.

Via the

Iwasawa Main Conjecture,

the Selmer group

Sel(E/Fcyc )

Selmer group

Using the

can be related to a

Mazur's Control Theorem provides a channel to extract information on

Sel(E/F )

p-adic L-function.

Therefore,

from the main conjecture thereby

providing an invaluable approach towards studying the Birch and Swinnerton-Dyer Conjecture (see [14, 34, 38]). The
Control Theorem connects the Selmer groups at the nite layers with that over the innite tower, allowing one to
deduce properties of this arithmetic object over the innite tower from those at the nite layers, and vice versa.
In joint work with M.F. Lim [21], I proved Control Theorems for ne Selmer groups. More precisely,
(a) established estimates on the

Zp -coranks

of the kernel and cokernel of the restriction maps

rF∞ /F ′ : Sel0 (E/F ′ ) −→ Sel0 (E/F∞ )Gal(F∞ /F
p-adic

for a

Lie extension

F∞ /F

with intermediate sub-elds

(b) showed how the module theoretic structure of
in intermediate sub-elds

F

′

Sel0 (E/F∞ )

F ′ /F .

determines the growth of

p-adic

Lie extensions:

extensions, and the trivializing extension obtained by adjoining to

E.

nite,

Fine Selmer groups and duality.

Λ-modules

Zp -coranks

of

Sel0 (E/F ′ )

F

all the

Zdp -extensions, multi-false-Tate
p-power division points of the

In each of these cases, it is possible to show (under appropriate assumptions) that the kernel

and cokernel of the restriction map are
3.4.2.

)

.

(c) obtained sharper results by specializing to three cases of
elliptic curve,

′

are pseudo-isomorphic.

and also establish growth estimates for their orders.

In [7], Greenberg established a criteria for when two nitely generated

This result has been used to show that the Selmer groups of ordinary (resp.

non-ordinary) representations satisfy a functional equation in [7] (resp. [15, 1, 26]). A key ingredient in all these

exact annihilator of each other. Unfortunately, this is not true
p are trivial. In joint work with J. Hatley, A. Lei,
and J. Ray [11], I investigated the link between ne Selmer groups of weight k modular forms and its dual. More
precisely, let f be a weight k(≥ 2) modular form and f be the conjugate modular form. Then,

works is that the local Selmer conditions at

p

are

in the case of ne Selmer groups, since the local conditions at

(a) for an integer

i,

several control theorems were proven for the ne Selmer groups of

f (i)

and

f (k − i).

(b) via global duality and global Euler characteristic formulae, it could be shown that the criteria established by
Greenberg can be reinterpreted in terms of growth conditions on the localization maps.
(c) under hypotheses which could be veried computationally, using the control theorems it was shown that the
growth conditions on certain localization maps suce to study the relation between the ne Selmer groups of

f (i)

and

f (k − i)

are satised, the

over Qcyc /Q. In particular, if certain naturally arising
µ-invariants of Sel0 (f (i)/Qcyc ) and Sel0 (f (k − i)/Qcyc )

growth conditions of localization maps
are equal.

4. Research Focus II: Arithmetic Statistics and Iwasawa Theory
In a series of articles (with collaborators), I am exploring questions at the intersection of arithmetic statistics and
Iwasawa theory. The main goal is to understand the variation of the Iwasawa invariants as the triple
such that

E/F

has good reduction at

Question 4.1.

(iii)

(E, F, p)

varies

More precisely, I focus on studying the following interrelated problems.

E/F , how do the Iwasawa invariants vary as p varies over all odd
E has good reduction?
For a xed prime p and xed number eld F , how do the Iwasawa invariants vary as E varies over all elliptic
curves (with good reduction at p)?
Fix an elliptic curve E/Q with good reduction at p. How do the Iwasawa invariants of E/F vary when F varies

primes
(ii)

p.

p

(i) For a xed elliptic curve

at which

over a family of number elds?
4.1.

Iwasawa invariants in Qcyc /Q.

and Iwasawa theory using the

In [23], I started exploring questions at the intersection of arithmetic statistics

Euler characteristic.

The Euler characteristic is dened as an alternating product of

Galois cohomology groups. By the work of P. Schneider (see [36, 37]) and B. Perrin-Riou (see [31]), this invariant is

p-adic BSD formula for primes of good ordinary reduction. Thus, it captures information
TateShafarevich group, the Tamagawa number, the anomalous primes, and the (global) torsion

known to be given by the
about the size of the

points

of the elliptic curve; thereby providing information about the Iwasawa invariants.

5
4.1.1.

As a rst step, Theorem 3.1 was extended to

When

E

has

supersingular reduction

at

p,

the

higher rank

p-primary

elliptic curves and to

Sel(E/Qcyc ),

Selmer group,

is

supersingular primes.
not Λ-cotorsion.

This makes

plus and
minus Selmer groups, denoted by Sel± (E/Qcyc ), which were introduced by S. Kobayashi in [16] and are known to be
Λ-cotorsion. The Iwasawa invariants µ± and λ± associated with the ±-Selmer group are dened analogously. Even
in the supersingular case, there is sucient computational evidence suggesting that often the associated µ-invariants
vanish. Under standard hypotheses on the ShafarevichTate group, it is easy to show that the λ-invariant associated
to a (Λ-cotorsion) Selmer group is always at least as large as the MordellWeil rank of E . For rank 0 elliptic curves
over Q, the precise ±-Euler characteristic formula (associated to ±-Selmer groups) has been obtained by A. Lei and
the analysis of the algebraic structure of the Selmer group particularly dicult. Instead, one considers the

R. Sujatha in [27]. This recent result was used crucially in proving the following theorem.

Theorem 4.2.

Let E/Q be a xed rank 0 elliptic curve. Assume niteness of the Shafarevich-Tate group over Q.
Then, for all but nitely many primes primes of good supersingular reduction Sel± (E/Qcyc ) is trivial. In particular,
Sel0 (E/Qcyc ) is trivial for all but nitely many supersingular primes.
Sel0 (E/Qcyc ) is a subgroup of Sel± (E/Qcyc ).
the next result is immediate as there are only a nite number of bad primes for E .

The nal assertion holds because for a prime of supersingular reduction,
Combining Theorems 3.1 and 4.2,

Corollary 4.3.

Let E/Q be a xed rank 0 elliptic curve. Assume niteness of the Shafarevich-Tate group over Q.
Then, Conjecture A holds for density 1 primes.
In the

higher rank

p-adic

regulator term in the Euler characteristic formula. In any case, the following theorem can be proven.

setting, answering the question is more dicult. This is because of the presence of the (normalized)

Theorem 4.4. Let E/Q be an elliptic curve such that its MordellWeil rank, rE ≥ 1. Then there exists an explicitly
determined set of good ordinary primes such that µ(E/Qcyc ) = 0 and λ(E/Qcyc ) = rE .
Remark 4.5. (i) Numerical data suggests that this explicitly determined set from the above theorem is a density
1 subset of the set of good ordinary primes. The obstruction in attaining an unconditional result is due to our
limited knowledge on how often the normalized p-adic regulator is a unit.
(ii) An analogue of Theorem 4.4 in the supersingular setting can be proven analogously, provided one assumes the

conjectural

Euler characteristic formula in this setting.

In the direction of Question 4.1(ii), the following result from [23] allows distinguishing between when the
is

exactly equal

to the MordellWeil rank and when it is

strictly greater

λ-invariant

than the rank.

Theorem 4.6.

Let p ≥ 5 be a xed prime number. Let E(X) be the set of isomorphism classes of all elliptic curves
over Q with height ≤ X . Let J (X) be the subset of E(X) containing rank 0 elliptic curves E with good reduction at
p, and Z(X) be a subset for which either of the following hold:
(i) if E has good ordinary reduction at p, then Sel(E/Qcyc ) = 0 or
(ii) if E has good supersingular reduction at p, then Sel± (E/Qcyc ) = 0.
Then,

#J (X)
#Z(X)
≥ lim sup
− ϵ(p).
X→∞ #E(X)
X→∞ #E(X)
Here, ϵ(p) is an explicitly determined positive constant which approaches 0 (quickly) as p → ∞.
lim sup

On average, the proportion of elliptic curves over
By Goldfeld's Conjecture, it is expected that

1/2

Zp

with good reduction at

the elliptic curves have rank

#J (X)
1
lim sup
=
2
X→∞ #E(X)
Theorem 4.6 indicates that for a

1/2 as p → ∞.
lower bound for

p

positive proportion

(ordered by height) is

1.



1
1−
.
p

of elliptic curves

Sel(E/Qcyc ) = 0

the density of the set of elliptic curves with good ordinary reduction at

p

(and

n),

is

strictly positive,

see [5].

Therefore, one expects that

the proportion approaches

In [24], it was possible to rene the results and prove that given any integer

lower bound depends on

(1 − p1 ),

and becomes smaller as

p

or

n

p

n,

explicit
λ + µ ≥ n. This

there is an

for which

become larger. More precisely,

Theorem 4.7. Let n > 0 be an integer and p be an odd prime number. Assume that the ShafarevichTate group is
nite for all elliptic curves E/Q . The set of elliptic curves E/Q with good ordinary reduction at p and the additional
property that µ + λ ≥ n, has positive density which can be explicitly determined.

6
4.2.

Iwasawa invariants in anticyclotomic

Zp -extensions. In [12], the goal was to study problems raised
ordinary reduction at p over the anticyclotomic Zp -extensions
denite and the indenite setting.

in

Question 4.1 for rank 0 elliptic curves with good
an

imaginary quadratic eld

in both the

of

Denite Case: Heegner hypothesis is not satised. In this setting, the Selmer group over the anticyclotomic
Zp -extension K ac /K is Λ-cotorsion and hence, the story is somewhat similar to the cyclotomic one. In particular, it
ac
is possible to prove an Euler characteristic formula for Sel(E/K ).
4.2.1.

In the direction of Question 4.1(i), it is possible to prove that for
for the number of primes at which

µ=0

non-CM elliptic curves,

the exact order of growth

is closely related to the LangTrotter Conjecture.

In response to Question 4.1(ii) it can be shown that for rank 0 elliptic curves the answer is primarily dependent on
the variation of ShafarevichTate groups, which can be studied via the heuristics of C. Delaunay.
Question 4.1(iii) however is more subtle.

This question is largely dependent on the divisibility by

of the ShafarevichTate group upon base-change to

√
Q( −d)

(as

d>0

p

of the order

varies). Even though it appears dicult to

provide (unconditional) theoretical results, there is computational data which suggests that often large values of

do not

p

divide the order of the ShafarevichTate group.

Indenite Case: Heegner hypothesis holds. When the Heegner hypothesis holds, the p-primary Selmer group
Sel(E/K ac ) is not Λ-cotorsion. The theory in this setting is vastly dierent. Many of the arguments used in proving

4.2.2.

the earlier results fail, and their analogues are often false. Importantly, in this setting, there is no known formula
for the Euler characteristic of

auxiliary

Selmer group which

Sel(E/K ac ). This
is Λ-cotorsion and

issue can be circumvented by relating this Selmer group to an
then using recent progress towards the anticyclotomic Iwasawa

Main Conjectures made by A. BurungaleF. CastellaC. H. Kim [3] to obtain an Euler characteristic formula for
the auxiliary Selmer group. It appears that answering Questions 4.1(i)-(iii) systematically in the indenite setting
is deeply intertwined with the theory of the

BDP p-adic L-function

and is currently out of reach. However, it was

possible to provide some partial answers and supplement the results with computational data.
4.3.

Diophantine stability.

Questions pertaining to rank growth are of much interest to arithmetic geometers.

In [2], the aim was to study questions pertaining to Diophantine stability using tools and techniques from Iwasawa
theory. To answer questions on rank jump of elliptic curves upon base change, the natural thing to do was to study
the growth of a more tractable arithmetic object, i.e., the

p-primary

Selmer groups upon base change. In particular,

the following two questions were investigated using a Kida-type formula for

Question 4.8.

(i) Given an elliptic curve

cyclic extensions does the

p-primary

λ-invariants

(proven in [9]).

E/Q with trivial p-primary Selmer group, for what proportion of degree-p

Selmer group remain trivial upon base-change.

p ̸= 2, 3, for how many elliptic curves over Q does
p-primary Selmer group remains trivial upon base-change.

(ii) Given

there exist

at least one Z/pZ-extension

where the

The answer to the rst question is the following.

Theorem 4.9.

Given an elliptic curve E/Q and a prime p ≥ 7 with µ(E/Qcyc ) = λ(E/Qcyc ) = 0, there are innitely
many Z/pZ-extensions of Q where the λ-invariant does not increase; in particular, the rank does not jump. Moreover,
there are innitely many Z/pZ-extensions of Q where the MordellWeil group does not grow.
The assertion on rank growth follows from the fact that the MordellWeil rank is

at most

as large as the

λ-invariant.

The nal assertion is an immediate consequence of a recent result of [6] on torsion growth. The proof shows that
the

λ-invariant

does not jump in

many Z/pZ-extensions.

Unfortunately, the method falls short of proving a positive

proportion as predicted by a conjecture of C. DavidJ. FearnleyH. Kisilevsky.
A natural follow-up question is when does the

p-primary

Selmer group grow upon base-change. After establishing a

criterion for either the rank to jump, or the order of the ShafarevichTate group to increase upon base-change, the
next result is proven by exploiting the relationship between

λ-invariants

and the Euler characteristic formula.

Theorem 4.10. Let p ≥ 5 be a xed prime and E/Q be an elliptic curve with good ordinary reduction at p. Suppose
that the image of the residual representation is surjective, Sel(E/Q) is trivial, and µ(E/Qcyc ) = λ(E/Qcyc ) = 0.
Then, there is a set of primes of the form q ≡ 1 (mod p) with density at least (p−1)p2 (p+1) such that the p-primary
Selmer group becomes non-trivial in the unique Z/pZ-extension contained in Q(µq ).
The following theorem answers the second question.

Theorem 4.11.

For a positive proportion of rank 0 elliptic curves dened over Q, there exists at least
extension over Q disjoint from Qcyc , such that the p-primary Selmer group upon base-change is trivial.

one

Z/pZ-

7
References

[1] S. Ahmed and M. F. Lim. On the algebraic functional equation of the eigenspaces of mixed signed Selmer groups
of elliptic curves with good reduction at primes above

p. Acta Math. Sinica, English Series,

pages 117, 2020.

[2] L. Beneish, D. Kundu, and A. Ray. Rank jumps and growth of ShafarevichTate groups for elliptic curves in

Z/pZ-extensions.

2021. arXiv preprint arXiv:2107.09166.

[3] A. Burungale, F. Castella, and C.-H. Kim. A proof of Perrin-Riou's Heegner point main conjecture.

Number Theory, to appear,

[4] J. Coates and R. Sujatha.

2021. arXiv:1908.09512.
Fine selmer groups of elliptic curves over

p-adic

[5] J. Cremona and M. Sadek. Local and global densities for Weierstrass models of elliptic curves.

arXiv:2003.08454,

Growth of torsion groups of elliptic curves upon base change.

89(323):14571485, 2020.

[7] R. Greenberg. Iwasawa theory for

Pure Math.,

arXiv preprint

2020.

[6] E. González-Jiménez and F. Najman.

Comput.,

Math. Ann.,

Lie extensions.

331(4):809839, Apr 2005.

p-adic

representations. In

Algebraic number theory,

volume 17 of

Math.

Adv. Stud.

pages 97137. Academic Press, Boston, MA, 1989.

[8] R. Greenberg. Iwasawa theory for elliptic curves. In

Arithmetic theory of elliptic curves (Cetraro, 1997), volume

1716, pages 51144. Springer, 1999.
[9] Y. Hachimori and K. Matsuno. An analogue of Kida's formula for the Selmer groups of elliptic curves.

Geom.,

Algebra

8:581601, 1999.

[10] F. Hajir and C. Maire. Prime decomposition and the Iwasawa mu-invariant.

J. Alg.

Math. Proc. Camb. Philos. Soc.,

166(3):599617, 2019.
[11] J. Hatley, D. Kundu, A. Lei, and J. Ray. Fine Selmer groups of modular forms and duality. submitted, preprint
available upon request.
[12] J. Hatley, D. Kundu, and A. Ray. Statistics for anticyclotomic Iwasawa invariants of elliptic curves. 2021. arXiv
preprint arXiv:2106.01517.
[13] K. Iwasawa. On the

µ-invariants of Zℓ -extensions, number theory. Algebraic Geometry and Commutative Algebra,

pages 111, 1973.

Astérisque,

(295):ix, 117290,

[15] B. D. Kim. The algebraic functional equation of an elliptic curve at supersingular primes.

Math. Res. Lett.,

[14] K. Kato.

p-adic

Hodge theory and values of zeta functions of modular forms.

2004. Cohomologies

p-adiques

et applications arithmétiques. III.

15(1):8394, 2008.

Invent. math., 152(1):136, 2003.
Canad. Math. Bull., 63(4):921936, 2020.
Growth of Selmer groups and ne Selmer groups in uniform pro-p extensions. Ann. Math. du Québec,

[16] S. Kobayashi. Iwasawa theory for elliptic curves at supersingular primes.
[17] D. Kundu. Growth of ne Selmer groups in innite towers.
[18] D. Kundu.

pages 116, 2020.
[19] D. Kundu.

Iwasawa Theory of Fine Selmer Groups. PhD thesis, University of Toronto (Canada), 2020.
p-parts of ideal class groups and ne Selmer groups in Zq -extensions

[20] D. Kundu and A. Lei. Growth of

p ̸= q .

with

submitted, preprint available upon request.

[21] D. Kundu and M. F. Lim. Control theorems for ne Selmer groups. accepted for publication (J. Théor. Nombres
Bordeaux).
[22] D. Kundu and A. Ray. Anticyclotomic

Theory,

µ-invariants

of residually reducible Galois representations.

2021.

[23] D. Kundu and A. Ray. Statistics for Iwasawa invariants of elliptic curves.

Trans. Am. Math. Soc.,

J. Number
2021. arXiv

preprint arXiv:2102.02411.
[24] D. Kundu and A. Ray.

Statistics for Iwasawa invariants of elliptic curves II.

2021.

arXiv preprint

arXiv:2106.12095.
[25] J. Lamplugh. An analogue of the WashingtonSinnott theorem for elliptic curves with complex multiplication
I.

J. London Math. Soc.,

91(3):609642, 2015.

[26] A. Lei and G. Ponsinet. Functional equations for multi-signed Selmer groups.

Ann. Math. du Québec, 41(1):155

167, 2017.
[27] A. Lei and R. Sujatha. On Selmer groups in the supersingular reduction case.
2020.
[28] M. F. Lim and V. K. Murty. The growth of ne Selmer groups.
[29] A. Matar.

43(2):455479,

J. Ramanujan Math. Soc., 31:7994, 2016.
Zp -extensions. Int. J. Number Theory,

Fine Selmer groups, Heegner points and anticyclotomic

14(05):12791304, 2018.

Tokyo J. Math.,

8
[30] B. Mazur. Rational points of abelian varieties with values in towers of number elds.
266, Dec 1972.
[31] B. Perrin-Riou. Descente innie et hauteur

math.,

Invent. math.,

18(3):183

p-adique sur les courbes elliptiques à multiplication complexe. Invent.

70(3):369398, 1982.

[32] B. Perrin-Riou. Fonctions

L p-adiques d'une courbe elliptique et points rationnels. Ann. Inst. Fourier, 43(4):945

995, 1993.
[33] B. Perrin-Riou. Fonctions

L

p-adiques des représentations

p-adiques. Astérisque,

(229), 1995.

[34] K. Rubin. The main conjectures of Iwasawa theory for imaginary quadratic elds.

Invent. Math., 103(1):2568,

1991.

Euler Systems.(AM-147), volume 147. Princeton University Press, 2014.
p-adic height pairings I. Invent. math., 69(3):401409, 1982.
P. Schneider. p-adic height pairings II. Invent. math., 79(2):329374, 1985.
C. Skinner and E. Urban. The Iwasawa main conjectures for GL2 . Invent. math., 195(1):1277, 2014.
L. C. Washington. Class numbers and Zp -extensions. Math. Ann., 214(2):177193, 1975.
L. C. Washington. The non-p-part of the class number in a cyclotomic Zp -extension. Invent. math., 49(1):8797,

[35] K. Rubin.

[36] P. Schneider.
[37]
[38]
[39]
[40]

1978.
[41] C. Wuthrich. Overview of some Iwasawa theory. In

Sci.,

pages 334. Springer, Heidelberg, 2014.

Iwasawa theory 2012,

volume 7 of

Contrib. Math. Comput.

